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Preface
The structure of the electric power system is very large and complex. Nevertheless, its main com-
ponents (or subsystems) can be identified as the generation system, the transmission system, and the 
distribution system. These three systems are the basis of the electric power industry. Today, there 
are various textbooks dealing with a broad range of topics in the power system area of electrical 
engineering. Some of these are considered to be classics.

However, they do not particularly concentrate on the topics specifically dealing with electric 
power transmission engineering. Therefore, this text is unique in that it is written specifically for the 
in-depth study of modern power transmission engineering.

This book has evolved from the content of courses given by the author at California State 
University, Sacramento, the University of Missouri at Columbia, the University of Oklahoma, 
and Florida International University. It has been written for senior-level undergraduate and 
 beginning-level graduate students, as well as practicing engineers in the electrical power utility 
industry. It can serve as a text for a two-semester course, or by a judicious selection; the material 
can also be condensed to suit a single-semester course.

This book has been particularly written for a student or a practicing engineer who may want to 
teach himself. Basic material has been explained carefully, clearly, and in detail with numerous 
examples. Each new term is clearly defined when it is first introduced. Special features of the book 
include ample numerical examples and problems designed to use the information presented in each 
chapter. A special effort has been made to familiarize the reader with the vocabulary and symbols 
used by the industry.

The addition of numerous appendices, including impedance tables for overhead lines, transform-
ers, and underground cables makes the text self-sufficient. The book includes topics such as power 
system planning, basic concepts, transmission line parameters and the steady-state performance of 
transmission lines, disturbance of the normal operating conditions and other problems, symmetrical 
components and sequence impedances, in-depth analysis of balanced and unbalanced faults, and an 
extensive review of transmission system protection. A detailed review of load flow analysis is also 
included. A complete and separate solution’s manual is available for the instructors.

Turan Gönen
Sacramento, California

MATLAB® is a registered trademark of The MathWorks, Inc. For product information, please 
contact:

The MathWorks, Inc.
3 Apple Hill Drive
Natick, MA 01760-2098 USA
Tel: 508 647 7000
Fax: 508-647-7001
E-mail: info@mathworks.com
Web: www.mathworks.com
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1

1 General Considerations

He is not only dull himself; he is the cause of dullness in others.

Samuel Johnson

Some cause happiness wherever they go; others, whenever they go.

Oscar Wilde

1.1 INTRODUCTION

Until the beginning of the twentieth century, energy generation was based on combustion of fuel 
at the point of energy use. However, thanks to Thomas Edison, a new industry was born when the 
first electric power station, Pearl Street Electric Station in New York City, went into operation in 
1882. The electric utility industry developed rapidly, and generating stations have spread across the 
entire country.

There are several reasons for the rapid increase in demand for electrical energy. First, electri-
cal energy is, in many ways, the most convenient energy form. It can be transported by wire to the 
point of consumption and then transformed into mechanical work, heat, radiant energy, light, or 
other forms. Electrical energy cannot be very effectively stored, and this has also contributed to its 
increasing use.

Generating facilities have to be designed for peak use. In the late 1950s and early 1960s, this 
peak came in the winter, when nights were longer and more lighting and heating were needed. It 
was economically sound to heavily promote off-peak use, such as summer use of air conditioners. 
This promotion was so effective that summer is now the peak time. The rate structure has also 
contributed to increasing use of electrical energy where rate reductions are offered to attract hulk, 
that is, industrial, consumers. Considering the energy needs and available fuels that are forecasted 
for the next century, energy is expected to be increasingly converted to electricity in the near future.

The structure of the electric power or energy* system is very large and complex. Nevertheless, it 
can be divided into basically five main stages, or components, or subsystems, as shown in Figure 1.1.

Here, the first major component is the energy source or fuel whose energy content is used for 
conversion. The energy source may be coal, gas, or oil burned in a furnace to heat water and gener-
ate steam in a boiler; it may be fissionable material, which in a nuclear reactor will heat water to 
produce steam; it may be water in a dam; or it may be oil or gas burned in a combustion turbine.

The second component is the energy converter or generation system, which transforms the 
energy from (in) the energy source into electrical energy. This is usually accomplished by convert-
ing the energy in the fuel to heat energy and then using this heat energy to produce steam to drive 
a steam turbine, which in turn drives a generator to produce electrical energy. There are also some 
other possible energy conversion methods.

* The term energy is being increasingly used in the electric power industry to replace the conventional term power. Here, 
they are used interchangeably.
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The third main component is the transmission system, which transmits this bulk electrical energy 
from the generation system where it is produced to main load centers where it is to be distributed 
through high-voltage lines.

The fourth main component is the distribution system, which distributes this energy to consum-
ers by means of lower-voltage networks.

Finally, the fifth component is the load or energy sink, which utilizes the energy by converting it 
to a “useful” or desirable form. The electrical load, or energy sink, may be lights, motors, heaters, 
or other devices, alone or in combination.

Energy is never used up; it is merely successively converted to different forms. Thus, in accor-
dance with the principle of conservation of energy, all energy use ends up as unrecoverable waste 
heat. The final heat sink for the earth is radiation to space. It should be noted that the utilization 
of energy depends on two factors: (1) available resources and (2) technological skill to convert the 
resources to useful heat and work. Energy resources have always been generally available, and the 
heating process is ancient. Power devices able to convert energy to useful work have been a recent 
historical development.

The currently available energy conversion methods can be classified into four different groups. 
The first group covers the conventional and technologically feasible conversion methods. They pro-
duce >99% of today’s electrical energy. They convert either hydro energy to electrical energy, or 
thermal energy from fossil fuels or from nuclear fission energy to mechanical energy via thermal 
energy and then to electrical energy. The second group includes methods that are technically possi-
ble but have low-energy conversion efficiency. They include the internal combustion engine and the 
gas turbine. The third group contains the methods capable of supplying only very small amounts of 
energy. Batteries, fuel cells, and photovoltaic solar cells are typical examples of this group. Despite 
the potential of these methods for bulk power generation, currently their use is limited to special 
applications, such as for space vehicles. The fourth and last group includes methods that are not 
technologically feasible but seem to have great potential. This group includes fusion reactors, mag-
neto hydrodynamic generators, and electrogasdynamic generators. Some of these methods would 
solve transmission problems and open new horizons in very long distance transmission.

The fuel supply system industry represents a huge industry. Energy sources are not readily 
available to the user. They have to be discovered, processed or mined, and transported to demand 
centers. A general fuel supply system includes the exploration, extraction, processing, and transpor-
tation stages, as shown in Figure 1.2. In each of these stages, there are considerable damages to the 
environment. The fuel supply industry creates basically the same type of pollution problems as do 
other industrial processes, with the exception of radioactive wastes, land damages, and oil spillage. 
The disposal of these wastes creates serious problems that must be considered in association with 
biological safety. The industry continuously searches for practical and better methods to collect, 
recycle, or safely dispose pollutants. For some energy source, or fuel, some of the stages shown in 
Figure 1.2 do not exist. For example, in the case of hydropower, “exploration” is still applicable, 
whereas combustion and its by-products, of course, do not exist. In determining the availability of 
a fuel for the production of electrical energy, all by-products and their handling must be seriously 
considered and evaluated.

Utilization of most forms of energy ultimately produces waste heat, which increases the ther-
mal burden on the biosphere. This is not true for an invariant energy source such as hydropower 

Energy
source
(fuel)

Energy
converter

(generation
system)

Transmission
system

Distribution
system

Load
(energy

sink)

FIGURE 1.1 Structure of an electrical power system.
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because it basically circulates through the terrestrial water cycle. Unfortunately, hydropower will 
never be able to meet a major portion of energy needs. Solar energy could also be an invariant 
energy resource if either the solar cells or the converters were located on the earth’s surface. All 
other means of energy utilization, other than hydropower and solar conversion, are noninvariant and 
so would result in the release of waste heat into the environment. This is even true of geothermal 
energy, which originates in the earth itself.

All the stages shown in Figure 1.2 contribute in various degrees to the total cost of fuel. Of 
course, they also differ according to the fuel type used. Except where nuclear fuel is employed to 
generate electricity in power plants located near load centers, the transportation of energy source 
in one or another form constitutes a significant part of the total cost of electricity. In the case of 
electrical energy generation, either the fossil fuels (coal, gas, and oil) must be transported from the 
source to the generating plant or where the electrical energy is generated at the source of fuel, as in 
the case of mine-mouth plants (coal), wellhead plants (gas), hydropower (water), or plants located 
near refineries (residual fuel oil), the generated electricity must be transported to load centers by 
wire. The choice of energy transport is usually one of economics with the environmental impact.

As a simple definition, energy conversion is the changing of the form of energy from one type 
to another. Currently, all energy conversions are more or less inefficient. In the case of electricity, 
there are losses at the power plant, in transmission, and at the point of application of the power; in 
the case of fuels consumed in end uses, the loss comes at the point of use. The waste heat produced 
at electric power plants, of course, enters the biosphere. Nearly all of the electrical energy that is 
carried to various points of use degrades to heat.

It is most important, of course, to increase the technical efficiency of the energy conversion 
devices since the same useful products could thereby be made available with less fuel. In 1920, the 
average heat rate of electric power plants in the United States was 37,200 Btu/kW h; in 1970, it was 
increased by about 10,900 Btu/kWh. However, any further increase is not likely, owing to govern-
ment regulations and environmental concerns.

Today, a large number of electric utilities are not able to generate sufficient cash earnings to 
even pay for their common-stock dividends, and they finance the payouts from sources such as 

Exploration Extraction Processing
(upgrading) By-products

Fuel
transportation
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�ermal
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FIGURE 1.2 General fuel supply system.
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depreciation, borrowings, or the sale of more stock. Electric utility companies have incurred tens of 
billions of debt to finance power plant projects so huge and so costly that they threaten to overwhelm 
the financial capacity of the utilities constructing them. Figure 1.3 shows the total growth in annual 
electric power system capital in the past.

Figure 1.4 shows the growth in electric utility plants in service in the past. These data represent 
the privately owned Class A and Class B utilities, which includes 80% of all the electric utilities in 
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FIGURE 1.3 Growth in total annual electric power system expenditures in the past.
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the United States. Figure 1.5 shows the actual and projected investment growth in electric utility 
plants by investor-owned electric utilities in the past. Construction costs have increased tremen-
dously recently. The ever-changing federal regulations, especially for nuclear plants, have forced 
companies to redesign, at large cost, parts of most facilities to satisfy new rules. Problems such as 
delays due to such construction problems, blocking actions by environmentalists, inflation-whipped 
equipment and labor costs, recent recession problems, or the industry’s inability to raise money 
further increase the projected costs.

Today, as reported by an Institute of Electrical and Electronics Engineers committee [5], to 
cope with these difficulties, utility planning process is changing. These changes affect their plan-
ning objectives, planning methods, and even organizational structures in order to adapt to the ever-
changing planning environment. Therefore, long-range power system planning has become more of 
an art than a science owing to the complexity of the problem.

1.2 POWER SYSTEM PLANNING

“The fundamental obligation of the electric utility industry is to provide for an adequate and reli-
able electric energy supply at a reasonable cost. Adequate electric energy supply is essential in 
assuring a healthy economy, in providing for the health and welfare of the nation’s citizens, and 
for national security” [6]. Therefore, power system planning is vital to assume that the growing 
demand for electrical energy can be satisfied. In the future, more so than in the past, electric utili-
ties will need fast and economic planning tools to evaluate the consequences of different proposed 
alternatives and their impact on the rest of the system to provide economic, reliable, and safe elec-
trical energy to consumers. Figure 1.6 shows the factors affecting system planning and its steps. 
Figure 1.7 shows an organizational chart of the power system planning function in a modern public 
utility company.

Today, every electric utility company performs both short-term and long-term planning. Here, 
short-range planning is defined as the analytical process that includes an assessment of the near 
future by evaluating alternative courses of action against desired objectives with the selection of a 
recommended course of action for the period requiring immediate commitments.

Long-range planning is defined as the analytical process that includes an assessment of the 
future by evaluating alternative courses of action against desired objectives with the selection of 
a recommended course of action extending beyond the period requiring immediate commitments.

The necessity for long-range system planning becomes more pressing than in the past because 
of the very fast changes in technology, fuel availability, and environmental constraints. It enables 
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FIGURE 1.5 Investment growth in electric utility plants by investor-owned electric utilities in the past.



6 Modern Power System Analysis

planners to explore various alternatives in supplying electrical energy and provides them with a 
guide for making short-range decisions and actions. It must be quantitative as well as qualitative. 
In general, long-range planning may cover 15 to 20 years into the future. However, the planning 
horizons are known to be 15 to 30 years for some power plant additions.

The objective of system planning is to optimize the facilities necessary to provide an adequate 
electrical energy supply at the lowest reasonable cost. In general, system planning activities can be 
classified as (1) synthesis, that is, the development of initial plans to study the system; (2) analy-
sis, that is, technical evaluation of the system operation in terms of reserve requirements, load 
flow, and stability, under simulated conditions; and (3) optimization, that is, economic evaluation of 
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FIGURE 1.6 Factors affecting a typical system planning process.
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alternatives to determine the minimum-cost alternative. As shown in Figure 1.8, system planning 
may include the following activities:

 1. Load forecasting
 2. Generation planning
 3. Transmission planning
 4. Subtransmission planning
 5. Distribution planning
 6. Operations planning
 7. Fuel supply planning
 8. Environmental planning
 9. Financial planning
 10. Research and development (R&D) planning

The forecasting of load increases and system reaction to these increases is essential to the system 
planning process. In general, long-range forecasting has a time horizon of between 15 and 20 years, 
whereas the time horizon of short-range forecasting is somewhere between 1 and 5 years. The basic 
function of load forecasting is to analyze the raw historical load data to develop models of peak 
demand for capacity planning, of energy for capacity planning, and of energy for production cost-
ing. At the present time, very sophisticated techniques are available to analyze the past trends of 
load components separately and to determine the effects on each of such factors as weather, general 
economic conditions, and per capita income.

The end result can be a load projection with its probability distribution. However, the degree of 
uncertainty planners perceive in their load forecasts has grown noticeably in the past 10 years. The 
risk of planning based on too low load projections is poor system reliability, whereas the risk of 
planning based on too high load projections is an uneconomical operation.

Generation planning helps identify the technology, size, and timing of the next generating 
plants to be added to the power system in order to ensure that adequate generation capacity is 
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FIGURE 1.7 Modern organizational chart of a power system planning function.
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available to meet future demands for electricity and that the future cost of power generation is 
economical.

Thus, generation planning activities include (1) generation capacity planning, (2) production 
costing, and (3) calculating investment and operation and maintenance costs. In generation plan-
ning, the planner combines load and generation models, including scheduled maintenance, to deter-
mine the capacity needed to meet the system reliability criterion. On the other hand, in production 
costing, the planner determines the costs of generating energy requirements of the system, including 
effects of maintenance and forced outages. Finally, the present value of investment and operating 
and maintenance costs are calculated and consequently predetermined.

The objective is an optimum generation planning that combines the aforementioned functions 
into one, to develop economical1y optimum generation expansion patterns year by year over the 
planning horizon. The variety of synthesis tools that are available to system planners include 
(1)  target plant mix, (2) expert judgment (the planner’s past experience), and (3) computer-based 
mathematical programming models. On the basis of a given generation expansion plan, simulation 
models are employed to predict (1) power system reliability, (2) capital and production costs, and 
(3) power plant operation for each year of the planning horizon.

Transmission planning is closely related to generation planning. The objectives of transmission 
system planning is to develop year-by-year plans for the transmission system on the basis of existing 
systems, future load and generation scenarios, right-of-way constraints, cost of construction, line 
capabilities, and reliability criteria.

In general, transmission lines have two primary functions: (1) to transmit electrical energy from 
the generators to the loads within a single utility and (2) to provide paths for electrical energy to 
flow between utilities. These latter lines are called “tie lines” and enable the utility companies to 
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operate as a team to gain benefits that would otherwise not be obtainable. Interconnections, or the 
installation of transmission circuits across utility boundaries, influence both the generation and 
transmission planning of each utility involved [8].

When power systems are electrically connected by transmission lines, they must operate at the 
same frequency, that is, the same number of cycles per second, and the pulse of the alternating cur-
rent must be coordinated. As a corollary, generator speeds, which determine frequency, must also 
be coordinated. The various generators are then said to be operating “in parallel” or “in synchro-
nism,” and the system is said to be “stable.”

A sharp and sudden change in loading at a generator will affect the frequency; however, if the 
generator is strongly interconnected with other generators, they will normally help absorb the effect 
of the changed loading so that the change in frequency will be negligible and the system’s stability 
will be unaffected. Therefore, the installation of an interconnection substantially affects generation 
planning in terms of the amount of generation capacity required, the reserve generation capacity, 
and the type of generation capacity required for operation.

Also, interconnections may affect generation planning through the installation of apparatus 
owned jointly by neighboring utilities, and the planning of generating units with greater capacity 
than would be feasible for a single utility without interconnections. Furthermore, interconnection 
planning affects transmission planning by requiring bulk power deliveries away from or to inter-
connection substations, that is, bulk power substations, and often the addition of circuits on a given 
utility’s own network [9].

Subtransmission planning includes planning activities for the major supply of bulk stations, sub-
transmission lines from the stations to distribution substations, and the high-voltage portion of the 
distribution substations.

Distribution planning must not only take into consideration substation siting, sizing, number of 
feeders to be served, voltage levels, and arid type and size of the service area, but also the coor-
dination of overall subtransmission, and even transmission planning efforts, in order to ensure the 
most reliable and cost-effective system design. Today, many distribution system planners use com-
puter programs such as load flow programs, radial or loop network load programs, short-circuit 
programs, voltage drop and voltage regulation programs, load forecasting, regulator setting, and 
capacitor planning. Figure 1.9 shows a functional block diagram of the distribution system plan-
ning process [7].

The planning starts at the customer level. The demand, type, load factor, and other customer load 
characteristics dictate the type of distribution system required. Once the customer loads are deter-
mined, secondary lines are then defined that connect to distribution transformers. The distribution 
transformer loads are then combined to determine the demands on the primary distribution system. 
The primary distribution system loads are then assigned to substations. The distribution system 
loads determine the size and location (siting) of the substations, as well as the route and capacity of 
the associated subtransmission lines.

The objective of both fuel supply and operations planning is to provide generation planning with 
information necessary for the proper modeling of power system operation. In fuel supply planning, 
the price and availability of various types of fuels are estimated and information with respect to 
long-term fuel contracts is gathered. In operations planning, information about heat rates, plant 
capacity factor restrictions, and maintenance of the existing power plants, as well as energy sales 
and purchases is provided.

Environmental planning provides information on environmental regulations and responsibilities 
in order to establish the plant type, plant location, and design requirements and available fuel types. 
This information is used as an essential input to generation planning to limit the available alterna-
tives in developing system expansion plans.

In financial planning, financial tools such as corporate models are used to develop annual and 
monthly financial reports and cash flow information on system expansion (from generation plan-
ning), including tax and regulatory constraints. It can indirectly control the generation planning 
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process by limiting the construction budget that the company can afford. R&D planning provides 
information to generation planning in terms of costs, characteristics, and availability of alternative 
energy sources and future technological developments in generation.

REFERENCES

 1. U.S. Department of Energy, The National Electric Reliability Study: Technical Study Reports, 
DOEIEP-0005. USDOE, Office of Emergency Operations, Washington, D.C., 1981.

 2. Clair, M. L., Annual statistical report. Electr. World 193 (6) 49–80 (1980).
 3. Energy Information Administration, Energy Data Reports—Statistics of Privately-Owned Electric 

Utilities in the United States. U.S. Dept. of Energy, Washington, D.C., 1975–1978.
 4. Vennard, E., Management of the Electric Energy Business. McGraw-Hill, New York, 1979.
 5. Institute of Electrical and Electronics Engineers Committee Report, The significance of assumptions 

implied in long-range electric utility planning studies. IEEE Trans. Power Appar. Syst. PAS-99, 1047–
1056 (1980).

Solution

Total
cost

acceptable?
No Yes

Design
new system

configuration

Select
substation

site

Expand
present
system

No

No

Yes

Yes

Build
new

substation?

Feedback

Good
system

performance?

Load
forecast

FIGURE 1.9 Block diagram of a typical distribution system planning process. (From Gönen, T., Electrical 
Power Distribution System Engineering, 2nd ed., CRC Press, Boca Raton, FL, 2008.)



11General Considerations

 6. National Electric Reliability Council, Tenth Annual Review of Overall Reliability and Adequacy of the 
North American Bulk Power Systems. NERC, Princeton, NJ, 1980.

 7. Gönen, T., Electrical Power Distribution System Engineering. McGraw-Hill, New York, 1986.
 8. Electric Power Research Institute, Transmission Line Reference Book: 345 kV and Above. EPRI, Palo 

Alto, CA, 1979.
 9. Gönen, T., Electrical Power Distribution System Engineering, 2nd ed. CRC Press, Boca Raton, FL, 2008.
 10. Gönen, T., Electrical Power Transmission System Engineering: Analysis and Design, 2nd ed. CRC Press, 

Boca Raton, FL, 2009.

GENERAL REFERENCES

Edison Electric Institute, EHV Transmission Line Reference Book. EEI, New York, 1968.
Electric Power Research Institute, Transmission Line Reference Book: 115–138 kV Compact Line Design. 

EPRI, Palo Alto, CA, 1978.
Electric Power Research Institute, Transmission Line Reference Book: HVDC to ±600 kV. EPRI, Palo Alto, 

CA, 1978.
Fink, D. G., and Beaty, H. W., Standard Handbook for Electrical Engineers, 11th ed. McGraw-Hill, New York, 

1978.
Gönen, T., and Anderson, P. M., The impact of advanced technology on the future electric energy supply prob-

lem. Proc. IEEE Energy ’78 Conf. 1978, pp. 117–121 (1978).
Gönen, T., and Bekiroglu, H., Some views on inflation and a Phillips curve for the U.S. economy. Proc. Am. 

Inst. Decision Sci. Conf., 1977, pp. 328–331 (1977).
Gönen, T., Anderson, P. M., and Bowen, D. W., Energy and the future. Proc. World Hydrogen Energy Cont., 1st, 

1976 Vol. 3(2C), pp. 55–78 (1976).





13

2 Basic Concepts

2.1 INTRODUCTION

In this chapter, a brief review of fundamental concepts associated with steady-state alternating cur-
rent circuits, especially with three-phase circuits, is presented. It is hoped that this brief review is 
sufficient to provide a common base, in terms of notation and references, that is necessary to be able 
to follow the subsequent chapters.

2.2 COMPLEX POWER IN BALANCED TRANSMISSION LINES

Figure 2.1a shows a per-phase representation (or a one-line diagram) of a short three-phase balanced 
transmission line connecting buses i and j. Here, the term bus defines a specific nodal point of a 
transmission network. Assume that the bus voltages Vi and Vj are given in phase values (i.e., line-
to-neutral values) and that the line impedance is Z = R + jX per phase. Since the transmission line 
is a short one, the line current I can be assumed to be approximately the same at any point in the 
line. However, because of the line losses, the complex powers Sij and Sji are not the same. Thus, the 
complex power per phase* that is being transmitted from bus i to bus j can be expressed as

 Sij = Pij + jQij = ViI* (2.1)

Similarly, the complex power per phase that is being transmitted from bus j to bus i can be 
expressed as

 Sji = Pji + jQji = Vj(−I)* (2.2)

Since

 
I

V V

Z
=

−i j  (2.3)

substituting Equation 2.3 into Equations 2.1 and 2.2,
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* For an excellent treatment of the subject, see Elgerd [1].



14 Modern Power System Analysis

and
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However, as shown in Figure 2.1b, if the power angle (i.e., the phase angle between the two bus 
voltages) is defined as

 γ = θi − θj (2.6)

then the real and the reactive power per-phase values can be expressed, respectively, as
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and
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Similarly,
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The three-phase real and reactive power can directly be found from Equations 2.7 through 2.10 
if the phase values are replaced by the line values.
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FIGURE 2.1 Per-phase representation of short transmission line.
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In general, the reactance of a transmission line is much greater than its resistance. Therefore, the 
line impedance value can be approximated as

 Z = jX (2.11)

by setting R = 0. Therefore, Equations 2.7 through 2.10 can be expressed as
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Xij

i j=










V V
sin γ  (2.12)
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EXAMPLE 2.1

Assume that the impedance of a transmission line connecting buses 1 and 2 is 100∠60° Ω, and 
that the bus voltages are 73,034.8∠30° and 66,395.3∠20° V per phase, respectively. Determine 
the following:

 (a) Complex power per phase that is being transmitted from bus 1 to bus 2
 (b) Active power per phase that is being transmitted
 (c) Reactive power per phase that is being transmitted

Solution

 (a)
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 (b) Therefore,

 P12 = 10, 085, 280.6 W

 (c)

 Q12 = 627, 236.51 vars

2.3 ONE-LINE DIAGRAM

In general, electrical power systems are represented by a one-line diagram, as shown in Figure 
2.2a. The one-line diagram is also referred to as the single-line diagram. Figure 2.2b shows the 
three-phase equivalent impedance diagram of the system given in Figure 2.2a. However, the need 
for the three-phase equivalent impedance diagram is almost nil in usual situations. This is because 
a balanced three-phase system can always be represented by an equivalent impedance diagram 
per phase, as shown in Figure 2.2c. Furthermore, the per-phase equivalent impedance can also be 
simplified by neglecting the neutral line and representing the system components by standard sym-
bols rather than by their equivalent circuits. The result is, of course, the one-line diagram shown in 
Figure 2.2a.

Table 2.1 provides some of the symbols that are used in one-line diagrams. Additional standard 
symbols can be found in Institute of Electrical and Electronics Engineers Standard 315-1971 [2]. At 
times, as a need arises, the one-line diagram may also show peripheral apparatus such as instrument 
transformers (i.e., current and voltage transformers), protective relays, and lighting arrestors.

Thus, the details shown on a one-line diagram depend on its purpose. For example, the one-line 
diagrams that will be used in load flow studies do not show circuit breakers or relays, contrary to 
those that will be used in stability studies. Furthermore, those that will be used in unsymmetrical 
fault studies may even show the positive-, negative-, and zero-sequence networks separately.

Note that the buses (i.e., the nodal points of the transmission network) that are shown in Figure 
2.2a have been identified by their bus numbers. Also note that the neutral of generator 1 has been 
“solidly grounded,” that is, the neutral point has been directly connected to the earth, whereas the 
neutral of generator 2 has been “grounded through impedance” using a resistor. Sometimes, it is 
grounded using an inductance coil. In either case, they are used to limit the current flow to ground 
under fault conditions.

Usually, the neutrals of the transformers used in transmission lines are solidly grounded. In 
general, proper generator grounding for generators is facilitated by burying a ground electrode sys-
tem made of grids of buried horizontal wires. As the number of meshes in the grid is increased, its 
conductance becomes greater. Sometimes, a metal plate is buried instead of a mesh grid (especially 
in European applications).

Transmission lines with overhead ground wires have a ground connection at each supporting 
structure to which the ground wire is connected. In some circumstances, a “counterpoise,” that is, 
a bare conductor, is buried under a transmission line to decrease the ground resistance. The best-
known example is the one that has been installed for the transmission line crossing the Mohave 
Desert. The counterpoise is buried alongside the line and connected directly to the towers and the 
overhead ground wires.

Note that the equivalent circuit of the transmission line shown in Figure 2.2c has been repre-
sented by a nominal π*. The line impedance, in terms of the resistance and the series reactance 
of a single conductor for the length of the line, has been lumped. The line-to-neutral capacitance 
(or shunt capacitive reactance) for the length of the line has been calculated, and half of this value 

* Read Chapter 3 for further information.
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has been put at each end of the line. The transformers have been represented by their equivalent 
reactances, neglecting their magnetizing currents and consequently their shunt admittances. Also 
neglected, are the resistance values of the transformers and generators, because their inductive reac-
tance values are much greater than their resistance values.

Also, not shown in Figure 2.2c, is the ground resistor. This is because of no current flowing in the 
neutral under balanced conditions. The impedance diagram shown in Figure 2.2c is also referred 
to as the positive-sequence network or diagram. The reason is that the phase order of the balanced 
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TABLE 2.1
Symbols Used in One-Line Diagrams

Static
load

Transmission
line

Wye connection
(3φ, neutral

ungrounded)

Delta connection
(3φ, three wire)

Wye connection
(3φ, neutral
grounded)

�ree-winding
transformer

Two-winding
transformer

Bus

Rotating machine

Usage UsageSymbol Symbol

Circuit
breaker

Circuit
breaker

(air)

Disconnect

Fuseor

Fused
disconnect

Lightning
arrester

Current
transformer

(CT)

Potential
transformer

(VT)

Capacitor

or
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voltages at any point in the system is the same as the phase order of the generated voltage, and they 
are positive. The per-phase impedance diagrams may represent a system given either in ohms or in 
per unit.

At times, as need arises, the one-line diagram may also show peripheral apparatus such as instru-
ment transformers (i.e., current and voltage transformers), protective relays, and lighting arrestors. 
Therefore, the details shown on a one-line diagram depend on its purpose. For example, the one-line 
diagrams that will be used in load flow studies do not show circuit breakers or relays, contrary to 
those that will be used in stability studies. Furthermore, those that will be used in unsymmetrical 
fault studies may even show the positive-, negative-, and zero-sequence networks separately.

2.4 PER-UNIT SYSTEM

Because of various advantages involved, it is customary in power system analysis calculations to 
use impedances, currents, voltages, and powers in per-unit values (which are scaled or normalized 
values) rather than in physical values of ohms, amperes, kilovolts, and megavolt-amperes (MVA; or 
megavars, or megawatts). A per-unit system is a means of expressing quantities for ease in compar-
ing them. The per-unit value of any quantity is defined as the ratio of the quantity to an “arbitrarily” 
chosen base (i.e., reference) value having the same dimensions. Therefore, the per-unit value of any 
quantity can be defined as

 
Quantity in per unit =

physical quantity
base vallue of quantity

 (2.16)

where physical quantity refers to the given value in ohms, amperes, volts, etc. The base value is also 
called unit value since in the per-unit system it has a value of 1, or unity. Therefore, a base current is 
also referred to as a unit current. Since both the physical quantity and base quantity have the same 
dimensions, the resulting per-unit value expressed as a decimal has no dimension and therefore is 
simply indicated by a subscript pu. The base quantity is indicated by a subscript B. The symbol 
for per unit is pu, or 0/1. The percent system is obtained by multiplying the per-unit value by 100. 
Therefore,

 
Quantity in percent =

physical quantity
base valuue of quantity

×100  (2.17)

However, the percent system is somewhat more difficult to work with and more subject to pos-
sible error since it must always be remembered that the quantities have been multiplied by 100. 
Therefore, the factor 100 has to be continually inserted or removed for reasons that may not be obvi-
ous at the time. For example, 40% reactance times 100% current is equal to 4000% voltage, which, 
of course, must be corrected to 40% voltage. Thus, the per-unit system is preferred in power system 
calculations. The advantages of using the per-unit include the following:

 1. Network analysis is greatly simplified since all impedances of a given equivalent circuit 
can directly be added together regardless of the system voltages.

 2. It eliminates the 3 multiplications and divisions that are required when balanced three-
phase systems are represented by per-phase systems. Therefore, the factors 3 and 3 asso-
ciated with delta and wye quantities in a balanced three-phase system are directly taken 
into account by the base quantities.

 3. Usually, the impedance of an electrical apparatus is given in percent or per unit by its 
manufacturer on the basis of its nameplate ratings (e.g., its rated volt-amperes and rated 
voltage).
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 4. Differences in operating characteristics of many electrical apparatus can be estimated by 
a comparison of their constants expressed in per units.

 5. Average machine constants can easily be obtained since the parameters of similar equip-
ment tend to fall in a relatively narrow range and therefore arc comparable when expressed 
as per units according to rated capacity.

 6. The use of per-unit quantities is more convenient in calculations involving digital computers.

2.4.1 Single-PhaSe SyStem

In the event that any two of the four base quantities (i.e., base voltage, base current, base volt-
amperes, and base impedance) are “arbitrarily” specified, the other two can be determined immedi-
ately. Here, the term arbitrarily is slightly misleading since in practice the base values are selected 
so as to force the results to fall into specified ranges. For example, the base voltage is selected such 
that the system voltage is normally close to unity. Similarly, the base volt-ampere is usually selected 
as the kilovolt-ampere (kVA) or MVA rating of one of the machines or transformers in the system, 
or a convenient round number such as 1, 10, 100, or 1000 MVA, depending on the system size. As 
aforementioned, on determining the base volt-amperes and base voltages, the other base values are 
fixed. For example, the current base can be determined as

 
I

S
V VB

B

B

B

B

= = VA
 (2.18)

where
IB = current base in amperes
SB = VAB = selected volt-ampere base in volt-amperes
VB = selected voltage base in volts

Note that,

 SB = VAB = PB = QB = VBIB (2.19)

Similarly, the impedance base* can be determined as

 
Z

V
IB

B

B

=  (2.20)

where

 ZB = XB = RB (2.21)

Similarly,

 
Y B G

I
VB B B

B

B

= = =  (2.22)

* Defined as that impedance across which there is a voltage drop that is equal to the base voltage if the current through it 
is equal to the base current.
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Note that by substituting Equation 2.18 into Equation 2.20, the impedance base can be expressed as

 
Z

V
V

V
B

B

B B

B

B

= =
VA VA/

2

 (2.23)

or

 
Z

kV
B

B

B

= ( )2

MVA
 (2.24)

where
 kVB = voltage base in kilovolts
 MVAB = volt-ampere base in MVA

The per-unit value of any quantity can be found by the normalization process, that is, by dividing 
the physical quantity by the base quantity of the same dimension. For example, the per-unit imped-
ance can be expressed as

 
Z

Z

ZB
pu

physical=  (2.25)

or

 
Z

Z

VB B
pu

physical

/(kVA )
=

×2 1000
 (2.26)

or

 
Z

Z

V
B

B
pu

physical kVA
=

( )( )( )1000
2

 (2.27)

or

 
Z

Z

kV
B

B
pu

physical kVA
=

( )( )

( ) ( )2 1000
 (2.28)

or

 
Z

Z

kVB B
pu

physical
2 /MVA

=
( )

( )
 (2.29)

or

 
Z

Z

kV
B

B
pu

physical MVA
=

( )( )

( )2
 (2.30)
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Similarly, the others can be expressed as

 
I

I

IB
pu

physical=  (2.31)

or

 
V

V

VB
pu

physical=  (2.32)

or

 
kV

kV

kVB
pu

physical=  (2.33)

or

 
VA

VA

VApu
physical=

B

 (2.34)

or

 
kVA

kVA

kVApu
physical=

B

 (2.35)

or

 
MVA

MVA

MVApu
physical=

B

 (2.36)

Note that, the base quantity is always a real number, whereas the physical quantity can be a com-
plex number. For example, if the actual impedance quantity is given as Z∠θ Ω, it can be expressed 
in the per-unit system as

 
Z

Z
Z

Z
B

pu pu= ∠ = ∠θ θ  (2.37)

that is, it is the magnitude expressed in per-unit terms. Alternatively, if the impedance has been 
given in rectangular form as

 Z = R + jX (2.38)

then

 Zpu = Rpu + jXpu (2.39)
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where

 
R

R

ZB
pu

physical=  (2.40)

and

 
X

X

ZB
pu

physical=  (2.41)

Similarly, if the complex power has been given as

 S = P + jQ (2.42)

then

 Spu = Ppu + jQpu (2.43)

where

 
P

P

SB
pu

physical=  (2.44)

and

 
Q

Q

SB
pu

physical=  (2.45)

If the actual voltage and current values are given as

 V = V∠θV (2.46)

and

 I = I∠θI (2.47)

then the complex power can be expressed as

 S = VI* (2.48)

or

 S∠θ = (V∠θV)(I∠−θI) (2.49)

Therefore, dividing through by SB,

 

S
S

V I
SB

V I

B

∠ = ∠ ∠−φ θ θ( )( )
 (2.50)
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However,

 SB = VBIB (2.51)

Thus,

 

S
S

V I
V IB

V I

B B

∠ = ∠ ∠−θ θ θ( )( )
 (2.52)

or

 Spu∠θ = (Vpu∠θV)(Ipu∠−θI) (2.53)

or

 
S V Ipu pu pu= *  (2.54)

2.4.2 Converting from Per-Unit valUeS to PhySiCal valUeS

The physical values (or system values) and per-unit values are related by the following relations:

 I = Ipu × IB (2.55)

 V = Vpu × VB (2.56)

 Z = Zpu × ZB (2.57)

 R = Rpu × ZB (2.58)

 X = Xpu × ZB (2.59)

 VA = VApu × VAB (2.60)

 P = Ppu × VAB (2.61)

 Q = Qpu × VAB (2.62)

2.4.3 Change of BaSe

In general, the per-unit impedance of a power apparatus is given on the basis of its own volt-ampere 
and voltage ratings and consequently on the basis of its own impedance base. When such an appa-
ratus is used in a system that has its own bases, it becomes necessary to refer all the given per-unit 
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values to the system base values. Assume that the per-unit impedance of the apparatus is given on 
the basis of its nameplate ratings as

 

Z Z
kV

B

B
pu(given) physical

(given)

(given)

= ( )
MVA

[ ]22
 (2.63)

and that it is necessary to refer the very same physical impedance to a new set of voltage and volt-
ampere bases such that

 

Z Z
kV

B

B
pu(new) physical

(new)

(new)
2

= ( )
MVA

[ ]
 (2.64)

By dividing Equation 2.63 by Equation 2.64 side by side,

 

Z Z B

B
pu(new) pu(given)

(new)

(given)

=
MVA

MVA























kV

kV
B

B

(given)

(new)

2

 (2.65)

In certain situations, it is more convenient to use subscripts 1 and 2 instead of the subscripts 
“given” and “new,” respectively. Then, Equation 2.65 can be expressed as

 

Z Z
kV

kV
B

B

B

B
pu(2) pu(1)

(1)

=
MVA

MVA
( ) ( )

( )

2 1

2




















2

 (2.66)

In the event that the kilovolt bases are the same but the MVA bases are different, from Equation 
2.65,

 
Z Z B

B
pu(new) pu(given)

(new)

(given)

=
MVA

MVA
 (2.67)

Similarly, if the MVA bases are the same but the kilovolt bases are different, from Equation 2.65,

 

Z Z
kV

kV
B

B
pu(new) pu(given)

(given)

(new)

2

=








  (2.68)

Equations 2.65 through 2.68 must only be used to convert the given per-unit impedance from 
the base to another but not for referring the physical value of an impedance from one side of the 
transformer to another [3].

2.4.4 three-PhaSe SyStemS

The three-phase problems involving balanced systems can be solved on a per-phase basis. In that 
case, the equations that are developed for single-phase systems can be used for three-phase systems 
as long as per-phase values are used consistently. Therefore,



26 Modern Power System Analysis

 
I

S

VB
B

B

=
−

( )

( )

1φ

L N

 (2.69)

or

 
I

VA

VB
B

B

=
−

( )

( )

1φ

L N

 (2.70)

and

 
Z

V

IB
B

B

= −( )L N  (2.71)

or

 
Z

kV
B

B

B

= −[ ] ( )( )

( )

L N

kVA

2

1

1000

φ
 (2.72)

or

 
Z

kV
B

B

B

= −[ ]( )

( )

L N

MVA

2

1φ
 (2.73)

where the subscripts 1ϕ and L–N denote per phase and line to neutral, respectively. Note that, for a 
balanced system,

 
V

V
B

B
( )

( )
L N

L L
−

−=
3

 (2.74)

and

 
S

S
B

B
( )

( )
1

3

3φ
φ=  (2.75)

However, it has been customary in three-phase system analysis to use line-to-line voltage and 
three-phase volt-amperes as the base values. Therefore,

 

I
S

V
B

B

B

=
−

( )

( )

3

3

φ

L L

 (2.76)

or

 

I
kV

B
B

B

=
−

kVA

L L

( )

( )

3

3

φ  (2.77)
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and

 

Z
V

I
B

B

B

= −( )L L

3
 (2.78)

 
Z

kV
B

B

B

= −[ ] ( )( )

( )

L L

kVA

2

3

1000

φ
 (2.79)

or

 
Z

kV
B

B

B

= −[ ]( )

( )

L L

MVA

2

3φ
 (2.80)

where the subscripts 3ϕ and L–L denote per three phase and line, respectively. Furthermore, base 
admittance can be expressed as

 
Y

ZB
B

= 1
 (2.81)

or

 

Y
kV

B
B

B

=
−

MVA

L L

( )

( )[ ]
3

2
φ  (2.82)

where

 YB = BB = GB (2.83)

The data for transmission lines are usually given in terms of the line resistance R in ohms per 
mile at a given temperature, the line inductive reactance XL in ohms per mile at 60 Hz, and the line 
shunt capacitive reactance Xc in megohms per mile at 60 Hz. Therefore, the line impedance and 
shunt susceptance in per units for 1 mi of line can be expressed as*

 

Z Zpu
L L

/mi
MVA

pu=
−

( , )
[ ]

( )

( )

Ω B

BkV
3

2
φ  (2.84)

where

 Z = R + jXL = Z∠θ Ω/mi

and

 
B

kV

MVA X
B

B c
pu

L L

M /mi
=

×−
−[ ]

[ ][ , ]
( )

( )

2 6

3

10

φ Ω
 (2.85)

* For further information, see Anderson [4].
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In the event that the admittance for a transmission line is given in microsiemens per mile, the 
per-unit admittance can be expressed as

 

Y
kV YB

B
pu

L L S

MVA
=

×
−[ ] ( , )

[ ]
( )

( )

2

3
610

µ

φ

 (2.86)

Similarly, if it is given as reciprocal admittance in megohms per mile, the per-unit admittance 
can be found as

 
Y

kV

Z
B

B
pu

L L

MVA M /mi
=

×−
−[ ]

[ ][ , ]
( )

( )

2 6

3

10

φ Ω
 (2.87)

Figure 2.3 shows conventional three-phase transformer connections and associated relations 
between the high-voltage and low-voltage side voltages and currents. The given relations are correct 
for a three-phase transformer as well as for a three-phase bank of single-phase transformers. Note 
that, in the figure, n is the turns ratio, that is,

 
n

N
N

V
V

I
I

= = =1

2

1

2

2

1

 (2.88)

where the subscripts 1 and 2 are used for the primary and secondary sides. Therefore, an impedance 
Z2 in the secondary circuit can be referred to the primary circuit provided that

 Z1 = n2Z2 (2.89)

Thus, it can be observed from Figure 2.3 that in an ideal transformer, voltages are transformed in 
the direct ratio of turns, currents in the inverse ratio, and impedances in the direct ratio squared; and 
power and volt-amperes are, of course, unchanged. Note that, a balanced delta-connected circuit of 
ZΔ Ω/phase is equivalent to a balanced wye-connected circuit of ZY Ω/phase as long as

 
Z ZY = 1

3 ∆  (2.90)

The per-unit impedance of a transformer remains the same without taking into account whether 
it is converted from physical impedance values that are found by referring to the high-voltage side 
or low-voltage side of the transformer. This can be accomplished by choosing separate appropriate 
bases for each side of the transformer (whether or not the transformer is connected in wye–wye, 
delta–delta, delta–wye, or wye–delta since the transformation of voltages is the same as that made 
by wye–wye transformers as long as the same line-to-line voltage ratings are used).* In other words, 
the designated per-unit impedance values of transformers are based on the coil ratings.

Since the ratings of coils cannot alter by a simple change in connection (e.g., from wye–wye to 
delta–wye), the per-unit impedance remains the same regardless of the three-phase connection. The 
line-to-line voltage for the transformer will differ. Because of the method of choosing the base in 
various sections of the three-phase system, the per-unit impedances calculated in various sections 
can be put together on one impedance diagram without paying any attention to whether the trans-
formers are connected in wye–wye or delta–wye.

* This subject has been explained in greater depth in an excellent review by Stevenson [3].
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FIGURE 2.3 Conventional three-phase transformer connections: (a) wye–wye connection; (b) delta–delta 
connection; (c) wye–delta connection; (d) delta–wye connection.
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EXAMPLE 2.2

A three-phase transformer has a nameplate rating of 30 MVA, 230Y/69Y kV with a leakage reac-
tance of 10% and the transformer connection is wye–wye. Select a base of 30 MVA and 230 kV 
on the high-voltage side and determine the following:

 (a) Reactance of transformer in per units
 (b) High-voltage side base impedance
 (c) Low-voltage-side base impedance
 (d) Transformer reactance referred to the high-voltage side in ohms
 (e) Transformer reactance referred to the low-voltage side in ohms

Solution

 (a) The reactance of the transformer in per units is 10/100, or 0.10 pu. Note that, it is the same 
whether it is referred to the high-voltage or the low-voltage side.

 (b) The high-voltage side base impedance is

 

Z
kV

B
B

B
HV

HV

MVA( ) =

= =

[ ]

.

( )

( )

2

3

2230
30

1763 3333

φ

Ω

 (c) The low-voltage side base impedance is

 

Z
kV

B
B

B
( )

( )

( )

[ ]

.

LV
LV

MVA
=

= =

2

3

269
30

158 7

φ

Ω

 (d) The reactance referred to the high-voltage side is

 

X X XBΩ( )HV pu (HV)

(0.10)(1763.3333) 176.3333

= ×

= = Ω

 (e) The reactance referred to the low-voltage side is

 

X X XBΩ( )LV pu (LV)

(0.10)(158.7 ) 15.87

= ×

= =Ω Ω

 or, from Equation 2.89,

 

X
X

nΩ
Ω

Ω

( )
( )

. .

LV
HV

/

/

=

=










=

2

2

176 3333

230 3

69 3

176 33333
3 3333

15 872

Ω
Ω

( . )
.≅

 where n is defined as the turns ratio of the windings.
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EXAMPLE 2.3

A three-phase transformer has a nameplate rating of 30 MVA, and the voltage ratings of 230Y kV/ 
69Δ kV with a leakage reactance of 10% and the transformer connection is wye–delta. Select a 
base of 30 MVA and 230 kV on the high-voltage side and determine the following:

 (a) Turns ratio of windings
 (b) Transformer reactance referred to the low-voltage side in ohms
 (c) Transformer reactance referred to the low-voltage side in per units

Solution

 (a) The turns ratio of the windings is

 
n

V
V

� HV( )

LV( )

/φ

φ
= =230 3

69
1 9245.

 (b) Since the high-voltage side impedance base is

 

Z
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B
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B
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3
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φ
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 and

 

X X XBΩ

Ω Ω

( ) ( )

( . )( . ) .

HV pu HV= ×

= =0 10 1763 3333 176 3333

 Thus, the transformer reactance referred to the delta-connected low-voltage side is

 

X
X
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Ω

∆Ω
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.
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 (c) From Equation 2.90, the reactance of the equivalent wye connection is

 

Z
Z

X

Y =

= = = ′

∆

Ω
Ω

Ω

3
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3
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.

. ( )LV
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 where ′XΩ( )LV  = reactance per phase at a low voltage of the equivalent wye.
  Similarly,
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  Thus,
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 Alternatively, if the line-to-line voltages are used,
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 and thus,
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 as before.

EXAMPLE 2.4

Consider the previous example that a three-phase transformer has a nameplate rating of 30 MVA, 
and voltage ratings of 230Y kV/69Δ kV with a leakage reactance of 10%. Now, assume that this 
transformer connection is not delta–wye but wye–wye. Select a base of 30 MVA and 230 kV on 
the high-voltage side for the wye–delta transformer and solve it by converting to its equivalent 
wye–wye connection first and determine the following:

 (a) Turns ratio of windings
 (b) Transformer reactance referred to the low-voltage side in ohms
 (c) Transformer reactance referred to the low-voltage side in per units

Solution

First converting the delta low-voltage to its corresponding wye low-voltage as

 3 69 119 5115( ) .kV kV=
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 (a) The turns ratio of the windings is
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 (b) Since the high-voltage side impedance base is
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  Thus, the transformer reactance referred to the delta-connected low-voltage side is
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 (c) From Equation 2.90, the reactance of the equivalent wye connection is
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 where ′XΩ( )LV  = reactance per phase at low-voltage of equivalent wye.
  Similarly,
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  Thus,
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EXAMPLE 2.5

Resolve Example 2.3 but violate the definition of turns ratio. Use it as the ratio of the line-to-line 
voltage of the wye-connected primary voltage to the line-to-line voltage of the delta-connected 
secondary voltage. Since the transformer is rated as 230Y kV/69Δ kV, solve it without converting 
to its equivalent wye–wye connection first and determine the following:

 (a) Turns ratio of windings
 (b) Transformer reactance referred to the low-voltage side in ohms
 (c) Transformer reactance referred to the low-voltage side in per units

Solution

 (a) The turns ratio of the windings is

 
n

V
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� HV(L L)

LV(L V)
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−
= =230

69
3 3333.

  Here, of course, the definition of the turns ratio has been violated.
 (b) Since the high-voltage side impedance base is

 

Z
kV

B
B

B
( )

( )

( )

[ ]

[ ]
.

HV
HV

MVA

kV

=

= =

2

3

2230
30

1763 3333

φ

Ω

 and

 

X X XBΩ

Ω Ω

( ) ( )

( . )( . ) .

HV pu HV= ×

= =0 10 1763 3333 176 3333

  Thus, the transformer reactance referred to the delta-connected low-voltage side is
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 (c) From Equation 2.90, the reactance of the delta connection is
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  Thus,
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  This method is obviously a shortcut, but one should apply it carefully.

EXAMPLE 2.6

Figure 2.4 shows a one-line diagram of a three-phase system. Assume that the line length between 
the two transformers is negligible and the three-phase generator is rated 4160 kVA, 2.4 kV, and 
1000 A and that it supplies a purely inductive load of Ipu = 2.08∠−90° pu. The three-phase trans-
former T1 is rated 6000 kVA, 2.4Y−24Y kV, with leakage reactance of 0.04 pu. Transformer T2 is 
made up of three single-phase transformers and is rated 4000 kVA, 24Y−12Y kV, with leakage 
reactance of 0.04 pu. Determine the following for all three circuits, 2.4-, 24-, and 12-kV circuits:

 (a) Base kVA values
 (b) Base line-to-line kilovolt values
 (c) Base impedance values
 (d) Base current values
 (e) Physical current values (neglect magnetizing currents in transformers and charging currents 

in lines)
 (f) Per-unit current values
 (g) New transformer reactances based on their new bases
 (h) Per-unit voltage values at buses 1, 2, and 4
 (i) Per-unit apparent power values at buses 1, 2, and 4
 (j) Summarize results in a table

Solution

 (a) The kVA base for all three circuits is arbitrarily selected as 2080 kVA.
 (b) The base voltage for the 2.4-kV circuit is arbitrarily selected as 2.5 kV. Since the turns ratios 

for transformers T1 and T2 are
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FIGURE 2.4 One-line diagram for Example 2.4.
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 the base voltages for the 24- and 12-kV circuits are determined to be 25 and 12.5 kV, 
respectively.

 (c) The base impedance values can be found as
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 (d) The base current values can be determined as
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 (e) The physical current values can be found based on the turns ratios as
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 (f) The per-unit current value is the same, 2.08 pu, for all three circuits.
 (g) The given transformer reactances can be converted on the basis of their new bases using
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  Therefore, the new reactances of the two transformers can be found as
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0 04.
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 (h) Therefore, the per-unit voltage values at buses 1, 2, and 4 can be calculated as
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 (i) Thus, the per-unit apparent power values at buses 1, 2, and 4 are

 S1 = 2.00 pu

 S2 = V2Ipu = (0.9334) (2.08) = 1.9415 pu

 S4 = V4Ipu = (0.8935) (2.08) = 1.8585 pu

 (j) The results are summarized in Table 2.2.

TABLE 2.2
Results of Example 2.4

Quantity 2.4-kV Circuit 24-kV Circuit 12-kV Circuit

kVAB(3ϕ) 2080 kVA 2080 kVA 2080 kVA

kVB(L−L) 2.5 kV 25 kV 12.5 kV

ZB 3.005 Ω 300.5 Ω 75.1 Ω
IB 480 A 48 A 96 A

Iphysical 1000 A 100 A 200 A

Ipu 2.08 pu 2.08 pu 2.08 pu

Vpu 0.96 pu 0.9334 pu 0.8935 pu

Spu 2.00 pu 1.9415 pu 1.8585 pu
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2.5 CONSTANT IMPEDANCE REPRESENTATION OF LOADS

Usually, the power system loads are represented by their real and reactive powers, as shown in 
Figure 2.5a. However, it is possible to represent the same load in terms of series or parallel combi-
nations of its equivalent constant-load resistance and reactance values, as shown in Figure 2.5b and 
2.5c, respectively [4].

In the event that the load is represented by the series connection, the equivalent constant imped-
ance can be expressed as

 Zs = Rs + jXs (2.91)

where
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P Q
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+

V
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2 2
 (2.92)
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P Q
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where
Rs = load resistance in series connection in ohms
Xs = load reactance in series connection in ohms
Zs = constant-load impedance in ohms
V = load voltage in volts
P = real, or average, load power in watts
Q = reactive load power in vars

The constant impedance in per units can be expressed as

 Zpu(s) = Rpu(s) + jXpu(s) pu (2.94)

where
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B
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P + jQ |
Rs Xs

Rp

Xp

FIGURE 2.5 Load representations as: (a) real and reactive powers; (b) constant impedance in terms of series 
combination; (c) constant impedance in terms of parallel combination.



39Basic Concepts

If the load is represented by the parallel connection, the equivalent constant impedance can be 
expressed as

 
Z p

p p

p p
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R X
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 (2.97)

where
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where
Rp = load resistance in parallel connection in ohms
Xp = load reactance in parallel connection in ohms
Zp = constant-load impedance in ohms

The constant impedance in per units can be expressed as
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2.6 THREE-WINDING TRANSFORMERS

Figure 2.6a shows a single-phase three-winding transformer. They are usually used in the bulk 
power (transmission) substations to reduce the transmission voltage to the subtransmission voltage 
level. If excitation impedance is neglected, the equivalent circuit of a three-winding transformer can 
be represented by a wye of impedances, as shown in Figure 2.6b, where the primary, secondary, and 
tertiary windings are denoted by P, S, and T, respectively.

Note that, the common point 0 is fictitious and is not related to the neutral of the system. The 
tertiary windings of a three-phase and three-winding transformer bank is usually connected in delta 
and may be used for (1) providing a path for zero-sequence currents, (2) in-plant power distribu-
tion, and (3) application of power-factor-correcting capacitors or reactors. The impedance of any of 
the branches shown in Figure 2.6b can be determined by considering the short-circuit impedance 
between pairs of windings with the third open. Therefore,

 ZPS = ZP + ZS (2.103a)

 ZTS = ZT + ZS (2.103b)

 ZPT = ZP + ZT (2.103c)

where

 
Z Z Z ZP PS PT TS= + −1

2
( )  (2.104a)

 
Z Z Z ZS PS TS PT= + −1

2
( )  (2.104b)

 
Z Z Z ZT PT TS PS= + −1

2
( )  (2.104c)

where
ZPS = leakage impedance measured in primary with secondary short-circuited and tertiary open
ZPT = leakage impedance measured in primary with tertiary short-circuited and secondary open
ZST = leakage impedance measured in secondary with tertiary short-circuited and primary open
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FIGURE 2.6 Single-phase, three-winding transformer: (a) winding diagram; (b) equivalent circuit.
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ZP = impedance of primary winding
ZS = impedance of secondary winding
ZT = impedance of tertiary winding

In most large transformers, the value of ZS is very small and can be negative. Contrary to the 
situation with a two-winding transformer, the kVA ratings of the three windings of a three-winding 
transformer bank are not usually equal. Therefore, all impedances, as defined above, should be 
expressed on the same kVA base. For three-winding three-phase transformer banks with delta- or 
wye-connected windings, the positive- and negative-sequence diagrams are always the same. The 
corresponding zero-sequence diagrams are shown in Figure 5.10.

2.7 AUTOTRANSFORMERS

Figure 2.7a shows a two-winding transformer. Viewed from the terminals, the same transformation 
of voltages, currents, and impedances can be obtained with the connection shown in Figure 2.7b. 
Therefore, in the autotransformer, only one winding is used per phase, the secondary voltage being 
tapped off the primary winding, as shown in Figure 2.7b. The common winding is the winding 
between the low-voltage terminals, whereas the remainder of the winding, belonging exclusively 
to the high-voltage circuit, is called the series winding and, combined with the common winding, 
forms the series-common winding between the high-voltage terminals.

In a sense, an autotransformer is just a normal two-winding transformer connected in a special 
way. The only structural difference is that the series winding must have extra insulation. In a vari-
able autotransformer, the tap is movable. Autotransformers are increasingly used to interconnect 
two high-voltage transmission lines operating at different voltages. An autotransformer has two 
separate sets of ratios, namely, circuit ratios and winding ratios. For circuit ratios, consider the 
equivalent circuit of an ideal autotransformer (neglecting losses) shown in Figure 2.7b. Viewed from 
the terminals, the voltage and current ratios can be expressed as
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FIGURE 2.7 Schematic diagram of ideal (step-down) transformer connected as: (a) two-winding trans-
former; (b) autotransformer.
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and
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From Equation 2.105c, it can be observed that the ratio a is always larger than 1.
For winding ratios, consider the voltages and currents of the series and common windings, as 

shown in Figure 2.7b. Therefore, the voltage and current ratios can be expressed as
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From Equation 2.105c,
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Therefore, substituting Equation 2.109 into Equation 2.107 yields

 

V
V
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c

= −1 (2.110)

Similarly, substituting Equations 2.106 and 2.109 into Equation 2.108b simultaneously yields

 

I
I

ac

s

= −1 (2.111)

For an ideal autotransformer, the volt-ampere ratings of circuits and windings can be expressed, 
respectively, as
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 Scircuits = V1I1 = V2I2 (2.112)

and

 Swindings = VsIs = VcIc (2.113)

The advantages of autotransformers are lower leakage reactances, lower losses, smaller excit-
ing currents, and less cost than two-winding transformers when the voltage ratio does not vary too 
greatly from 1 to 1. For example, if the same core and coils are used as a two-winding transformer 
and as an autotransformer, the ratio of the capacity as an autotransformer to the capacity as a two-
winding transformer can be expressed as
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= =
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=
−
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1 1 1 1

1 2 1 1( )
 (2.114)

Therefore, maximum advantage is obtained with a relatively small difference between the volt-
ages on the two sides (e.g., 161 kV/138 kV, 500 kV/700 kV, and 500 kV/345 kV). Therefore, a large 
saving in size, weight, and cost can be achieved over a two-windings per-phase transformer. The 
disadvantages of an autotransformer are that there is no electrical isolation between the primary 
and secondary circuits and there is a greater short-circuit current than the one for the two-winding 
transformer.

Three-phase autotransformer banks generally have wye-connected main windings, the neutral 
of which is normally connected solidly to the earth. In addition, it is common practice to include a 
third winding connected in delta, called the tertiary winding.

2.8 DELTA–WYE AND WYE–DELTA TRANSFORMATIONS

The three-terminal circuits encountered so often in networks are the delta and wye* configurations, 
as shown in Figure 2.8. In some problems, it is necessary to convert delta to wye or vice versa. If 
the impedances Zab, Zbc, and Zca are connected in delta, the equivalent wye impedances Za, Zb, and 
Zc are
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If Zab = Zbc = Zca = Z,

 
Z Z Z

Z
a b c= = =

3
 (2.118)

* In Europe, it is called the star configuration.
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On the other hand, if the impedances Za, Zb, and Zc are connected in wye, the equivalent delta 
impedances Zab, Zbc, and Zca are

 
Z Z Z

Z Z
Zab a b
a b

c

= + +  (2.119)
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b c
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If Za = Zb = Zc = Z, then

 Zab = Zbc = Zca = 3Z (2.122)

2.9 SHORT-CIRCUIT MVA AND EQUIVALENT IMPEDANCE

Often, when a new circuit is to be added to an existing bus in a complex power system, the short-
circuit MVA (or kVA) for that bus has to be known or determined. Such short-circuit MVA (or kVA) 
data provide the equivalent impedance of the existing power system up to that bus. After determi-
nation of the short-circuit MVA, one can easily find the associated short-circuit impedance of the 
system. The short-circuit MVA is found for both three-phase faults and for single line-to-ground 
faults, separately.

c

a bZab

Zc

Z
ca Z bc

Za Z b

FIGURE 2.8 Delta–wye or wye–delta transformations.
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2.9.1 three-PhaSe Short-CirCUit mva

At a given three-phase bus, three-phase short-circuit MVA can be determined from the following 
equation:

 
MVA L L
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3
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1000φ
φ= −  (2.123)

where
kVL−L = system line-to-line voltage in kV (rated system voltage)
If(3ϕ) = total three-phase fault current in amperes

2.9.1.1 If Three-Phase Short-Circuit MVA Is Already Known
Then, the three-phase short-circuit fault current can be determined from
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then the equivalent impedance can be found as
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Since base impedance is found from
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then the per unit impedance can found from
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or
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Thus, the positive-sequence Z to the fault location can be found as
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In general,

 Z1 = Z2 (2.129)

Also, it is assumed that Z1 = X1 unless the X/R ratio of the system is known so that the angle can 
be found.

2.9.2 Single-PhaSe-to-groUnd Short-CirCUit mva

At a given single-phase bus, single-phase-to-ground short-circuit MVA can be determined from the 
following equation:
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where
kVL−L = system line-to-line voltage in kV (rated system voltage)
If(SLG) = total single-phase fault current in amperes

2.9.2.1 If Single-Phase Short-Circuit MVA Is Already Known
Then the single-phase-to-ground short-circuit fault current can be determined from

 

I
kV

f
f

( )
( )

( )

SLG
SLG

L L

MVA
A=

−

1000

3

SC

 
(2.131)

But,

 If(SLG) = Ia0 + Ia1 + Ia2 (2.132)

or
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where

 ZG = Z0 + Z1 + Z2 (2.135)

From Equations 2.125c and 2.127,
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and
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From

 Z0 = ZG − Z1 − Z2 (2.138)

or in general,

 X0 = XG − X1 − X2 (2.139)

since the resistance involved is usually very small with respect to the associated reactance value.

EXAMPLE 2.7

A short-circuit (fault) study shows that at bus 15 in a 132-kV system, on a 100 MVA base, short-
circuit MVA is 710 MVA and the single-line-to-ground short-circuit MVA is 825 MVA. Determine 
the following:

 (a) The positive and negative reactances of the system
 (b) The XG of the system
 (c) The zero-sequence reactance of the system

Solution

 (a) The positive- and negative-reactances of the system are

 
X X1 2= = =100 MVA

710 MVA
0.1408 pu

 (b) The XG of the system is

 
XG = =300

825
0 3636

MVA
MVA

pu.

 (c) The zero-sequence of the system is

 X0 = 0.3636 − 0.1408 = 0.2228 pu

  Note that, all values above are on a 100-MVA, 132-kV base.
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PROBLEMS

 1. Assume that the impedance of a line connecting buses 1 and 2 is 50∠90° Ω and that the bus 
voltages are 7560∠10° and 7200∠0° V per phase, respectively. Determine the following:
(a) Real power per phase that is being transmitted from bus 1 to bus 2
(b) Reactive power per phase that is being transmitted from bus 1 to bus 2
(c) Complex power per phase that is being transmitted

 2. Solve Problem 1 assuming that the line impedance is 50∠26° Ω/phase.
 3. Verify the following equations:

(a) Vpu(L–N) = Vpu(L–L)

(b) VApu(1ϕ) = VApu(3ϕ)

(c) Zpu(Y) = Zpu(Δ)

 4. Verify the following equations:
(a) Equation 2.24 for a single-phase system
(b) Equation 2.80 for a three-phase system

 5. Show that ZB(Δ) = 3ZB(Y).
 6. Consider two three-phase transmission lines with different voltage levels that are located 

side by side in close proximity. Assume that the bases of VAB, VB(1), and IB(1) and the bases 
of VAB, VB(2), and IB(2) are designated for the first and second lines, respectively. If the 
mutual reactance between the lines is Xm Ω, show that this mutual reactance in per unit 
can be expressed as

 
X X

kV kVm m
B

B B
pu( )

(1) (2)

= (physical )
MVA

[ [ ]
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 7. Consider Example 2.3 and assume that the transformer is connected in delta–wye. Use a 
25-MVA base and determine the following:
(a) New line-to-line voltage of low-voltage side
(b) New low-voltage side base impedance
(c) Turns ratio of windings
(d) Transformer reactance referred to the low-voltage side in ohms
(e) Transformer reactance referred to the low-voltage side in per units

 8. Verify the following equations:
(a) Equation 2.92
(b) Equation 2.93
(c) Equation 2.94
(d) Equation 2.96

 9. Verify the following equations:
(a) Equation 2.100
(b) Equation 2.102

 10. Consider the one-line diagram given in Figure P2.1. Assume that the three-phase trans-
former T1 has nameplate ratings of 15,000 kVA, 7.97/13.8Y − 69Δ kV with leakage imped-
ance of 0.01 + j0.08 pu based on its ratings, and that the three-phase transformer T2 has 
nameplate ratings of 1500 kVA, 7.97Δ kV − 277/480Y V with leakage impedance of 
0.01 + j0.05 pu based on its ratings. Assume that the three-phase generator G1 is rated 
10/12.5 MW/MVA, 7.97/13.8Y kV with an impedance of 0 + j1.10 pu based on its ratings, 
and that three-phase generator G2 is rated 4/5 MW/MVA, 7.62/13.2Y kV with an imped-
ance of 0 + j0.90 pu based on its ratings. The transmission line TL23 has a length of 50 mi 
and is composed of 4/0 ACSR (aluminum conductor steel reinforced) conductors with an 
equivalent spacing (Dm) of 8 ft and has an impedance of 0.445 + j0.976 Ω/mi. Its shunt 
susceptance is given as 5.78 μS/mi. The line connects buses 2 and 3. Bus 3 is assumed to 
be an infinite bus, that is, the magnitude of its voltage remains constant at given values and 
its phase position is unchanged regardless of the power and power factor demands that may 
be put on it. Furthermore, it is assumed to have a constant frequency equal to the nominal 
frequency of the system studied. Transmission line TL14 connects buses 1 and 4. It has a 
line length of 2 mi and an impedance of 0.80 + j0.80 Ω/mi.

1 2
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T1
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TL23

TL14
I5

G2

Load 1

Load 5

FIGURE P2.1 One-line diagram for Problem 2.10.
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  Because of the line length, its shunt susceptance is assumed to be negligible. The load 
that is connected to bus 1 has a current magnitude |I1| of 523 A and a lagging power factor 
of 0.707. The load that is connected to bus 5 is given as 8000 + j6000 kVA. Use the arbi-
trarily selected 5000 kVA as the three-phase kVA base and 39.84/69.00 kV as the line-to-
neutral and line-to-line voltage base and determine the following:
(a) Complete Table P2.1 for the indicated values. Note the IL means line current and Iϕ 

means phase currents in delta-connected apparatus.
(b) Draw a single-line positive-sequence network of this simple power system. Use the 

nominal π circuit to represent the 69-kV line. Show the values of all impedances and 
susceptances in per units on the chosen bases. Show all loads in per unit P + jQ.

 11. Assume that a 500 + j200-kVA load is connected to a load bus that has a voltage of 1.0∠0° pu. 
If the power base is 1000 kVA, determine the per-unit R and X of the load:
(a) When load is represented by parallel connection
(b) When load is represented by series connection

TABLE P2.1
Table for Problem 10

Quantity Nominally 69-kV Circuits Nominally 13-kV Circuits Nominally 480-V Circuits

kVAB(3ϕ) 5000 kVA 5000 kVA 5000 kVA

kVB(L–L) 69 kV

kVB(L–N) 39.84 kV

IB(L)

IB(ϕ)

ZB

YB
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3 Steady-State Performance 
of Transmission Lines

3.1 INTRODUCTION

The function of the overhead three-phase electric power transmission line is to transmit bulk power 
to load centers and large industrial users beyond the primary distribution lines. A given transmis-
sion system comprises all land, conversion structures, and equipment at a primary source of sup-
ply, including lines, switching, and conversion stations between a generating or receiving point 
and a load center or wholesale point. It includes all lines and equipment whose main function is to 
increase, integrate, or tie together power supply sources.

The decision to build a transmission system results from system planning studies to determine 
how best to meet the system requirements. At this stage, the following factors need to be considered 
and established:

 1. Voltage level
 2. Conductor type and size
 3. Line regulation and voltage control
 4. Corona and losses
 5. Proper load flow and system stability
 6. System protection
 7. Grounding
 8. Insulation coordination
 9. Mechanical design

•	 Sag and stress calculations
•	 Conductor composition
•	 Conductor spacing
•	 Insulator and conductor hardware selection

 10. Structural design
•	 Structure types
•	 Stress calculations

The basic configuration selection depends on many interrelated factors, including esthetic con-
siderations, economics, performance criteria, company policies and practice, line profile, right-of-
way restrictions, preferred materials, and construction techniques. Figure 3.1 shows typical compact 
configurations [1]. Figures 3.2 through 3.5 show typical structures used for extra-high-voltage 
(EHV) transmission systems [2].

3.2 CONDUCTOR SIZE

Conductor sizes are based on the circular mil. A circular mil (cmil) is the area of a circle that has 
a diameter of 1 mil. A mil is equal to 1 × 10−3 in. The cross-sectional area of a wire in square 
inches equals its area in circular mils multiplied by 0.7854 × 10−6. For the smaller conductors, up 
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to 211,600 cmil, the size is usually given by a gage number according to the American Wire Gauge 
(AWG) standard, formerly known as the Brown and Sharpe Wire Gauge (B&S).

In the AWG standard, gage sizes decrease as the wire increases in size. (The larger the gage 
size, the smaller the wire.) These numbers start at 40, the smallest, which is assigned to a wire with 
a diameter of 3.145 mil. The largest size is number 0000, written as 4/0 and read as “four odds.” 
Above 4/0, the size is determined by cross-sectional area in circular mils. In summary

 

1 linear mil 0.001 in 0.0254 mm

1 circular mil a

= =

= rrea of cirlce 1 linear mil in diameter

mil=

=

π
4

2

ππ
4

0 0 0 2× = ×− −1 7854 1 in6 6.

One thousand circular mils is often used as a unit, for example, a size given as 250 kcmil (or 
MCM) refers to 250,000 cmil.

A given conductor may consist of a single strand, or several strands. If a single strand, it is solid; if of 
more than one strand, it is stranded. A solid conductor is often called a wire, whereas a stranded conduc-
tor is called a cable. A general formula for the total number of strands in concentrically stranded cables is

 Number of strands = 3n2 − 3n + 1

where n is the number of layers, including the single center strand.
In general, distribution conductors larger than 2 AWG are stranded. Insulated conductors for 

underground distribution or aerial cable lines are classified as cables and usually are stranded. Table 
3.1 gives standard conductor sizes.

Conductors may be selected on the basis of Kelvin’s law. According to Kelvin’s law,* “the most 
economical area of conductor is that for which the annual cost of the energy wasted is equal to the 

* Expressed by Sir William Thomson (Lord Kelvin) in 1881.

Horizontal unshielded Horizontal shielded

(a) (b)

FIGURE 3.1 Typical compact configurations. (From Elgerd, O. I., Electric Energy Systems Theory: An 
Introduction, McGraw-Hill, New York, 1971.)
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FIGURE 3.2 Typical pole and lattice structures for 345-kV transmission systems. (From Electric Power 
Research Institute, “Transmission Line Reference Book: 345kv and Above,” 2nd ed., EPRI, Palo Alto, 
California, 1982.)
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interest on that portion of the capital expense which may be considered as proportional to the weight 
of the conductor” [3]. Therefore,

 
Annual cost = +3

1000 1000

2CI R pwa
 (3.1)

where
C = cost of energy wasted in dollars per kilowatt-year
I = current per wire
R = resistance per mile per conductor
p = cost per pound conductor
w = weight per mile of all conductors
a = percent annual cost of money
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FIGURE 3.3 Typical wood H-frame structures for 345 kV. (From Electric Power Research Institute, 
“Transmission Line Reference Book: 345kv and Above,” 2nd ed., EPRI, Palo Alto, California, 1982.)
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TABLE 3.1
Standard Conductor Sizes

Size (AWG or kcmil) (cmil) No. of Wires Solid or Stranded

18 1,620 1 Solid

16 2,580 1 Solid

14 4,110 1 Solid

12 6,530 1 Solid

10 10,380 1 Solid

8 16,510 1 Solid

7 20,820 1 Solid

6 26,250 1 Solid

6 26,250 3 Stranded

5 33,100 3 Stranded

5 33,100 1 Solid

4 41,740 1 Solid

4 41,740 3 Stranded

3 52,630 3 Stranded

3 52,630 7 Stranded

3 52,630 1 Solid

2 66,370 1 Solid

2 66,370 3 Stranded

2 66,370 7 Stranded

1 83,690 3 Stranded

1 83,690 7 Stranded

0 (or 1/0) 105,500 7 Stranded

00 (or 2/0) 133,100 7 Stranded

000 (or 3/0) 167,800 7 Stranded

000 (or 3/0) 167,800 12 Stranded

0000 (or 4/0) 211,600 17 Stranded

0000 (or 4/0) 211,600 12 Stranded

0000 (or 4/0) 211,600 19 Stranded

250 250,000 12 Stranded

250 250,000 19 Stranded

300 300,000 12 Stranded

300 300,000 19 Stranded

350 350,000 12 Stranded

350 350,000 19 Stranded

400 400,000 19 Stranded

450 450,000 19 Stranded

500 500,000 19 Stranded

500 500,000 37 Stranded

600 600,000 37 Stranded

700 700,000 37 Stranded

750 750,000 37 Stranded

800 800,000 37 Stranded

900 900,000 37 Stranded

1,000 1,000,000 37 Stranded
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Here, the minimum cost is obtained when

 

3
1000 1000

2CI R pwa=

However, in practice, Kelvin’s law is seldom used. Instead, the I2R losses are calculated for the 
total time horizon.

The conductors used in modern overhead power transmission lines are bare aluminum conduc-
tors, which are classified as follows:

AAC: all-aluminum conductor
AAAC: all-aluminum-alloy conductor
ACSR: aluminum conductor steel reinforced
ACAR: aluminum conductor alloy reinforced

3.3 TRANSMISSION LINE CONSTANTS

For the purpose of system analysis, a given transmission line can be represented by its resistance, 
inductance or inductive reactance, capacitance or capacitive reactance, and leakage resistance 
(which is usually negligible).

3.4 RESISTANCE

The direct current (dc) resistance of a conductor is

 
R

Adc =
×ρ � Ω

where
ρ = conductor resistivity
ℓ = conductor length
A = conductor cross-sectional area

In practice, several different sets of units are used in the calculation of the resistance. For example, 
in the International System of Units (SI units), ℓ is in meters, A is in square meters, and ρ is in ohm 
meters. Whereas in power systems in the United States, ρ is in ohm circular mils per foot, ℓ is in feet, 
and A is in circular mils. The resistance of a conductor at any temperature may be determined by

 

R
R

T t
T t

2

1

0 2

0 1

= +
+

where
R1 = conductor resistance at temperature t1

R2 = conductor resistance at temperature t2

t1, t2 = conductor temperatures in degrees Celsius
T0 = constant varying with conductor material
 = 234.5 for annealed copper
 = 241 for hard-drawn copper
 = 228 for hard-drawn aluminum
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The phenomenon by which alternating current (ac) tends to flow in the outer layer of a conductor 
is called the skin effect. The skin effect is a function of conductor size, frequency, and the relative 
resistance of the conductor material.

Tables given in Appendix A provide the dc and ac resistance values for various conductors. The 
resistances to be used in the positive- and negative-sequence networks are the ac resistances of the 
conductors.

3.5 INDUCTANCE AND INDUCTIVE REACTANCE

3.5.1 Single-PhaSe overhead lineS

Figure 3.6 shows a single-phase overhead line. Assume that a current flows out in conductor a and 
returns in conductor b. These currents cause magnetic field lines that link between the conductors. 
A change in current causes a change in flux, which in turn results in an induced voltage in the cir-
cuit. In an ac circuit, this induced voltage is called the IX drop. In going around the loop, if R is the 
resistance of each conductor, the total loss in voltage due to resistance is 2IR. Thus, the voltage drop 
in the single-phase line due to loop impedance at 60 Hz is

 
VD = +







2 0 2794 10l R j
D
D

Im

s

. log  (3.2)

where
VD = voltage drop due to line impedance in volts
l = line length in miles
R = resistance of each conductor in ohms per mile
Dm = equivalent or geometric mean distance (GMD) between conductor centers in inches
Ds = geometric mean radius (GMR) or self-GMD of one conductor in inches,
 = 0.7788r for cylindrical conductor
r = radius of cylindrical conductor in inches (see Figure 3.6)
I = phase current in amperes

D

r r

Equipotential lines
Magnetic flux lines

a b

FIGURE 3.6 Magnetic field of single-phase line.
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Thus, the inductance of the conductor is expressed as

 
L

D
D

m

s

= × −2 10 7 ln H/m  (3.3)

or

 
L

D

D
m

s

= 0 7411 10. log mH/mi  (3.4)

With the inductance known, the inductive reactance* can be found as

 
X fL f

D
DL

m

s

= = × −2 2 02 10 3π . ln  (3.5)

or

 
X f

D
DL

m

s

= × −4 657 10 3
10. log  (3.6)

or, at 60 Hz,

 
X

D

DL
m

s

= 0 2794 10. log Ω/mi  (3.7)

 
X

D

DL
m

s

= 0 1213. ln Ω/mi  (3.8)

By using the GMR of a conductor, Ds, the calculation of inductance and inductive reactance can 
be done easily. Tables give the GMR of various conductors readily.

3.5.2 three-PhaSe overhead lineS

In general, the spacings Dab, Dbc, and Dca between the conductors of three-phase transmission lines 
are not equal. For any given conductor configuration, the average values of inductance and capaci-
tance can be found by representing the system by one with equivalent equilateral spacing. The 
“equivalent spacing” is calculated as

 Deq ≜ Dm = (Dab × Dbc × Dca)1/3 (3.9)

In practice, the conductors of a transmission line are transposed, as shown in Figure 3.7. The transpo-
sition operation, that is, exchanging the conductor positions, is usually carried out at switching stations.

Therefore, the average inductance per phase is

 
L

D

Da
s

= × −2 10 7 ln eq H/m  (3.10)

* It is also the same as the positive- and negative-sequence of a line.
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or

 
L

D

Da
s

= 0 7411 10. log eq mH/mi  (3.11)

and the inductive reactance is

 
X

D

DL
s

= 0 1213. ln eq /miΩ  (3.12)

or

 
X

D

DL
s

= 0 2794 10. log eq /miΩ  (3.13)

3.6 CAPACITANCE AND CAPACITIVE REACTANCE

3.6.1 Single-PhaSe overhead lineS

Figure 3.8 shows a single-phase line with two identical parallel conductors a and b of radius r sepa-
rated by a distance D, center to center, and with a potential difference of Vab volts. Let conductors a 

Position 1

Position 2

Position 3

Conductor a

Conductor b

Conductor c

Conductor c

Conductor a

Conductor b

Conductor b

Conductor c

Conductor a

a

c

b Dca

Ia

Ib

Ic

Dab

D
bc

FIGURE 3.7 Complete transposition cycle of three-phase line.

r rD

a b+ q – q

FIGURE 3.8 Capacitance of single-phase line.
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and b carry charges of +qa and −qb farads per meter, respectively. The capacitance between conduc-
tors can be found as

 

C
q
V

D
r r

ab
a

ab

a b

=

=

×







2
2

πε

ln

F/m  (3.14)

If ra = rb = r,

 

C
D
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2

2

πε

ln

F/m  (3.15)

Since

 ε = ε0 × εr

where

 
ε

π0 9

1

36 10
=

×
= × −8.85 10 F/m12

and

 εr ≅ 1 for air

Equation 3.15 becomes
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or
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or
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Stevenson [3] explains that the capacitance to neutral or capacitance to ground for the two-wire 
line is twice the line-to-line capacitance or capacitance between conductors, as shown in Figures 3.9 
and 3.10. Therefore, the line-to-neutral capacitance is

 

C C C
D
r

n an bn= = =






0 0388

10

.

log

µF/mi to neutral  (3.19)

This can easily be verified since CN must equal 2Cab so that the capacitance between the conduc-
tors can be

 

C
C C
C C

C

C
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n n

n n
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ab

= ×
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=

=

2

 (3.20)

as before.
With the capacitance known, the capacitive reactance between one conductor and neutral can be 

found as

 
X

fCc
n

= 1
2π

 (3.21)

or, for 60 Hz,

 
X

D

rc = ⋅0 06836 10. log M mi to neutralΩ  (3.22)

and the line-to-neutral susceptance is

 bc = ωCn

or

 
b

Xc
c

= 1
 (3.23)

a b
Cab

FIGURE 3.9 Line-to-line capacitance.

a bN
Can = 2Cab Cbn = 2Cab

FIGURE 3.10 Line-to-neutral capacitance.
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Or line-to-neutral susceptance as

 

b
D
r

c = 





14 6272

10

.

log

m /mi to neutralΩ  (3.24)

The charging current of the line is

 Ic = jωCabVab A/mi (3.25)

3.6.2 three-PhaSe overhead lineS

Figure 3.11 shows the cross section of a three-phase line with equilateral spacing D. The line-to-
neutral capacitance can be found as

 

C
D
r

n = 





0 0388

10

.

log

µF/mi to neutral  (3.26)

which is identical to Equation 3.19.
On the other hand, if the spacings between the conductors of the three-phase line are not equal, 

the line-to-neutral capacitance is
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F/mi to neutralµ  (3.27)
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FIGURE 3.11 Three-phase line with equilateral spacing.
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where

 Deq ≜ Dm = (Dab × Dbc × Dca)1/3

The charging current per phase is

 Ic = jωCnVan A/mi (3.28)

3.7 TABLES OF LINE CONSTANTS

Tables provide the line constants directly without using equations for calculation. This concept was 
suggested by W. A. Lewis [6]. According to this concept, Equation 3.8 for inductive reactance at 
60 Hz, that is,

 
X

D

DL
m

s

= 0 1213. ln Ω/mi (3.29a)

can be broken down to

 
X

D
DL

s
m= +0.1213 ln

1
/mi0 1213. ln Ω  (3.29b)

where
Ds = GMR, which can be found from the tables for a given conductor
Dm = GMD between conductor centers

Therefore, Equation 3.29b can be rewritten as

 XL = xa + xd  Ω/mi (3.30)

where
xa = inductive reactance at 1-ft spacing

 
= 0.1213 ln /mi

1
Ds

Ω
 (3.31)

xd = inductive reactance spacing factor

 = 0.1213 Dm Ω/mi (3.32)

For a given frequency, the value of xa depends only on the GMR, which is a function of the con-
ductor type. However, xd depends only on the spacing Dm. If the spacing is greater than 1 ft, xd has a 
positive value that is added to xa. On the other hand, if the spacing is less than 1 ft, xd has a negative 
value that is subtracted from xa. Tables given in Appendix A give xa and xd directly.

Similarly, Equation 3.22 for shunt capacitive reactance at 60 Hz, that is,

 
x

D
rc

m= ×0.06836 log M mi10 Ω  (3.33a)
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can be split into

 
x

r
Dc m= + ×0.06836 log 0.06836 log M mi10 10

1 Ω  (3.33b)

or

 x x xc a d= ′ + ′ ×M mi  (3.34)

where
′xa = capacitive reactance at 1-ft spacing

 
= ×0.06836 log M mi10

1
r

Ω  (3.35)

′xd = capacitive reactance spacing factor

 = 0.06836 log10Dm MΩ × mi (3.36)

Tables given in Appendix A provide ′xa and ′xd directly. The term ′xd is added or subtracted from 
′xa depending on the magnitude of Dm.

EXAMPLE 3.1

A three-phase, 60-Hz, transposed line has conductors that are made up of 4/0, seven-strand cop-
per. At the pole top, the distances between conductors, center-to-center, are given as 6.8, 5.5, and 
4 ft. The diameter of the conductor copper used is 0.1739 in. Determine the inductive reactances 
per mile per phase

 (a) By using Equation 3.29a
 (b) By using Tables and Equation 3.30

Solution

 (a) First calculating the equivalent spacing for the pole top,

 

D D D D Dm ab bc caeq
/

/ ft

= = × ×

= × × =
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( . . ) .

1 3

1 36 8 5 5 4 5 3086

  From Table A.1, Ds = 0.01579 ft for the conductor. Hence, its inductive reactance is
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 (b) From Table A.1, xa = 0.503 Ω/mi and from Table A.8, for Deq = 5.30086 ft, by linear inter-
polation, xd = 0.2026 Ω/mi. Thus, the inductive reactance is

 

X x xL a d= +

= +

=

0 503 0 2026

0 7056

. .

. Ω/mi

EXAMPLE 3.2

Consider the pole-top configuration given in Example 3.1. If the line length is 100 mi, determine 
the shunt capacitive reactance by using

 (a) Equation 3.33a
 (b) Using tables in Appendix B

Solution

 (a) By using the Equation 3.33a,
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≅ 2211M miΩ×

 (b) From Table A.1, ′ = ×xa 0 1136. M mi and from Table A.9, ′ = ×xd 0 049543. M miΩ
  Hence, from Equation 3.33b

 

x x xc a d= ′ + ′

= +

= ×

0 1136 0 049543

0 163143

. .

. M miΩ

 (c) The capacitive reactance of the 100-mi-long line is

 

X
x

c
c=

=
×

= × −

�

0 163143
100

1 63143 10 3

.

.

M mi
mi

M

Ω

Ω
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3.8 EQUIVALENT CIRCUITS FOR TRANSMISSION LINES

An overhead line or a cable can be represented as a distributed constant circuit, as shown in Figure 3.12. 
The resistance, inductance, capacitance, and leakage conductance of a distributed constant circuit are 
distributed uniformly along the line length. In the figure, L represents the inductance of a line conductor 
to neutral per unit length, r represents the ac resistance of a line conductor per unit length, C is the capaci-
tance of a line conductor to neutral per unit length, and G is the leakage conductance per unit length.

3.9 TRANSMISSION LINES

A brief review of transmission system modeling is presented in this section. Transmission lines are 
modeled and classified according to their lengths as

 1. Short-transmission lines
 2. Medium-length transmission lines
 3. Long transmission lines

3.9.1 Short tranSmiSSion lineS (UP to 50 mi or 80 km)

The short transmission lines are those lines that have lengths up to 50 mi or 80 km. The medium-
length transmission lines are those lines that have lengths up to 150 mi or 240 km. Similarly, the 
long transmission lines are those lines that have lengths above 150 mi or 240 km.

The modeling of a short transmission line is the most simplistic one. Its shunt capacitance is so 
small that it can be omitted entirely with little loss of accuracy. (Its shunt admittance is neglected 
since the current is the same throughout the line.) Thus, its capacitance and leakage resistance (or 
conductance) to the earth are usually neglected, as shown in Figure 3.13. Therefore, the transmis-
sion line can be treated as a simple, lumped, and constant impedance, that is,

r rL L r L

C G C G C G

FIGURE 3.12 Distributed constant equivalent circuit of line.

Sending
end

(source)

Receiving
end

(load)

Z = R + jXL

VS

IS IR

VR

a

N

a'

N'

l

+

–

+

–

FIGURE 3.13 Equivalent circuit of short transmission line.
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Z

z

= +

=

= +

R jX

l

rl jxl

L

Ω  (3.37)

where
Z = total series impedance per phase in ohms
z = series impedance of one conductor in ohms per unit length
XL = total inductive reactance of one conductor in ohms
x = inductive reactance of one conductor in ohms per unit length
l = length of line

The current entering the line at the sending end of the line is equal to the current leaving at the 
receiving end. Figures 3.14 and 3.15 show vector (or phasor) diagrams for a short transmission line 
connected to an inductive load and a capacitive load, respectively. It can be observed from the fig-
ures that

 VS = VR + IRZ (3.38)

 IS = IR = I (3.39)

 VR = VS − IRZ (3.40)

where
VS = sending-end phase (line-to-neutral) voltage
VR = receiving-end phase (line-to-neutral) voltage
IS = sending-end phase current
IR = receiving-end phase current
Z = total series impedance per phase

IS = IR = I

VR

IRZ

IR R

I RX
L

VS

ΦR ΦRΦS



FIGURE 3.14 Phasor diagram of short transmission line to inductive load.

I = IS = IR

VR

IRZ

I RR

IR X
L

VS

ΦRΦS

FIGURE 3.15 Phasor diagram of short transmission line connected to capacitive load.
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Thus, using VR as the reference, Equation 3.38 can be written as

 VS = VR + (IR cos θR ± jIR sin θR)(R + jX) (3.41)

where the plus or minus sign is determined by θR, the power factor angle of the receiving end or 
load. If the power factor is lagging, the minus sign is employed. On the other hand, if it is leading, 
the plus sign is used.

However, if Equation 3.40 is used, it is convenient to use VS as the reference. Therefore,

 VR = VS − (IR cos θR ± jIR sin θR)(R + jX) (3.42)

where θS is the sending-end power factor angle, that determines, as before, whether the plus or 
minus sign will be used. Also, from Figure 3.14, using VR as the reference vector,

 VS = [(VR + IR cos θR + IX cos θR)2 + (IX cos θR ± IR sin θR)2]1/2 (3.43)

and load angle

 δ = θS − θR (3.44)

or

 
δ θ θ

θ θ
= ±

+ +






arctan
cos sin

cos sin
IX IR

V IR IX
R R

R R R  
(3.45)

The generalized constants, or ABCD parameters, can be determined by inspection of Figure 
3.13. Since

 

V

I
A B
C D

V

V
S

S

R

R












=





















 (3.46)

and AD − BC = 1, where

 A = 1 B = Z C = 0 D = 1 (3.47)

then

 

V

I
Z V

V
S

S

R

R












=





















1
0 1

 (3.48)

and

 

V

I
Z V

I
ZR

R

S

S












=





















= −
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The transmission efficiency of the short line can be expressed as

 

η

θ
θ

θ
θ

=

=

=

output
input

3

3

V I

V I

V
V

R R

S S

R R

S S

cos

cos

cos
cos

 (3.49)

Equation 3.49 is applicable whenever the line is single phase. The transmission efficiency can 
also be expressed as

 
η=

+
output

output losses

For a single-phase line,

 
η θ

θ
=

+
V I

V I I R
R R

R R

cos

cos 2 2
 (3.50)

For a three-phase line,

 

η θ
θ

=
+

3

3 3 2

V I

V I I R
R R

R R

cos

cos
 (3.51)

3.9.2 Steady-State Power limit

Assume that the impedance of a short transmission line is given as Z = Z∠θ. Therefore, the real 
power delivered, at steady state, to the receiving end of the transmission line can be expressed as

 
P

V V
Z

V
ZR

S R R= × − −cos( ) cosθ δ θ
2

 (3.52)

and similarly, the reactive power delivered can be expressed as

 
Q

V V
Z

V
ZR

S R R= × − −sin( ) sinθ δ θ
2

 (3.53)

If VS and VR are the line-to-neutral voltages, Equations 3.52 and 3.53 give PR and QR values per 
phase. Also, if the obtained PR and QR values are multiplied by 3 or the line-to-line values of VS and 
VR are used, the equations give the three-phase real and reactive power delivered to a balanced load 
at the receiving end of the line.
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If, in Equation 3.52, all variables are kept constant with the exception of δ, so that the real power 
delivered, PR, is a function of δ only, PR is maximum when δ = θ, and the maximum powers* obtain-
able at the receiving end for a given regulation can be expressed as

 
P

V

Z

V
V

Z RR
R S

R
,max = −







2

2
 (3.54)

where VS and VR are the phase (line-to-neutral) voltages whether the system is single phase or three 
phase. The equation can also be expressed as

 
P

V V
Z

V
ZR

S R R
,max

cos= × − ×2 θ
 (3.55)

If VS = VR,

 
P

V
ZR
R

,max ( cos )= −
2

1 θ  (3.56)

or

 
P

V
Z

Z RR
R

,max ( )=






−
2

 (3.57)

and similarly, the corresponding reactive power delivered to the load is given by

 
Q

V
ZR
R

,max sin= −
2

θ  (3.58)

As can be observed, both Equations 3.57 and 3.58 are independent of VS voltage. The negative 
sign in Equation 3.52 points out that the load is a sink of leading vars,† that is, going to the load or a 
source of lagging vars (i.e., from the load to the supply). The total three-phase power transmitted on 
the three-phase line is three times the power calculated by using the above equations. If the voltages 
are given in volts, the power is expressed in watts or vars. Otherwise, if they are given in kilovolts, 
the power is expressed in megawatts or megavars.

In a similar manner, the real and reactive powers for the sending end of a transmission line can 
be expressed as

 
P

V
Z

V V
ZS

S S R= − × +
2

cos cos( )θ θ δ  (3.59)

* Also called the steady-state power limit.
† For many decades, the electrical utility industry has declined to recognize two different kinds of reactive power, leading 

and lagging vars. Only magnetizing vars are recognized, printed on varmeter scale plates, bought, and sold. Therefore, 
in the following sections, the leading or lagging vars will be referred to as magnetizing vars.
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and

 
Q

V
Z

V V
ZS

S S R= − × +
2

sin sin( )θ θ δ  (3.60)

If, in Equation 3.59, as before, all variables are kept constant with the exception of δ, so that the 
real power at the sending end, PS, is a function of δ only, PS is a maximum when

 θ + δ = 180°

Therefore, the maximum power at the sending end, the maximum input power, can be expressed 
as

 
P

V
Z

V V
ZS

S S R
,max cos= + ×2

θ  (3.61)

or

 
P

V R

Z

V V
ZS

S S R
,max =

× + ×2

2
 (3.62)

However, if VS = VR,

 
P

V
Z

Z RS
S

,max ( )=






+
2

 (3.63)

and similarly, the corresponding reactive power at the sending end, the maximum input vars, is 
given by

 
Q

V
ZS
S=
2

sinθ  (3.64)

As can be observed, both Equations 3.63 and 3.64 are independent of VR voltage, and Equation 
3.64 has a positive sign this time.

3.9.3 PerCent voltage regUlation

The voltage regulation of the line is defined by the increase in voltage when full load is removed, 
that is,

 

Percentage of voltage regulation =
−

×
V V

V
S R

R

100  (3.65)

or

 

Percentage of voltage regulation
NL FL=

−V V

V
R R

R

, ,

,FFL

×100  (3.66)
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where
│VS│ = magnitude of sending-end phase (line-to-neutral) voltage at no load
│VR│ = magnitude of receiving-end phase (line-to-neutral) voltage at full load
│VR,NL│ = magnitude of receiving-end voltage at no load
│VR,FL│ = magnitude of receiving-end voltage at full load with constant |VS|

Therefore, if the load is connected at the receiving end of the line,

 │VS│ = │VR,NL│

and

 │VR│ = │VR,FL│

An approximate expression for percentage of voltage regulation is

 
Percentage of voltage regulation ≅ ±

I
R X

R
Rcos sinΦ ΦRR

RV






×100  (3.67)

EXAMPLE 3.3

A three-phase, 60-Hz overhead short transmission line has a line-to-line voltage of 23 kV at the 
receiving end, a total impedance of 2.48 + j6.57 Ω/phase, and a load of 9 MW with a receiving-
end lagging power factor of 0.85.

 (a) Calculate the line-to-neutral and line-to-line voltages at the sending end.
 (b) Calculate the load angle.

Solution

METHOD 1. USING COMPLEX ALGEBRA:

 (a) The line-to-neutral reference voltage is

 

V
V

R
R

( )
( )

, .

L N
L L

V

−
−=

= × ∠ ° = ∠ °

3

23 10 0

3
13 294 8 0

3

  The line current is

 

I = ×
× × ×

× −

= −

9 10

3 23 10 0 85
0 85 0 527

265 8 0 85

6

3 .
( . . )

. ( .

j

j00 527

225 83 140 08

. )

. .= − j A
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  Therefore,

 

IZ = − +

= ∠−

(225.93 140.08)(2.48 6.57)

265.8 31.8°

j j

( )(77.02 69.32°

1866.8 37.52° V

∠

= ∠

)

  Thus, the line-to-neutral voltage at the sending end is

 

V V IZS R(L N) (L N)

14,803 4.4° V

− −= +

= ∠

  The line-to-line voltage at the sending end is

 

V VS S(L L) (L N)3

25,640 4.4 25,640 4.4 V

− −=

= ∠ °+ ° = ∠ °30 3

 (b) The load angle is 4.4°.

METHOD 2. USING THE CURRENT AS THE REFERENCE PHASOR:

 (a)

 VR cos θR + IR = 13,279.06 × 0.85 + 265.8 × 2.48 = 11,946 V

 VR sin θR + IX = 13,294.8 × 0.527 + 266.1 × 6.57 = 8744 V

  then

 VS(L−N) = (11,946.392 + 87442)1/2 = 14,803 V/phase

 VS(L−L) = 25,640 V

 (b)

 
θ θ δS R

1= tan
8744

11,946
36.2°= +






=−

 δ = θS – θR = 36.2 – 31.8 = 4.4°

METHOD 3. USING THE RECEIVING-END VOLTAGE AS THE REFERENCE PHASOR:

 (a)

 VS(L−N) = [(VR + IR cos θR + IX sin θR)2 + (IX cos θR + IR sin θR)2]1/2
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 IR cos θR = 265.8 × 2.48 × 0.85 = 560.3

 IR sin θR = 265.8 × 2.48 × 0.527 = 347.4

 IX cos θR = 265.8 × 6.57 × 0.85 = 1484.4

 IX sin θR = 265.8 × 6.57 × 0.527 = 920.3

  Therefore,

 

VS(L N)
2 2[(13,279 560.3 920.3) (1484.4 347.4) ]− = + + + − 11/2

2 2 1/2[14,759.7 1137 ]

14,803 V

= +

=

 V VS S(L L) (L L)3 25,640 V− −= =

 (b)

 
δ =






= °−tan

1137
14,759.7

1 4 4.

METHOD 4. USING POWER RELATIONSHIPS:

The power loss in the line is

 

P I Rloss

2 63 265.8 2.48 10 0.526 MW

=

= × × × =−

3 2

The total input power to the line is

 

P P PT = +

= + =

loss

9 0.526 9.526 MW

The var loss in the line is

 

Q I Xloss

2 63 265.8 6.57 10 1.393Mvar lagging

=

= × × × =−

3 2

The total megavar input to the line is

 

Q
P

QT
R

R

= +

= × + =

sin
cos

θ
θ loss

9 0.526
0.85

1.393 6.973 Mvvar lagging
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The total megavolt-ampere input to the line is

 

S P QT T T= +( )
= =

2 2
1 2/

2 2 1/29.526 +6.973 11.81 MVA( )

 (a)

 

V
S

I
S

T
(L L)

611.81 10

3 265.8
25,640 V

− =

= ×
×

=

3

 
V

V
S

S
(L N)

L L

3
14,803 V−

−= =( )

 (b)

 
cos

,
.

.θs
T

T

P
S

= = =9 526
11 81

0 807lagging

  Therefore,

 

θ

δ

s =

= − =

36.2°

36.2° 31.8° 4.4°

METHOD 5. TREATING THE THREE-PHASE LINE AS A SINGLE-PHASE LINE AND HAVING 
VS AND VR REPRESENT LINE-TO-LINE VOLTAGES, NOT LINE-TO-NEUTRAL VOLTAGES:

 (a) The power delivered is 4.5 MW

 
Iline A= ×

× ×
=4 5 106

23 103 0 85
230 18

.
.

.

 Rloop = 2 × 2.48 = 4.96 Ω

 Xloop = 2 × 6.57 = 13.14 Ω

 VR cos θR = 23 × 103 × 0.85 = 19,550 V

 VR sin θR = 23 × 103 × 0.527 = 12,121 V

 IR = 230.18 × 4.96 = 1141.7 V

 IX = 230.18 × 13.14 = 3024.6 V
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  Therefore,

 

V V IR V IXS R R R R(L L)
2 2 1/2

19,5

− = + + +

=

[( cos ) ( sin ) ]

[(

θ θ

550 1141.7 12,121 3024.6

20,691.7 15

2 2 1/2

2

+ + +

= +

) ( ) ]

[ ,,145.6

V

2 1/2]

,= 25 640

  Thus,

 
V

V
S

S
(L N)

(L L) 14,803 V−
−= =
3

 (b)

 
θs = = °−tan

, .
, .

.1 15 145 6
20 691 7

36 20

 and

	 δ = 36.2° − 31.8° = 4.4°

EXAMPLE 3.4

Calculate percentage of voltage regulation for the values given in Example 3.3

 (a) Using Equation 3.65
 (b) Using Equation 3.66

Solution

 (a) Using Equation 3.67,

 

Percentage of voltage regulation

14

=
−

×

=

V V

V
S R

R

100

,,803 13,279.06
13,279.06

− ×

=

100

11 5.

 (b) Using Equation 3.67,

 

Percentage of voltage regulation ≅ ×
±

I
R X

R
R( cos siθ nn )

.
. . . .

, .

θR

RV
×

= × + ×

100

265 8
2 48 0 85 6 57 0 527

13 279 06


×

=

100

11 1.
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3.9.4 rePreSentation of mUtUal imPedanCe of Short lineS

Figure 3.16a shows a circuit of two lines, x and y, that have self-impedances of Zxx and Zyy and a 
mutual impedance of Zzy. Its equivalent circuit is shown in Figure 3.16b. Sometimes, it may be 
required to preserve the electrical identity of the two lines, as shown in Figure 3.17. The mutual 
impedance Zxy can be in either line and transferred to the other by means of a transformer that has 
a 1:1 turns ratio. This technique is also applicable for three-phase lines.

EXAMPLE 3.5

Assume that the mutual impedance between two parallel feeders is 0.09 + j0.3 Ω/mi per phase. 
The self-impedances of the feeders are 0.604∠50.4° and 0.567∠52.9° Ω/mi per phase, respec-
tively. Represent the mutual impedance between the feeders as shown in Figure 3.16b.

Solution

 Zxy = 0.09 + j0.3 Ω

 Zxx = 0.604∠50.4° = 3.85 + j0.465 Ω

 Zyy = 0.567∠52.9° = 0.342 + j0.452 Ω

1
1

3
3

2

2

4

4

(a) (b)

Zxx

Zyy
Zyy – Zxy

Zxx – Zxy

Zxy

Zxy

FIGURE 3.16 Representation of mutual impedance between two circuits.

1

3

2

4
Zyy – Zxy

Zxx – ZxyZxy

1 : 1

FIGURE 3.17 Representation of mutual impedance between two circuits by means of 1:1 transformer.
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Therefore,

 Zxx − Zxy = 0.295 + j0.165 Ω

 Zyy − Zxy = 0.252 + j0.152 Ω

Hence, the resulting equivalent circuit is shown in Figure 3.18.

3.10 MEDIUM-LENGTH TRANSMISSION LINES (UP TO 150 MI OR 240 KM)

As the line length and voltage increase, the use of the formulas developed for the short transmission 
lines give inaccurate results. Thus, the effect of the current leaking through the capacitance must 
be taken into account for a better approximation. Thus, the shunt admittance is “lumped” at a few 
points along the line and represented by forming either a T or a π network, as shown in Figures 3.19 
and 3.20. In the figures,

 Z = zl

For the T circuit shown in Figure 3.19,

 

V I Z I Z V

I V I Z Y

S S R R

R R R

= × + × +

= + + ×
















1
2

1
2

1
2

1
2

ZZ V I Z+ +R R

1
2

1

3

2

4

0.09 + j0.3 Ω

0.252 + j0.152 Ω

0.295 + j0.165 Ω

FIGURE 3.18 Resultant equivalent circuit for Example 3.5.
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(a) (b)
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Y Vy
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a a'

N'

+

–

+

–
VS VR

+

–

+

–

R
2 2+  j XLR

2 2+  j
Z
2
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2

FIGURE 3.19 Nominal T circuit.
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or

 

V ZY V Z YZ

A B

S R= +






+ +






1
1
2

1
4

2

� ����� ����� � ������� ������
IR  (3.68)

and

 
I I V I Z YS R R R= + + ×







1
2

or

 

I Y V ZY I
C

D

S R R= × + +




�

� ����� �����
1

1
2

 (3.69)

Alternatively, neglecting conductance so that

 IC = IY

and

 VC = VY

yields

 

I V Y

V V I Z

C C

C R R

= ×

= + × 1
2

(a) (b)

Ic1 Ic2 Ic1 Ic2

IS IR

N

a

VS VR

a'

N'

+

–

N

a

VS

+

–

+

–
VR

a'

N'

+

–

R + jXL

C
2

G
2

C
2

G
2

Y
2

Y
2

I I IS IRI I
z

FIGURE 3.20 Nominal π circuit.
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Hence,

 

V V I Z

V I Z V Y I YZ

S C S

R R R R

= + ×

= + × + + +
















1
2

1
2

1
1
2

11
2

Z






or

 

V YZ V Z YZ

A B

S R= +






+ +






1
1
2

1
4

2

� ����� ����� � ������� ������
IR  (3.70)

Also,

 

I I I

I V Y

I V I Z Y

S R C

R C

R R R

= +

= + ×

= + + ×






1
2

Again,

 

I Y V YZ I
C

D

S R R= × + +




�

� ����� �����
1

1
2

 (3.71)

Since

 
A YZ= +1

1
2

 (3.72)

 
B Z YZ= + 1

4
2  (3.73)

 C = Y (3.74)

 
D YZ= +1

1
2

 (3.75)
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for a nominal T circuit, the general circuit parameter matrix, or transfer matrix, becomes

 

A B
C D

YZ Z YZ

Y YZ









 =

+ +

+



















1
1
2

1
4

1
1
2

2

Therefore,

 

V

I

YZ Z YZ

Y YZ
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S

R











=

+ +

+



















1
1
2

1
4

1
1
2

2

IIR













 (3.76)

and

 

V

I

YZ Z YZ

Y YZ

VR

R

S











=

+ +

+



















1
1
2

1
4

1
1
2

2

IIS













 (3.77)

For the π circuit shown in Figure 3.20,

 
V V Y I Z VS R R R= × +







+1
2

or

 

V YZ V Z I

A

B
S R R= +







+ ×1
1
2� ����� �����

�  (3.78)

and

 
I Y V Y V IS S R R= × + × +1

2
1
2

 (3.79)

By substituting Equation 3.78 into Equation 3.79,

 

I YZ V ZI Y Y V IS R R R R= +






+








 + × +1

1
2

1
2

1
2

or

 

I Y Y Z V YZ

C D

S R= +






+ +






1
4

1
1
2

2

� ������ ������ � ������ �����
IR  (3.80)
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Alternatively, neglecting conductance,

 I = IC2 + IR

where

 
I Y VC R2

1
2

= ×

yields

 
I Y V I= × +1

2 R R  (3.81)

Also,

 VS = VR + IZ (3.82)

By substituting Equation 3.81 into Equation 3.82,

 
V V Y V I ZS R R R= + × +







1
2

or

 

V YZ V Z I

A

B
S R R= +







+ ×1
1
2� ����� �����

�  (3.83)

and

 
I Y VC S1 = ×1

2
 (3.84)

By substituting Equation 3.83 into Equation 3.48,

 
I Y YZ V Y ZIC R R1 1

1
2

1
2

= × +






+ ×1
2

 (3.85)

and since

 IS = I + IC1 (3.86)

by substituting Equation 3.81 into Equation 3.86,

 
I YV I Y YZ V YZIS R R R R= + + +







+1
2

1
2

1
1
2

1
2
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or

 

I Y Y Z V YZ

C D

S R= +






+ +






1
4

1
1
2

2

� ������ ������ � ������ �����
IR  (3.87)

Since

 
A YZ= +1

1
2

 (3.88)

 B = Z (3.89)

 
C Y Y Z= + 1

4
2  (3.90)

 
D YZ= +1

1
2

 (3.91)

for a nominal π circuit, the general circuit parameter matrix becomes

 

A B
C D

YZ Z

Y Y Z YZ









 =

+

+ +



















1
1
2
1
4

1
1
2

2

 (3.92)

Therefore,

 

V

I

YZ Z

Y Y Z YZ

VS

S

R











=

+

+ +



















1
1
2
1
4

1
1
2

2 IIR













 (3.93)

and

 

V

I

YZ Z

Y Y Z YZ

R

R












=

+

+ +



















−

1
1
2
1
4

1
1
2

2

1

VV

I
S

S













 (3.94)

As can be proved easily by using a delta–wye transformation, the nominal T and nominal π 
circuits are not equivalent to each other. This result is to be expected since two different approxima-
tions are made to the actual circuit, neither of which is absolutely correct. More accurate results can 
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be obtained by splitting the line into several segments, each given by its nominal T or nominal π 
circuits and cascading the resulting segments.

Here, the power loss in the line is given as

 Ploss = I2R (3.95)

which varies approximately as the square of the through-line current. The reactive powers absorbed 
and supplied by the line are given as

 QL = Qabsorbed = I2XL (3.96)

and

 QC = Qsupplied = V2b (3.97)

respectively. The QL varies approximately as the square of the through line current, whereas the QC 
varies approximately as the square of the mean line voltage. The result is that increasing transmis-
sion voltages decrease the reactive power absorbed by the line for heavy loads and increase the 
reactive power supplied by the line for light loads.

The percentage of voltage regulation for the medium-length transmission lines is given by 
Stevenson [3] as

 

Percentage of voltage regulation

LN
FL

=
−

V

A
V

V

S
R

R

,
,

,,FL

×100  (3.98)

where
|VS,LN| = magnitude of sending-end phase (line-to-neutral) voltage
|VS,FL| = magnitude of receiving-end phase (line-to-neutral) voltage at full load with constant |VS|
|A| = magnitude of line constant A

EXAMPLE 3.6

A three-phase 138-kV transmission line is connected to a 49-MW load at a 0.85 lagging power 
factor. The line constants of the 52-mi-long line are Z = 95∠78° Ω and Y = 0.001∠90° S. Using 
nominal T circuit representation, calculate the

 (a) A, B, C, and D constants of the line
 (b) Sending-end voltage
 (c) Sending-end current
 (d) Sending-end power factor
 (e) Efficiency of transmission

Solution

 
VR(L N)

138kV

3
79,624.3 V− = =
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Using the receiving-end voltage as the reference,

 VR(L−N) = 79,624.3∠0° V

The receiving-end current is

 

IR = ×
× × ×

= ∠− °

49 10

3 138 10 0.85

A or

6

3

241 18 241 18 31 80. . . AA

 (a) The A, B, C, and D constants for the nominal T circuit representation are

 

A YZ= +

= + ∠ ∠

= +

1
1
2

1
1
2

(0.001 90°)(95 78°)

0.9535 0.009j 99

0.9536 0.6°= ∠

 

B YZ= +

= ∠ + ∠ ∠

= +

Z

j

1
4

1
4

2

95 78° (0.001 90°)(95 78°)

18.83

2

990.86

92.79 78.3°= ∠ Ω

 C = Y = 0.001∠90° S

 

D YZ A= + =

= ∠ °

1
1
2

0.9536 0.6

 (b)

 

V

I
S

S

( )L N 0.9536 0.6° 92.79 78.3°
0.001 9

−











= ∠ ∠

∠ 00° 0.9536 0.6°
79.7674.8 0°

241.46 31.8°∠










∠
∠−











  The sending-end voltage is

 

VS(L N) 0.9536 0.6° 79,674.8 0° 92.79 78.3° 241− = ∠ × ∠ + ∠ × ..18 31.8°

91,377 17,028.8 92,951.2 10.6° V

∠−

= + = ∠j
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 or

 VS(L−L) = 160,996.2∠40.6° V

 (c) The sending-end current is

 

IS = ∠ × ∠ + ∠ × ∠−0.001 90° 79,674.8 0° 0.9536 0.6° 241.18 31..8°

196.72 39.5 200.64 11.3° A= − = ∠−j

 (d) The sending-end power factor is

 θs = 10.6° + 11.3° = 21.9°

 cos Φs = 0.928

 (e) The efficiency of transmission is

 

η =

= ×

= × ×

output
input

3

3
100

138 103

V I

V I
R R R

S S S

cos

cos

Φ
Φ

2241 18 0 85
160 996 2 200 64 0 928

100

94 38

. .
, . . .

. %

×
× ×

×

=

EXAMPLE 3.7

Repeat Example 3.6 using the nominal π circuit representation.

Solution

 (a) The A, B, C, and D constants for the nominal π circuit representation are

 

A YZ= +

= ∠

1
1
2

0.9536 0.6°

 B = Z = 95∠78° Ω

 

C Y Y Z= +

= ∠ + ∠ ∠

= −

1
4

2

0.001 90°
1
4

(0.001 90°)2(95 78°)

4.93379 10 9.7677 10 0.001 90.3° S4× + × = ∠− −6 j
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D YZ A= + =

= ∠ °

1
1
2

60.9536 0.

 (b)

 

V

I
S

S

( )L N 0.9536 0.6° 95 78°
0.001 90.3° 0

−











= ∠ ∠

∠ ..9536 0.6°
79,674 0°

241.18 31.8°∠










∠
∠−













  Therefore,

 

VS(L N)− = ∠ °× ∠ °+ ∠ °× ∠−0 9536 0 6 79 674 8 0 95 78 241 46. . , . . 331 8

91831 7 17 332 7 93 453 1 10 7

.

, . , . , . .

°

= + = ∠ °j V

 or

 VS(L−L) = 161,865.5∠40.7° V

 (c) The sending-end current is

 

IS = ∠ °× ∠ °+ ∠ °× ∠−0 001 90 3 79 674 3 0 0 9536 0 6 241 18. . , . . . . 331 8

196 31 39 47 200 24 11 37

.

. . . .

°

= − = ∠− °j A

 (d) The sending-end power factor is

 θS = 10.7° + 11.37° = 22.07°

 and

 cos θS = 0.927

 (e) The efficiency of transmission is

 

η

θ
θ

=

= ×

= × ×

output
input

3

3
100

138 103

V I

V I
R R R

S S S

cos

cos

2241 18 0 85
161865 5 200 24 0 927

100

94 16

. .
, . . .

. %

×
× ×

×

=

  The discrepancy between these results and the results of Example 4.4 is due to the fact 
that the nominal T and nominal π circuits of a medium-length line are not equivalent to each 
other. In fact, neither the nominal T nor the nominal π equivalent circuit exactly represents 
the actual line because the line is not uniformly distributed. However, it is possible to find 
the equivalent circuit of a long transmission line and to represent the line accurately.
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3.11 LONG TRANSMISSION LINES (ABOVE 150 MI OR 240 KM)

A more accurate analysis of the transmission lines require that the parameters of the lines are not 
lumped, as before, but are distributed uniformly throughout the length of the line.

Figure 3.21 shows a uniform long line with an incremental section dx at a distance x from the 
receiving end, its series impedance is zdx, and its shunt admittance is ydx, where z and y are the 
impedance and admittance per unit length, respectively. The voltage drop in the section is

 

d d d

d dx

x x x x x

x x

V V V V V

I I z

= + − =

= +

( )

( )

or

 dVx ≅ Ixz dx (3.99)

Similarly, the incremental charging current is

 dIx = Vxy dx (3.100)

Therefore,

 

d
dx

x
x

V
zI=  (3.101)

and

 

d
dx

x
x

I
yV=  (3.102)

IS IR

N

a

VS VR

a'

+

–

+

–

Ix + dIx

dVx

dIx

Vx  +  dVx

z dx

dx x

y dx

x = l

l

x = 0

Vx

FIGURE 3.21 One phase and neutral connection of three-phase transmission line.
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Differentiating Equations 3.101 and 3.102 with respect to x,

 

d

dx

d
dx

x x
2

2

V
z

I=  (3.103)

and

 

d

dx

d
dx

x x
2

2

I
y

V=  (3.104)

Substituting the values of dIx/dx and dVx/dx from Equations 3.102 and 3.103 in Equations 3.105 
and 3.106, respectively,

 

d

dx
x

x

2

2

V
yzV=  (3.105)

and

 

d

dx
x

x

2

2

I
yzI=  (3.106)

At x = 0, Vx = VR and Ix = IR. Therefore, the solution of the ordinary second-order differential 
Equations 3.105 and 3.106 gives

 

V yz V
z
y

yz

A

( )x x xR= ( ) +








cosh sinh

� ������ ������
BB

I

� �������� ��������
R  (3.107)

Similarly,

 

I
y
z

yz V yz

C

( ) sinh coshx Rx=








 +

� �������� ��������

xx R( )
D

I
� ����� �����

 (3.108)

Equations 3.107 and 3.108 can be rewritten as

 V(x) = (cosh γx)VR + (Zc sinh γx)IR (3.109)

and

 I(x) = (Yc sinh γx)VR + (cosh γx)IR (3.110)

where
γ = propagation constant per unit length, = yz
Zc = characteristic (or surge or natural) impedance of line per unit length, = z y/

Yc = characteristic (or surge or natural) admittance of line per unit length, = y z/
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Further,

 γ = α + jβ (3.111)

where
α = attenuation constant (measuring decrement in voltage and current per unit length in direc-

tion of travel) in nepers per unit length
β = phase (or phase change) constant in radians per unit length (i.e., change in phase angle 

between two voltages, or currents, at two points one per unit length apart on infinite line)

When x = l, Equations 3.109 and 3.110 become

 VS = (cosh γl)VR + (Zc sinh γl)VR (3.112)

and

 IS = (Yc sinh γl)VR + (cosh γl)IR (3.113)

Equations 3.112 and 3.113 can be written in matrix form as

 

V

I

Z

Y
S

S

c

c

l l

l l












=










cosh sinh

sinh cosh

γ γ
γ γ
















V

I
R

R
 (3.114)

and

 

V

I

Z

Y
R

R

c

c

l l

l l












=










cosh sinh

sinh cosh

γ γ
γ γ
















V

I
S

S
 (3.115)

or

 

V

I

Z

Y
R

R

c

c

l l

l l












=

−
−







cosh sinh

sinh cosh

γ γ
γ γ



















V

I
S

S
 (3.116)

Therefore,

 VR = (cosh γl)VS + (Zc sinh γl)IS (3.117)

and

 IR = −(Yc sinh γl)VS + (cosh γl)IS (3.118)

In terms of ABCD constants,

 

V

I
A B
C D

V

I
A B
C A

VS

S

R

R












=




















=










RR

RI











  (3.119)
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and

 

V

I
A B
C D

V

I
A B
C A

R

R

S

S












= −

−




















= −

−





















V

I
S

S
 (3.120)

where

 A YZ= = =cosh cosh coshγ θl  (3.121)

 B Z Z Y YZ Z= = =c clsinh sinh sinγ θ/ h  (3.122)

 C Y Y Z YZ Y= = =c clsinh sinh sinhγ θ/  (3.123)

 D A YZ= = = =cosh cosh coshγ θl  (2.124)

 θ = YZ  (3.125)

 
sinh ( )γ γ γl e el l= − −1

2
 (3.126)

 
cosh ( )γ γ γl e el l= + −1

2
 (3.127)

Also,

 
sinh( )α β β β

α β α β
α α+ = − = ∠ − ∠− 

− −
−j

e e e e
e e

j j

2
1
2

and

 
cosh( )α β β β

α β α β
α α+ = + = ∠ + ∠− 

− −
−j

e e e e
e e

j j

2
1
2

Note that, the β in the above equations is the radian, and the radian is the unit found for β by 
computing the quadrature component of γ. Since 2π radians = 360°, 1 rad is 57.3°. Thus, the β is 
converted into degrees by multiplying its quantity by 57.3°. For a line length of l,

 
sinh( )α β β

α β α β
α αl j l

e e e e
e l e

l j l l j l
l l+ = − = ∠ − ∠−

− −
−

2
1
2

ββl 

and

 
cosh( )α β β

α β α β
α αl j l

e e e e
e l e

l j l l j l
l l+ = + = ∠ + ∠−

− −
−

2
1
2

ββl 
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Equations 3.112 through 3.125 can be used if tables of complex hyperbolic functions or pocket 
calculators with complex hyperbolic functions are available.

Alternatively, the following expansions can be used:

 sinh γl = sinh(αl + jβl) = sinh αl cos βl + j cosh αl sin βl (3.128)

and

 cosh γl = cosh(αl + jβ1) = cosh αl cos βl + j sinh αl sin βl (3.129)

The correct mathematical unit for βl is the radian, and the radian is the unit found for βl by com-
puting the quadrature component of γl.

Furthermore, substituting for γl and Zc in terms of Y and Z, that is, the total line shunt admit-
tance per phase and the total line series impedance per phase, in Equation 3.119 gives

 

V YZ V
Z
Y

YZ IS R R= ( ) +








cosh sinh  (3.130)

and

 

I
Y
Z

YZ V YZ IS R R=








 + ( )sinh cosh  (3.131)

or, alternatively,

 

V YZ V
YZ

YZ
ZIS R R= ( ) +









cosh

sinh
 (3.132)

and

 

I
YZ

YZ
YV YZ IS R R=









 + ( )sinh

cosh  (3.133)

The factors in parentheses in Equations 3.130 through 3.133 can readily be found by using 
Woodruff’s charts, which are not included here but can be found in L. F. Woodruff, Electric Power 
Transmission (Wiley, NY, 1952).

The ABCD parameters in terms of infinite series can be expressed as

 
A

YZ Y Z Y Z Y Z= + + + + + ⋅⋅⋅1
2 24 720 40 320

2 2 3 3 4 4

,
 (3.134)

 

B Z
YZ Y Z Y Z Y Z= + + + + + ⋅⋅⋅







1

6 120 5040 362 880

2 2 3 3 4 4

,
 (3.135)
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C Y
YZ Y Z Y Z Y Z= + + + + + ⋅⋅⋅







1

6 120 5040 362 880

2 2 3 3 4 4

,
 (3.136)

where
Z = total line series impedance per phase
 = zl
 = (r + jxL)l Ω
Y = total line shunt admittance per phase
 = y1
 = (g + jb)l S

In practice, usually not more than three terms are necessary in Equations 3.134 through 3.136. 
Weedy [7] suggests the following approximate values for the ABCD constants if the overhead trans-
mission line is <500 km in length:

 
A YZ= +1

1
2

 (3.137)

 
B Z YZ= +







1
1
6

 (3.138)

 
C Y YZ= +







1
1
6

 (3.139)

However, the error involved may be too large to be ignored for certain applications.

EXAMPLE 3.8

A single-circuit, 60-Hz, three-phase transmission line is 150 mi long. The line is connected to a 
load of 50 MVA at a lagging power factor of 0.85 at 138 kV. The line constants arc given as R = 
0.1858 Ω/mi, L = 2.60 mH/mi, and C = 0.012 μF/mi. Calculate the following:

 (a) A, B, C, and D constants of the line
 (b) Sending-end voltage
 (c) Sending-end current
 (d) Sending-end power factor
 (e) Sending-end power
 (f) Power loss in the line
 (g) Transmission line efficiency
 (h) Percentage of voltage regulation
 (i) Sending-end charging current at no load
 (j) Value of receiving-end voltage rise at no load if the sending-end voltage is held constant

Solution

 

z = + × × ×

= +

= ∠

−0 1858 2 60 2 6 10

0 1858 0 9802

0 9977

3. .

. .

.

j

j

π

779 27. °Ω/mi  
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and

 

y = × × ×

= × ∠ °

−

−

j2 60 0 012 10

4 5239 10 90

6

6

π .

. S/mi  

The propagation constant of the line is

 

γγ =

= × ∠ ° ∠ °

=

−

yz

[( . )( . . )]

[ .

4 5239 10 90 0 9977 79 27

4 5

6 1 2/

1135 10
90 79 27

2

0 00214499 84

6 1 2× ∠ °+ °





= ∠

− ]
.

. .

/

663

0 0002007 0 0021346

°

= +. .j  

Thus,

 

γ α βl l j l

j

j

= +

= +

≅ +

( . . )

. .

0 0002007 0 0021346 150

0 0301 0 32202  

The characteristic impedance of the line is

 

Z
z
yc = = ∠ °

× ∠ °






=

−

0 9977 79 27
4 5239 10 90

0 9

6

1 2
. .

.

.

/

9977 10
4 5239

79 27 90
2

469 6

6
1 2

×





∠ ° − °





=

.
.

.

/

22 5 37∠− °. Ω  

The receiving-end line-to-neutral voltage is

 
VR(L N)

138 kV

3
79,674.34 V− = =

 

Using the receiving-end voltage as the reference,

 VR(L−N) = 79,674.34∠0° V 

The receiving-end current is

 

IR = ×
× ×

= ∠−

50 10

3 138 10

6

3

209.18 A or 209.18 31.8° A  
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 (a) The A, B, C, and D constants of the line

 

A =

= +

= +

= ∠ +

−

cosh

cosh( )

γ

α β

β

α β α β

α

l

j l

e e e e

e l e

l j l l j l

l

2
αα βl l∠−

2  

  Therefore,

 

A = +

= ∠

− −e e e e

e

j j0 0301 0 0301

0 0301

2

18

. .

.

0.3202 0.3202

.. .

. . .

.35 18 35
2

1 0306 18 35 0 9703 1

0 0301° + ∠− °

= ∠ °+ ∠−

−e

88 35
2

. °

= + = ∠ °0.9496 0.0095 0.9497 0.57j  

  Note that, ej0.3202 needs to be converted to degrees. Since 2π rad = 360°, 1 rad is 57.3°. 
Hence,

 (0.3202 rad)(57.3°/rad) = 18.35° 

 and

 

B Z Z

Z

= = +

= −




−

C C

C

l j l l j l

l j l

e e e e

sinh sinh( )γ α β

α β α β

2







= ∠ − ∠−











= ∠− °

ZC

l le l e lα αβ β
2

469 62 5 37( . . ))
. .e e e ej j0 0301 0 0301

2

46

0.3202 0.3202−











=

− −

99 62 5 37
1 0306 18 35 0 9703 18 35

2
. .

. . . .∠− ° ∠ °− ∠− °









== ∠− °
+





= ∠−

469 62 5 37
0 0572 0 63

2

469 62 5 37

. .
. .

. .

j

°° ∠ °





= ∠− ° ∠

0 6326 84 81
2

469 62 5 37 0 3163 84

. .

. . ( . .881

148 54 79 44

°

= ∠ °

)

. . Ω  
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 and

 

C Y
Z

= =

=
∠− °

× ∠

c
c

l ylsinh sinh

. .
.

γ 1

1
469 62 5 37

0 63259
2

844 81

0 00067 90 18

.

. .

°

= ∠ ° S  

 and

 D = A = cos γl = 0.9497∠0.57° 

 (b)

 

V

I
A B
C D

V

I
S

S

R

R

( ) ( )L N L N− −











=





















= 0.. . . .
. . .

9497 0 57 148 54 79 44
0 00067 90 18 0 9497 0

∠ ° ∠ °
∠ ° ∠ ..

, .
. .57

79 674 34 0
209 18 31 8°











∠ °
∠− °











  

  Thus, the sending-end voltage is

 

VS(L N)− = ∠ ° ∠ ° + ∠( . . )( . . ) ( .0 9497 0 57 79 674 34 0 148 54 79.. )( . . )

, . .

44 209 18 31 8

99 466 41 13 79

° ∠− °

= ∠ ° V  

 and

 

V VS S(L L) (L N)3− −=

= ∠ °+ °

=

172 280 87 13 79 30

172 280

, . .

, .887 43 79∠ °. V  

  Note that, an additional 30° is added to the angle since a line-to-line voltage is 30° ahead 
of its line-to-neutral voltage.

 (c) The sending-end current is

 

IS = ∠ ° ∠ ° + ∠ °( . . )( , . ) ( . .0 00067 90 18 79 674 34 0 0 9497 0 57 ))( . . )

. .

209 18 31 8

180 88 16 3

∠− °

= ∠− ° A  

 (d) The sending-end power factor is

 

θ

θ

S

S

= ° + °

= °

=

13 79 16 3

30 09

0 9648

. .

.

cos .  
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 (e) The sending-end power is

 

P IS S S S=

= × × ×

≅

−3

3 172 280 87 180 88 0 9948

4

V (L L) cos

, . . .

θ

55 652 79, . kW  

 (f) The receiving-end power is

 

P IR R R R=

= × × × ×

=

−3

3 138 10 209 18 0 85

42 499

3

V L L( ) cos

. .

,

θ

kkW  

  Therefore, the power loss in the line is

 PL = PS − PR = 3153.79 kW 

 (g) The transmission line efficiency is

 

η = ×

= ×

=

P
P

R

S

100

42 499
100

,
45,652.79

93.1%  

 (h) The percentage of voltage regulation is

 

Percentage of voltage regulation
99,470.05 79,6= − 774.34

79,674.34
100

24.8%

×

=  

 (i) The sending-end charging current at no load is

 

I YVc S=

= ×

=

−

−

1
2

1
2

678 585 10 99 466 41

33 75

6

( )

( . )( , . )

.

L N

AA  

 where

 

Y y l= ×

= ×

= ×

−

−

( . )( )

.

4 5239 10 150

678 585 10

6

6

S/mi mi

S  
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 (j) The receiving-end voltage rise at no load is

 

V V I ZR S c(L N) (L N)− −= −

= ∠ °− ∠99 466 41 13 79 33 75 103, . . ( . .. )( . . )

, . .

79 149 66 79 27

104 433 09 13 27

° ∠ °

= ∠ ° V  

  Therefore, the line-to-line voltage at the receiving end is

 

V VR R( ) ( ) , . .

, .

L L L N 30

=

− −= = ∠ °+ °3 180 883 42 13 27

180 883 442 43 27∠ °. V  

  Note that, in a well-designed transmission line, the voltage regulation and the line effi-
ciency should be not greater than about 5%.

3.11.1 eqUivalent CirCUit of long tranSmiSSion line

Using the values of the ABCD parameters obtained for a transmission line, it is possible to develop 
an exact π or an exact T, as shown in Figure 3.22. For the equivalent π circuit,

 Zπ = B = Zc sinh θ (3.140)

 = Zc sinh γl (3.141)

 

=








Z

YZ

YZ

sinh
 (3.142)

and

 

Y A
B Z

π θ
θ2

1 1= − = −cosh
sinhc

 (3.143)

Zπ

YΠ

(a) (b)

VS VR

+

–

+

–
VS VR

+

–

+

–2
YΠ YT2

ZT
2

ZT
2

FIGURE 3.22 Equivalent π and T circuits for a long transmission line.
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or

 
Y

Zπ

γ

=







2
2

tanh
l

c

 (3.144)

or

 

Y Y

YZ

YZ
π

2 2

2
2

2

=









tanh

 (3.145)

For the equivalent T circuit,

 

Z A
C Y

T

2
1 1= − = −cosh

sinh
θ

θc
 (3.146)

or

 
Z ZT = 2

2c

l
tanh

γ
 (3.147)

or

 

Z Z
YZ

YZ
T

2 2
2

2

=



















tanh

 (3.148)

and

 YT = C = Yc sinh θ (3.149)

or

 
Y

ZT = sinh γl
c

 (3.150)

or

 
Y Y

YZ

YZ
T = sinh

 (3.151)
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EXAMPLE 3.9

Find the equivalent π and the equivalent T circuits for the line described in Example 3.8 and com-
pare them with the nominal π and the nominal T circuits.

Solution

Figures 3.23 and 3.24 show the equivalent π and the nominal π circuits, respectively.
For the equivalent π circuit,

 Zπ = B = 148.54∠79.44° Ω	

 

Y A
B

π

2
1

0 9497 0 57 1
148 54 79 44

0 000345 8

= −

= ∠ °−
∠ °

= ∠

. .
. .

. 99 93. ° S  

For the nominal π circuit,

 

Z = × ∠ °

= ∠ °

150 0 9977 79 27

149 655 79 27

. .

. . Ω  

 

Y
2

150 4 5239 10 90
2

6

= × ∠ °

= ∠

−( . )

0.000339 90° S  

ZΠ

YΠ
2

YΠ
2

FIGURE 3.23 Equivalent π circuit.

Z

Y
2

Y
2

FIGURE 3.24 Nominal π circuit.
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Figure 3.25a and b shows the equivalent T and nominal T circuits, respectively.
For the equivalent T circuit,

 

Z A
C

T

2
1

0 9497 0 57 1
0 00067 90 18

76 46 79

= −

= ∠ °−
∠ °

= ∠

. .

. .

. .119°Ω  

 YT = C = 0.00067∠90.18° S 

For the nominal T circuit,

 

Z
2

149.655 79.27°

74.83 79.27°

° S

= ∠

= ∠

= ∠

2

0 000678 90

Ω

Y .  

As can be observed from the results, the difference between the values for the equivalent and 
nominal circuits is very small for a 150-mi-long transmission line.

3.11.2 inCident and refleCted voltageS of long tranSmiSSion line

Previously, the propagation constant has been given as

 γ = α + jβ per-unit length (3.152)

and also

 
cosh γ

γ γ

l
e el l

= + −

2
 (3.153)

 
sinh γ

γ γ

l
e el l

= − −

2
 (3.154)

ZT
2

ZT

YT Y

2
Z
2

Z
2

(a) (b)

FIGURE 3.25 T circuits: (a) equivalent T; (b) nominal T.
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The sending-end voltage and current have been expressed as

 VS = (cosh γl)VR + (Zc sinh γl)IR (3.112)

and

 IS = (Yc sinh γl)VR + (cosh γl)IR (3.113)

By substituting Equations 3.152 through 3.154 in Equations 3.112 and 3.113,

 
V V I Z V I ZS R R c

l j l
R R c

l j le e e e= + + − − −1
2

1
2

( ) ( )α β α β  (3.155)

and

 
I V Y I V Y IS R c R

l j l
R c R

l j le e e e= + − − − −1
2

1
2

( ) ( )α β α β  (3.156)

In Equation 3.155, the first and the second terms are called the incident voltage and the reflected 
voltage, respectively. They act like traveling waves as a function of the line length l. The incident 
voltage increases in magnitude and phase as the l distance from the receiving end increases, and 
decreases in magnitude and phase as the distance from the sending end toward the receiving end 
decreases. Whereas the reflected voltage decreases in magnitude and phase as the l distance from 
the receiving end toward the sending end increases.

Thus, for any given line length l, the voltage is the sum of the corresponding incident and reflected 
voltages. Here, the term eαl changes as a function of l, whereas ejβl always has a magnitude of 1 and 
causes a phase shift of β radians per unit length of line.

In Equation 3.155, when the two terms are 180° out of phase, a cancellation will occur. This hap-
pens when there is no load on the line, that is, when

 IR = 0 and α = 0 

and when β π
x =

2
 radians, or one-quarter wavelengths.

The wavelength A is defined as the distance l along a line between two points to develop a phase 
shift of 2π radians, or 360°, for the incident and reflected waves. If β is the phase shift in radians per 
mile, the wavelength in miles is

 
λ π

β
= 2

 (3.157)

Since the propagation velocity is

 υ = λf mi/s (3.158)

and is approximately equal to the speed of light, that is, 186,000 mil, at a frequency of 60 Hz, the 
wavelength is

 
λ = =186,000 mi/s

60 Hz
3100 mi
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On the other hand, at a frequency of 50 Hz, the wavelength is approximately 6000 km. If a finite 
line is terminated by its characteristic impedance Zc, that impedance could be imagined replaced by 
an infinite line. In this case, there is no reflected wave of either voltage or current since

 VR = IRZc

in Equations 3.155 and 3.156, and the line is called an infinite (or flat) line.
Stevenson [3] gives the typical values of Zc as 400 ft for a single-circuit line and 200 Ω for two 

circuits in parallel. The phase angle of Zc is usually between 0 and −15° [4].

EXAMPLE 3.10

Using the data given in Example 3.8, determine the following:

 (a) Attenuation constant and phase change constant per mile of the line
 (b) Wavelength and velocity of propagation
 (c) Incident and reflected voltages at the receiving end of the line
 (d) Line voltage at the receiving end of the line
 (e) Incident and reflected voltages at the sending end of the line
 (f) Line voltage at the sending end

Solution

 (a) Since the propagation constant of the line is

 

γ =

= +

yz

0.0002 0.0021j  

 then, the attenuation constant is 0.0002 Np/mi, and the phase change constant is 0.0021 
rad/mi.

 (b) The wavelength of propagation is

 

λ π
β

π

=

=

=

2

2
0.0021

2991.99mi  

 and the velocity of propagation is

 υ = λf = 2991.99 × 60 = 179,519.58 mi/s

 (c) From Equation 3.155,

 
V V I Z V I ZS R R c

l j l
R R c

l j le e e e= + + − − −1
2

1
2

( ) ( )α β α β

 



106 Modern Power System Analysis

  Since, at the receiving end, l = 0,

 V V I Z V I ZS R R c R R c= + + −1
2

1
2

( ) ( )
 

  Therefore, the incident and reflected voltage at the receiving end are

 

V V I ZR R R c(incident)

1
2

[

= +

= ∠ °+

1
2

79 674 34 0 209 1

( )

, . ( . 88 31 8 469 62 5 37

84 367 77 20 59

∠− ° ∠− °

= ∠− °

. )( . . )]

, . . V  

 and

 

V V I ZR R R c(reflected)

1
2

[

= −

= ∠ °−

1
2

79 674 34 0 209

( )

, . ( .118 31 8 469 62 5 37

29 684 15 88 65

∠− ° ∠− °

= ∠ °

. )( . . )]

, . . V  

 (d) The line-to-neutral voltage at the receiving end is

 
V V VR R R( ) ( ) ( )

,

L N incident reflected

V

− = +

= ∠ °79 674 0  

  Therefore, the line voltage at the receiving end is

 
V 3V

138,000 V

(L L) (L N)R R− −=

=  

 (e) At the sending end,

 

V V I ZS R R c
l j le e(incident)

1
2

(

= +

= ∠−

( )

, . .

α β

84 367 77 20 559 18 35

86 946 2 24

0 0301° ∠ °

= ∠−

) .

, .

.e

° V  

 and

 
V V I ZS R R c

l j le e(reflected)
1
2

(

= −

= ∠

− −( )

, .

α β

29 684 15 888 65 18 35 28 802 5 70 30 0301. ) . , . ..° ∠− ° = ∠−e ° V  
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 (f) The line-to-neutral voltage at the sending end is

 

V V VS S S(L N) (incident) (reflected)− = +

= ∠−86 946 2 24, . °° + ∠ ° = ∠ °28 802 5 70 3 99 458 1 13 8, . . , . . V  

  Therefore, the line voltage at the sending end is

 V 3V 172,266.5 V(L L) (L N)S S− −= =  

3.11.3 SUrge imPedanCe loading of tranSmiSSion line

In power systems, if the line is lossless,* the characteristic impedance Zc of a line is sometimes 
called surge impedance. Therefore, for a loss-free line,

 R = 0 

and

 ZL = jXL 

Thus,

 Z
X
Y

L
Cc

L

c

= ≅ Ω  (3.159)

and its series resistance and shunt conductance are zero. It is a function of the line inductance and 
capacitance as shown and is independent of the line length.

The surge impedance loading (SIL) (or the natural loading) of a transmission line is defined as 
the power delivered by the line to a purely resistive load equal to its surge impedance. Therefore,

 SIL
k

MW
L L= −VR

cZ
( )

*

2

 (3.160)

or

 SIL
k

MW
L L≅ −VR

L
C

( )

2

 (3.161)

or

 SIL WL L= −3 V IR L( )  (3.162)

* When dealing with high frequencies or with surges due to lightning, losses are often ignored [3].
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where

 I
V

L
R

L
C

=
×

−( )L L
A

3

 (3.163)

where
SIL = surge impedance loading in megawatts or watts

k RV (L L)−  = magnitude of line-to-line receiving-end voltage in kilovolts

VR(L L−  = magnitude of line-to-line receiving-end voltage in volts

Zc = surge impedance in ohms ≅ L C/
IL = line current at SIL in amperes

In practice, the allowable loading of a transmission line may be given as a fraction of its SIL. 
Thus, SIL is used as a means of comparing the load-carrying capabilities of lines.

However, the SIL in itself is not a measure of the maximum power that can be delivered over a 
line. For the maximum delivered power, the line length, the impedance of sending- and receiving-
end apparatus, and all of the other factors affecting stability must be considered.

Since the characteristic impedance of underground cables is very low, the SIL (or natural load) is 
far larger than the rated load of the cable. Therefore, a given cable acts as a source of lagging vars.

The best way of increasing the SIL of a line is to increase its voltage level, since, as it can be seen 
from Equation 3.160, the SIL increases with its square. However, increasing voltage level is expen-
sive. Therefore, instead, the surge impedance of the line is reduced. This can be accomplished by 
adding capacitors or induction coils. There are four possible ways of changing the line capacitance 
or inductance, as shown in Figures 3.26 and 3.27.

For a lossless line, the characteristic impedance and the propagation constant can be expressed as

 Z
L
Cc =  (3.164)

and

 γ = LC  (3.165)

(a) (b)

L L L

L L L

FIGURE 3.26 Transmission line compensation by adding lump inductances in (a) series or (b) parallel 
(i.e., shunt).
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Therefore, the addition of lumped inductances in series will increase the line inductance, and 
thus, the characteristic impedance and the propagation constant will be increased, which is not 
desirable.

The addition of lumped inductances in parallel will decrease the line capacitance. Therefore, the 
propagation constant will be decreased, but the characteristic impedance will be increased, which 
again is not desirable.

The addition of capacitances in parallel will increase the line capacitance. Hence, the character-
istic impedance will be decreased, but the propagation constant will be increased, which negatively 
affects the system stability. However, for short lines, this method can be used effectively.

Finally, the addition of capacitances in series will decrease the line inductance. Therefore, the 
characteristic impedance and the propagation constant will be reduced, which is desirable. Thus, 
the series capacitor compensation of transmission lines is used to improve stability limits and volt-
age regulation, to provide a desired load division, and to maximize the load-carrying capability of 
the system. However, having the full line current going through the capacitors connected in series 
causes harmful overvoltages on the capacitors during short circuits. Therefore, they introduce spe-
cial problems for line protective relaying.* Under fault conditions, they introduce an impedance 
discontinuity (negative inductance) and subharmonic currents, and when the capacitor protective 
gap operates, they impress high-frequency currents and voltages on the system. All of these factors 
result in incorrect operation of the conventional relaying schemes. The series capacitance compen-
sation of distribution lines has been attempted from time to time for many years. However, it is not 
widely used.

EXAMPLE 3.11

Determine the SIL of the transmission line given in Example 2.8.

* The application of series compensation on the new EHV lines has occasionally caused a problem known as subsynchro-
nous resonance. It can be briefly defined as an oscillation due to the interaction between a series capacitor compensated 
transmission system in electrical resonance and a turbine generator mechanical system in torsional mechanical reso-
nance. As a result of the interaction, a negative resistance is introduced into the electric circuit by the turbine generator. 
If the effective resistance magnitude is sufficiently large to make the net resistance of the circuit negative, oscillations 
can increase until mechanical failures take place in terms of flexing or even breaking of the shaft. The event occurs when 
the electrical subsynchronous resonance frequency is equal or close to 60 Hz minus the frequency of one of the natural 
torsional modes of the turbine generator. The most well-known subsynchronous resonance problem took place at Mojave 
Generating Station [8–11].

(a) (b)

C C C

C C C

FIGURE 3.27 Transmission line compensation by adding capacitances in (a) parallel (i.e., shunt) or 
(b) series.
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Solution

The approximate value of the surge impedance of the line is

 

Z
L
Cc ≅

= ×
×








=

−

−

2 6 10
0 012 10

465 5

3

6

1 2
.

.

.

/

Ω  

Therefore,

 

SIL

0.913MW

(L L)≅

=

=

−k

L
C

RV
2

2
138

469 5.

 

which is an approximate value of the SIL of the line. The exact value of the SIL of the line can be 
determined as

 

SIL

469.62

40.552MW

(L L)=

=

=

−k

Z
R

c

V
2

2
138

 

3.12 GENERAL CIRCUIT CONSTANTS

Figure 3.28 shows a general two-port, four-terminal network consisting of passive impedances con-
nected in some fashion. From general network theory,

IS

VS

IR

+

–
VR

+

–

A, B, C, D
(Passive network)

FIGURE 3.28 General two-port, four-terminal network.
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 VS = AVR + BIR (3.166)

and

 IS = CVR + DIR (3.167)

Also,

 VR = DVS − BIS (3.168)

and

 IR = −CVS + AIS (3.169)

It is always true that the determinant of Equations 3.166 and 3.167 or Equations 3.168 and 3.169 
is always unity, that is,

 AD − BC = 1 (3.170)

In the above equations, A, B, C, and D are constants for a given network and are called general 
circuit constants. Their values depend on the parameters of the circuit concerned and the particular 
representation chosen. In general, they are complex numbers. For a network that has the symmetry 
of the uniform transmission line,

 A = D (3.171)

3.12.1 determination of a, B, C, and d ConStantS

The A, B, C, and D constants can be calculated directly by network reduction. For example, when 
IR = 0, from Equation 3.167,

 A
V
V

= S

R

 (3.172)

and from Equation 3.167,

 C
I
V

= S

R

 (3.173)

Therefore, the A constant is the ratio of the sending- and receiving-end voltages, whereas the C 
constant is the ratio of sending-end current to receiving-end voltage when the receiving end is open-
circuited. When VR = 0, from Equation 3.166,

 B
V
I

= S

R

 (3.174)

When VR = 0, from Equation 3.167,

 D
I
I

= S

R

 (3.175)
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Thus, the B constant is the ratio of the sending-end voltage to the receiving-end current when 
the receiving end is short-circuited, whereas the D constant is the ratio of the sending-end and 
receiving-end currents when the receiving end is short-circuited.

Alternatively, the A, B, C, and D generalized circuit constants can be calculated indirectly from 
a knowledge of the system impedance parameters as shown in the previous sections. Table 3.2 gives 
general circuit constants for different network types. Table 3.3 gives network conversion formulas 
to convert a given parameter set into another one.

As can be observed in Equations 3.166 and 3.167, the dimensions of the A and D constants are 
numeric. The dimension of the B constant is impedance in ohms, whereas the dimension of the 
C constant is admittance in siemens.

3.12.2 meaSUrement of aBCd ParameterS By teSt

Since the transmission line is symmetrical, the measurement of the open circuit and short circuit is 
enough to determine the constants.

Short-circuit test: Short-circuiting one end of the line, the short-circuit impedance is measured 
at the other end of the line as

 Z
B
Asc =  (3.176)

since the short-circuited end voltage is zero, and using the reciprocity theorem for a symmetrical 
network,

 A = D (3.177)

then from Equation 3.176,

 B = AZsc (3.178)

Open-circuit test: Open-circuiting one end of the line, the open-circuit impedance Zoc is mea-
sured at the other end is zero, then

 Z
A
Coc =  (3.179)

since the current at the open-circuited end is zero, then

 C
A

Z
=

oc

 (3.180)

For a passive network the determinant is

 ∆ A B
C D

AD BC= = − = 1  (3.181)

By substituting Equation 3.177 into Equation 3.181,

 A2 − BC = 1 (3.182)
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Thus, by substituting Equation 3.178 and 3.180 into Equation 3.182,

 A AZ
A

Z
2 1−






=sc

sc

 (3.183)

or

 
Z Z

Z
Aoc sc

oc

−





=2 1  (3.184)

Hence,

 A
Z

Z Z
=

−
oc

oc sc

 (3.185)

Substituting Equation 3.185 into Equation 3.178,

 B Z
Z

Z Z
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−sc
oc

oc sc

 (3.186)

TABLE 3.3
Network Conversion Formulas

ABCD
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ing into the netw

ork from
the point considered.
     N
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Source: Wagner, C. F., and Evans, R. D., Symmetrical Components, Copyright McGraw-Hill Co., 1933. Used 
with permission of McGraw-Hill Co.
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and substituting Equation 3.185 into Equation 3.180,

 C
Z Z Z

=
−

1

oc oc sc( )
 (3.187)

3.12.3 a, B, C, and d ConStantS of tranSformer

Figure 3.29 shows the equivalent circuit of a transformer at no load. Neglecting its series impedance,
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  (3.188)

where the transfer matrix is
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1 0
1T

 (3.189)

since

 VS = VR (3.190)

and

 IS = YTVR + IR (3.191)

and where YT is the magnetizing admittance of the transformer.
Figure 3.30 shows the equivalent circuit of a transformer at full load that has a transfer matrix of
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 (3.192)
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IS IR

FIGURE 3.29 Transformer equivalent circuit at no load.
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since

 V
Z Y

V Z
Z Y

IS R R= +






+ +






1 1T T
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T T

2 4
 (3.193)

and

 I Y V
Z Y

IS R R= + +






( )T
T T

2
1  (3.194)

where ZT is the total equivalent series impedance of the transformer.

3.12.4 aSymmetriCal π and t networkS

Figure 3.31 shows an asymmetrical π network that can be thought of as a series (or cascade, or tan-
dem) connection of a shunt admittance, a series impedance, and a shunt admittance.

The equivalent transfer matrix can be found by multiplying together the transfer matrices of 
individual components. Thus,
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FIGURE 3.30 Transformer equivalent circuit at full load.
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Y1 Y2

Z
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FIGURE 3.31 Asymmetrical π network.
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When the π network is symmetrical,

 Y Y
Y

1 2 2
= =

 

and the transfer matrix becomes
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which is the same as Equation 3.56 for a nominal π circuit of a medium-length transmission line.
Figure 3.32 shows an asymmetrical T network that can be thought of as a cascade connection 

of a series impedance, a shunt admittance, and a series impedance. Again, the equivalent transfer 
matrix can be found by multiplying together the transfer matrices of individual components. Thus,
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(3.197)

When the T network is symmetrical,
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and the transfer matrix becomes
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 (3.198)

which is the same as the equation for a nominal T circuit of a medium-length transmission line.
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FIGURE 3.32 Asymmetrical T network.
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3.12.5 networkS ConneCted in SerieS

Two four-terminal transmission networks may be connected in series, as shown in Figure 3.33, to 
form a new four-terminal transmission network. For the first four-terminal network,
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and for the second four-terminal network,
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By substituting Equation 3.200 into Equation 3.199,
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V
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R  (3.201)

Thus, the equivalent A, B, C, and D constants for two networks connected in series are

 Aeq = A1A2 + B1C2 (3.202)

 Beq = A1B2 + B1D2 (3.203)

 Ceq = C3A2 + D1C2 (3.204)

 Deq = C1B2 + D1D2 (3.205)

VS

+
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V
+

–
VR

+

–

A1 B1

C1 D1

A2 B2

C2 D2

IIS IR

FIGURE 3.33 Transmission networks in series.
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EXAMPLE 3.12

Figure 3.34 shows two networks connected in cascade. Determine the equivalent A, B, C, and 
D constants.

Solution

For network 1,

 
A B

C D
1 1

1 1

1 10 30
0 1












= ∠ °









 

For network 2,

 Y
Z2

2

1 1= =
∠−

= ∠
40 45°

0.025 45° S
 

Then

 
A B

C D
2 2

2 2

1 0
1












=

∠










0.025 45°
 

Therefore,

 

A B

C D
eq eq

eq eq 0.025 45°














= ∠ °









∠
1 10 30
0 1

1 0
11

0.025 45°











= ∠ ° ∠ °
∠











1 09 12 8 10 30
1

. .

 

VS

+

–
VR

+

–

Z1 = 10   30˚ Ω

Z2 = 40  –45˚ Ω

Network 1 Network 2IS IR

FIGURE 3.34 Network configurations for Example 3.12.
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3.12.6 networkS ConneCted in Parallel

Two four-terminal transmission networks may be connected in parallel, as shown in Figure 3.35, to 
form a new four-terminal transmission network.

Since

 VS = VS1 + VS2 (3.206)

 VR = VR1 + VR2 (3.207)

and

 IS = IS1 + IS2 (3.208)

 IR = IR1 + IR2 (3.209)

for the equivalent four-terminal network,

 
V

I

A B A B
B B

B B
B B

C C
A A

S

S












=

+
+ +

+ + −

1 2 2 1

1 2

1 2

1 2

2 2
1( 22 2 1

1 2

1 2 2 1

1 2

)( )D D
B B

D B D B
B B

V

I−
+

+
+





















R

R











  (3.210)

where the equivalent A, B, C, and D constants are

 A
A B A B

B Beq
1= +

+
2 2 1

1 2

 (3.211)

 B
B B

B Beq
2=

+
1

1 2

 (3.212)

VS

+

–

+

–

VR

+

–

A1 B1

C1 D1

A2 B2

C2 D2

IS

I S1

IS2

IR1

I R2

VS1

+

–
VR1

+

–
VS2

+

–
VR2

IR

FIGURE 3.35 Transmission networks in parallel.
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 C C C
A A D D

B Beq = + + − −
+2 2

1 2 2 1

1 2

( )( )
 (3.213)

 D
D B D B

B Beq =
+
+

1 2 2 1

1 2

 (3.214)

EXAMPLE 3.13

Assume that the two networks given in Example 3.13 are connected in parallel, as shown in Figure 
3.12. Determine the equivalent A, B, C, and D constants (Figure 3.36).

Solution

Using the A, B, C, and D parameters found previously for networks 1 and 2, that is,

 
A B

C D
1 1

1 1

1 10 30
0 1












= ∠ °









 

and

 
A B

C D
2 2

2 2

1 0
1












=

∠










0.025 45°
 

VS

+

–
VR

+

–

Z1 = 10   30˚ Ω

Z2 = 40  –45˚ Ω

Network 1

Network 2

IS IR

FIGURE 3.36 Transmission networks in parallel for Example 3.13.
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the equivalent A, B, C, and D constants can be calculated as

 

A
A B A B

B Beq
1= +

+

= × + × ∠ °
∠ °+

=

2 2 1

1 2

1 0 1 10 30
10 30 0

1  

 

B
B B

B Beq = +

= ∠ ° ×
∠ ° +

=

1

1 2

10 30 0
10 30 0

0

2

( )
( )

 

 

C C C
A A D D

B Beq = + + − −
+

= + ∠ °+ −

2 2
1 2 2 1

1 2

0 0 025 45
1 1

( )( )

.
( )(( )

.

1 1
10 30 0

0 025 45

−
∠ °−

= ∠ °  

 

D
D B D B

B Beq =
+
+

= × + × ∠ °
∠ °+

=

1 2 2 1

1 2

1 0 1 10 30
10 30 0

1  

Therefore,

 
A B

C D
eq eq

eq eq 0.025 45°














=

∠










1 0
1

 

3.12.7 terminated tranSmiSSion line

Figure 3.37 shows a four-terminal transmission network connected to (i.e., terminated by) a load ZL.
For the given network,

 
V

I
A B
C D

A

I
S

S

R

R












=



















  (3.215)

or

 VS = AVR + BIR (3.216)
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and

 IS = CVR + DIR (3.217)

and also

 VR = ZLIR (3.218)

Therefore, the input impedance is

 

Z
V
I

AV BI
CV DI

in =

= +
+

S

S

R R

R R

 (3.219)

or by substituting Equation 3.169 into Equation 3.170,

 Z
AZ B
CZ Din =

+
+

L

L

 (3.220)

Since for the symmetrical and long transmission line,

 A YZ= =cosh cosh θ  

 B
Z
Y

YZ Z= =sinh sinhc θ
 

 C
Y
Z

YZ Y= =sinh sinhc θ
 

 D A YZ= = =cosh cosh θ  

VS

+

–
VR

ZL
+

–

A B

C D

IS IR

FIGURE 3.37 Terminated transmission line.
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the input impedance, from Equation 3.171, becomes

 Z
Z Z
Z Yin =

+
+

L c

L c

cosh sinh
sinh cosh
θ θ
θ θ

 (3.221)

or

 Z
Z Z Z

Z Zin
/

/
= +

+
L c L

L c

[( )sinh cosh ]
( )sinh cosh

θ θ
θ θ

 (3.222)

If the load impedance is chosen to be equal to the characteristic impedance, that is,

 ZL = Zc (3.223)

the input impedance, from Equation 3.173, becomes

 Zin = Zc (3.224)

which is independent of θ and the line length. The value of the voltage is constant all along the line.

EXAMPLE 3.14

Figure 3.38 shows a short transmission line that is terminated by a load of 200 kVA at a lagging 
power factor of 0.866 at 2.4 kV If the line impedance is 2.07 + j0.661 Ω, calculate

 (a) Sending-end current
 (b) Sending-end voltage
 (c) Input impedance
 (d) Real and reactive power loss in the line

Solution

 (a) From Equation 3.166,

 

V

I
A B
C D

V

I

Z V

S

S

R

R












=





















=










1
0 1

RR

RI













 

VS

+

–
VR ZL
+

–
VL

+

–

Z

IS IR IL

FIGURE 3.38 Transmission system for Example 3.14.
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 where

 Z = 2.07 + j0.661 = 2.173∠17.7° Ω	

 IR = IS = IL 

 VR = ZL IR 

  Since

 SR = 200∠30° = 173.2 + j100 kVA 

 and

 VL = 2.4 ∠0° kV 

 then

 I
S
VL

R

L

*

.
.= = ∠ °

∠ °
= ∠ °200 30

2 4 0
83 33 0 A

 

 or

 IL = 83.33 ∠−30° A 

 hence,

 IS = IR = IL = 83.33 ∠−30° A 

 (b)

 Z
V
IL

L

L

= =
× ∠ °
∠− °

= ∠ °
2.4 10
83.33 30

28.8
3 0

30 Ω
 

 and

 VR = ZLIR = 28.8 ∠30°	×	83.33	∠−30° = 2404 ∠0° kV 

 thus,

 

V AV BIS R R= +

= ∠ °+ ∠ °× ∠− °

=

2400 0 2 173 17 7 83 33 30

2576

. . .

.99 38 58−

= ∠− °

j .

2577.2 0.9 V  

 (c) The input impedance is

 

Z
V
I

AV BI
CV DIin

2577.2 0.9°
83.33 30°

= = +
+

= ∠−
∠−

=

S

S

R R

R R

330.93 29.1°∠ Ω
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 (d) The real and reactive power loss in the line:

 SL = SS − SR 

 where

 
S V IS S S= = ∠− °× ∠ °

= ∠ °

* . . . .

, .

2 577 2 0 9 83 33 30

14 758 29 12 VVA  

 or

 S I Z IS S S= × × = ∠ °in VA* , .214 758 29 1  

  Thus,

 
SL

j

= ∠ °− ∠ °

= +

214 758 29 1 200 000 30

14 444 5 4 444 4

, . ,

, . , . VAA  

 that is, the active power loss is 14,444.5 W, and the reactive power loss is 4444.4 vars.

3.12.8 Power relationS USing a, B, C, and d line ConStantS

For a given long transmission line, the complex power at the sending and receiving ends are

 S V IS S S S SP jQ= + = *  (3.225)

and

 S V IR R R R RP jQ= + = *  (3.226)

Also, the sending- and receiving-end voltages and currents can be expressed as

 VS = AVR + BIR (3.227)

 IS = CVR + DIR (3.228)

 VR = AVS − BIS (3.329)

 IR = CVS + DIS (3.230)

where

 A YZ= ∠ =A α cosh  (3.231)

 B
Z
Y

YZ= ∠ =B β sinh  (3.232)
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 C
Y
Z

YZ= ∠ =C δ sinh  (3.233)

 D A YZ= = cosh  (3.234)

 VR = VR∠0° (3.235)

 VS = VS∠δ (3.236)

From Equation 3.215,

 I
A
B

V
V
BS S

R= −  (3.237)

or

 IS
S RAV

B
V

B
= ∠ + − − ∠−α δ β β

 (3.238)

and

 IS
S RAV

B
V

B
* = ∠− − + − ∠α δ β β

 (3.239)

and from Equation 3.225

 I
V
B

A
B

VR
S

R= −  (3.240)

or

 IR
S RV

B
AV
B

= ∠ − − ∠ −δ β α β  (3.241)

and

 IR
S RV

B
AV
B

* = ∠− + − ∠− +δ β α β  (3.242)

By substituting Equations 3.237 and 3.240 into Equations 3.223 and 3.224, respectively,

 SS S S
S S RP jQ

AV
B

V V
B

= + = ∠ − − ∠ +
2

β α β α  (3.243)
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and

 SR R R
S R RP jQ

V V
B

AV
B

= + = ∠ − − ∠ −β δ β α
2

 (3.244)

Therefore, the real and reactive powers at the sending end arc

 P
AV

B
V V

BS
S S R= − − +
2

cos( ) cos( )β α β α  (3.245)

and

 Q
AV

B
V V

BS
S S R= − − +
2

sin( ) sin( )β δ β α  (3.246)

and the real and reactive powers at the receiving end are

 P
V V

B
AV

BR
S R R= − − −cos( ) cos( )β δ β α

2

 (3.247)

and

 Q
V V

B
AV

BR
S R R= − − −sin( ) sin( )β δ β α

2

 (3.248)

For the constants VS and VR, for a given line, the only variable in Equations 3.245 through 3.248 
is δ, the power angle. Therefore, treating PS as a function of δ only in Equation 3.245, PS is maxi-
mum when β + δ = 180°. Therefore, the maximum power at the sending end, the maximum input 
power, can be expressed as

 P
AV

B
V V

BS
S S R

,max cos( )= − +
2

β α  (3.249)

and similarly the corresponding reactive power at the sending end, the maximum input vars, is

 Q
AV

BS
S

,max sin( )= −
2

β α  (3.250)

On the other hand, PR is maximum when δ = β. Therefore, the maximum power obtainable 
(which is also called the steady-state power limit) at the receiving end can be expressed as

 P
V V

B
AV

BR
S R R

,max cos( )= − −
2

β α  (3.251)
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and similarly, the corresponding reactive power delivered at the receiving end is

 Q
AV

BR
R

,max sin( )= − −
2

β α  (3.252)

In the above equations, VS and VR are the phase (line-to-neutral) voltages whether the system is 
single phase or three phase. Therefore, the total three-phase power transmitted on the three-phase 
line is three times the power calculated by using the above equations. If the voltages are given in 
volts, the power is expressed in watts or vars. Otherwise, if they are given in kilovolts, the power is 
expressed in megawatts or megavars.

For a given value of γ, the power loss PL in a long transmission line can be calculated as the dif-
ference between the sending- and the receiving-end real powers

 PL = PS − PR (3.253)

and the lagging vars loss is

 QL = QS − QR (3.254)

EXAMPLE 3.15

Figure 3.39 shows a three-phase, 345-kV ac transmission line with bundled conductors con-
necting two buses that are voltage regulated. Assume that the series capacitor and shunt reac-
tor compensations are to be considered. The bundled conductor line has two 795-kcmil ACSR 
conductors per phase. The subconductors are separated by 18 in, and the phase spacing of the 
flat configuration is 24, 24, and 48 ft. The resistance, inductive reactance, and susceptance of the 
line are given as 0.059 Ω/mi per phase, 0.588 Ω/mi per phase, and 7.20 × 10−6 S phase to neutral 
per phase per mile, respectively. The total line length is 200 mi, and the line resistance may be 
neglected because simple calculations and approximate answers will suffice. First, assume that 
there is no compensation in use; that is, both reactors are disconnected and the series capacitor 
is bypassed. Determine the following:

 (a) Total three-phase SIL of line in megavolt-amperes
 (b) Maximum three-phase theoretical steady-state power flow limit in megawatts
 (c) Total three-phase magnetizing var generation by line capacitance
 (d) Open-circuit receiving-end voltage if the line is open at the receiving end

VS

Xc

QL QL

VR

FIGURE 3.39 Compensated line for Example 3.15.
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Solution

 (a) The surge impedance of the line is

 Zc = (xL × xc)1/2 (3.255)

 where

 x
bc

c

= 1
Ω/mi/phase  (3.256)

  Thus,

 

Z
x
bc

L

c

=






=
×







=

−

1 2

6

1 2

/

/
0.588

7.20 10

285.777 /mi/phaseΩ  (3.257)

  Thus, the total three-phase SIL of the line is

 

SIL

MVA/mi

L L=

=

=

−kV

Z
R

c

( )

.

.

2

2345
285 77

416 5  

 (b) Neglecting the line resistance,

 P = PS = PR 

 or

 P
V V
X
S R

L

= sinδ  (3.258)

  When δ = 90°, the maximum three-phase theoretical steady-state power flow limit is

 

P
V V
X
S R

L
max

( )
.

.

=

=

=

345 2
117 6

1012 1

kV

MW  (3.259)
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 (c) Using a nominal π circuit representation, the total three-phase magnetizing var generated by 
the line capacitance can be expressed as

 
Q V

b l
V

b l

V
B

V
B

c S
c

R
c

S
c

R
c

= +

= +

2 2

2 2

2 2

2 2
 (3.260)

  Hence,

 
Qc = × ×






+ ×−( ) ( . ) (345 10

1
2

7 20 10 200 345 13 2 6 00
1
2

7 20 10 2003 2 6) ( . )

171.4 Mvar

×






=

−

 

 (d) If the line is open at the receiving end, the open-circuit receiving-end voltage can be 
expressed as

 VS = VR(oc) cosh γl (3.261)

 or

 V
V

R
S

l( ) coshoc =
γ

 (3.262)

 where

 

γ ω

ω
ω ω

=

=






=






=

j LC

j
x

x

j
x
x

j

L

c

L

c

1

0 5

1 2

1 2

/

/

[( . 888 7 20 10 0 00216 1 2)( . )] .× =− / rad/mij  (3.263)

 and

 γl = j(0.0021)(200) = j0.4115 rad 

 thus,

 

cosh cosh( . )

cosh( ) cos( . ) sinh

γl j

j

= +

= +

0 0 4115

0 0 4115 (( ) sin( . )

.

0 0 4115

0 9165=  
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 therefore,

 
VR( ) .

.

oc
kV

kV

=

=

345
0 9165

376 43  

  Alternatively,

 

V V
X

X XR S
c

c L
( )

.
. .

oc

(345kV)

=
+

= −
− +




1388 9
1388 9 117 6




= 376 74. kV  (3.264)

EXAMPLE 3.16

Use the data given in Example 3.13 and assume that the shunt compensation is now used. Assume 
also that the two shunt reactors are connected to absorb 60% of the total three-phase magnetizing 
var generation by line capacitance and that half of the total reactor capacity is placed at each end 
of the line. Determine the following:

 (a) Total three-phase SIL of the line in megavolt-amperes
 (b) Maximum three-phase theoretical steady-state power flow limit in megawatts
 (c) Three-phase megavolt-ampere rating of each shunt reactor
 (d) Cost of each reactor at $10/kVA
 (e) Open-circuit receiving-end voltage if the line is open at the receiving end

Solution

 (a) SIL = 416.5, as before, in Example 3.13.
 (b) Pmax = 1012.1 MW, as before
 (c) The three-phase megavolt-ampere rating of each shunt reactor is

 

1
2

1
2

0.60

51.42MVA

Q QL c=

=

=

1
2

0 60 171 4. ( . )

 

 (d) The cost of each reactor at $10/kVA is

 (51.42 MVA/reactor) ($10/kVA) = $514,200 

 (e) Since

 γl = j0.260 rad 
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  and

 cosh γl = 0.9663 

 then

 
VR( ) .

.

oc
kV

kV

=

=

345
0 9663

357 03  

  Alternatively,

 

V V
X

X XR S
c

c L
( )

,
, .

oc

(345 kV)

=
+

= −
− +

 13 472
13 472 117 6




= 357 1. kV  

  Therefore, the inclusion of the shunt reactor causes the receiving-end open-circuit volt-
age to decrease.

3.13 EHV UNDERGROUND CABLE TRANSMISSION

As discussed in the previous sections, the inductive reactance of an overhead high-voltage ac line is 
much greater than its capacitive reactance. However, the capacitive reactance of an underground high-
voltage ac cable is much greater than its inductive reactance because the three-phase conductors are 
located very close to each other in the same cable. The approximate values of the resultant vars (reac-
tive power) that can be generated by ac cables operating at the phase-to-phase voltages of 132, 220, and 
400 kV are 2000, 5000, and 15,000 kVA/mi, respectively. This var generation, due to the capacitive 
charging currents, sets a practical limit to the possible noninterrupted length of an underground ac cable.

This situation can be compensated for by installing appropriate inductive shunt reactors along 
the line. This “critical length” of the cable can be defined as the length of cable line that has a 
three-phase charging reactive power equal in magnitude to the thermal rating of the cable line. For 
example, the typical critical lengths of ac cables operating at the phase-to-phase voltages of 132, 
200, and 400 kV can be given approximately as 40, 25 and 15 mi, respectively.

The study done by Schifreen and Marble [12] illustrated the limitations in the operation of high-
voltage ac cable lines due to the charging current. For example, Figure 3.40 shows that the magnitude 
of the maximum permissible power output decreases as a result of an increase in cable length [13]. 
Figure 3.41 shows that increasing lengths of cable line can transmit full-rated current (1.0 pu) only 
if the load power factor is decreased to resolve lagging values. Note that, the critical length is used 
as the base length in the figures. Table 3.4 [14] gives characteristics of a 345-kV pipe-type cable. 
Figure 3.42 shows the permissible variation in per-unit vars delivered to the electric system at each 
terminal of cable line for a given power transmission.

EXAMPLE 3.17

Consider a high-voltage open-circuit three-phase insulated power cable of length l shown in Figure 
3.43. Assume that a fixed sending-end voltage is to be supplied; the receiving-end voltage floats, 
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and it is an overvoltage. Furthermore, assume that at some critical length (l = l0), the sending-end 
current IS is equal to the ampacity of the cable circuit, Il0. Therefore, if the cable length is l0, no 
load, whatever of 1.0 or the leading power factor can be supplied without overloading the sending 
end of the cable. Use the general long-transmission-line equations, which are valid for steady-state 
sinusoidal operation, and verify that the approximate critical length can be expressed as

 l
I

V b
l

s
0

0≅
 

Solution

The long-transmission-line equations can be expressed as

 VS = VRcosh γl + IRZcsinh γl (3.265)
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of cable. (From Wiseman, R. T., Trans. Am. Inst. Electr. Eng., 26, 803 © 1956 IEEE.)
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and

 IS = IRcosh γl + VRYcsinh γl (3.266)

Since at critical length, l = l0 and

 IR = 0 

and

 I IS l=
0  

from Equation 3.264, the sending-end current can be expressed as

 I V Yl R l
0 c 0= sinhγ  (3.267)

or

 I V Yl R c

l le e
0
= −





γ γ0 0

2
 (3.268)
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FIGURE 3.42 Permissible variations in per-unit vars delivered to electric system at each terminal of ac cable 
line for given power transmission. (From Wiseman, R. T., Trans. Am. Inst. Electr. Eng., 26, 803 © 1956 IEEE.)
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FIGURE 3.43 Cable system for Example 3.17.
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 I V Yl R c
l l l l

0

/ /= + + + ⋅⋅⋅ − − +[ ( ) ! ] [ ( ) !1 2 1 20 0
2

0 0
2γ γ γ γ −− ⋅⋅⋅





]

2
 

or

 I V Yl R c l
l

0
= + + ⋅⋅⋅







γ γ

0
0

3

3
( )

!
 (3.269)

Neglecting (γl0)3/3! and higher powers of γl0,

 I V Yl R l
0 c 0= γ  (3.270)

Similarly, from Equation 3.263, the sending-end voltage for the critical length can be expressed 
as

 VS = VR cosh γl0 (3.271)

or

 V VS R

l le e= +





γ γ0 0

2
 (3.272)

or

 V VS R
l l l l= + + + ⋅⋅⋅ + − + − ⋅⋅/ /[ ( ) ! ] [ ( ) !1 2 1 20 0

2
0 0

2γ γ γ γ ⋅⋅





]

2
 

or

 V VS R
l= + + ⋅⋅⋅







1

2
0

2( )
!

γ
 (3.273)

Neglecting higher powers of γl0,

 V VS R
l≅ +







1

2
0

2( )
!

γ
 (3.274)

Thus,

 V
V

R
S

l
=

+ + ⋅⋅⋅1
2
0

2( )
!

γ
 (3.275)
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Substituting Equation 3.273 into Equation 3.268,

 I
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Yl
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( )
!
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or

 

I V Y

V Y

l S c

S c

l
l

l
l

0 0
0

2
1

0
0

2

1
2

1
2

= +







= −

−

γ γ

γ γ

( )
!

( )
!

++ ⋅⋅⋅






 (3.277)

or

 I V Y
V Y

l S c
S cl

l
0 0

0
3

2
= −γ γ( )

!
 (3.278)

Neglecting the second term,

 I V Yl S c l
0 0≅ γ  (3.279)

Therefore, the critical length can be expressed as

 l l

S c
0

0≅
I

V Y γ
 (3.280)

where

 Y
y
zc =

 

 γ = ×z y
 

Thus,

 y = Ycγ (3.281)

or

 y = g + jb (3.282)

Therefore, the critical length can be expressed as

 l l

S
0

0≅
×

I

V y
 (3.283)

or

 l
g jb
l

S
0

0≅
× +
I

V
 (3.284)
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Since, for cables, g ≪ b,

 y ≅ b∠90° 

and assuming

 Il lI0 0
90≅ ∠ °

 

from Equation 5.231, the critical length can be expressed as

 l
b

l

S
0

0≅
×

I

V
 (3.285)

EXAMPLE 3.18

Figure 3.44a shows an open-circuit high-voltage insulated ac underground cable circuit. The criti-
cal length of uncompensated cable is l0 for which IS = I0 is equal to cable ampacity rating. Note 
that, Q0 = 3VSI0, where the sending-end voltage VS is regulated and the receiving-end voltage VR 
floats. Here, |VR| differs little from |VS| because of the low series inductive reactance of cables. 
On the basis of the given information, investigate the performances with IR = 0 (i.e., zero load).

IS = I0

QS = Q0(3Φ)

VR

IR = 0

VS

VS VR

VS VR

l = l0

(a)

(b)

(c)

l1

Q0

2Q0 2Q0

l2

l1 l2 l3

FIGURE 3.44 Insulated HV underground cable circuit for Example 3.18.
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 (a) Assume that one shunt inductive reactor sized to absorb Q0 magnetizing vars is to be pur-
chased and installed as shown in Figure 3.44b. Locate the reactor by specifying l1 and l2 
in terms of l0. Place arrowheads on the four short lines, indicated by a solid line, to show 
the directions of magnetizing var flows. Also show on each line the amounts of var flow, 
expressed in terms of Q0.

 (b) Assume that one reactor size 2Q0 can be afforded and repeat part (a) on a new diagram.
 (c) Assume that two shunt reactors, each of size 2Q0, are to be installed, as shown in Fig-

ure 3.44c, hoping, as usual, to extend the feasible length of cable. Repeat part (a).

Solution

The answers for parts (a), (b), and (c) are given in Figure 3.45a, b and c, respectively.

3.14 GAS-INSULATED TRANSMISSION LINES

The gas-insulated transmission line (GIL) is a system for transmitting electric power at bulk power 
ratings over long distances. Its first application took place in 1974 to connect the electric generator 

VRVS

VS VR

VS VR

l1 = l0 l2 = l0

l1 = 2l0 l2 = l0

l1 = 2l0 l2 = 2l0 l3 = l0

(a)

(b)

(c)

Q0

Q0

Q0 Q0 Q0 Q0 Q0

Q0 Q0

Q0Q0

2Q0

2Q0

2Q0

FIGURE 3.45 Solution for Example 3.16.
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of a hydro pump storage plant in Germany. For that application of the GIL, a tunnel was built in the 
mountain for a 420-kV overhead line. To this day, a total of more than 100 km of GILs have been built 
worldwide at high-voltage levels ranging from 135 to 550 kV. The GILs have also been built at power 
plants having adverse environmental conditions. Thus, in situations for which overhead lines are not 
feasible, the GIL may be an acceptable alternative since it provides a solution for a line without reducing 
transmission capacity under any kinds of climate conditions. This is because the GIL transmission sys-
tem is independent of environmental conditions since it is completely sealed inside a metallic enclosure.

Applications of GIL include connecting high-voltage transformers with high-voltage switchgear 
within power plants, connecting high-voltage transformers inside the cavern power plants to over-
head lines on the outside, connecting gas-insulated switchgear (GIS) with overhead lines, and serv-
ing as a bus duct within GIS.

At the beginning, the GIL system was only used in special applications owing to its high cost. 
Today, the second-generation GIL system is used for high-power transmission over long distances 
owing to the substantial reduction in its cost. This is accomplished not only by its much lower cost 
but also by the use of an N2–SF6 gas mixture for electrical insulation. The advantages of the GIL 
system include low losses, low magnetic field emissions, greater reliability with high transmission 
capacity, no negative impacts on the environment or the landscape, and underground laying with a 
transmission capacity that is equal to an overhead transmission line.

EXAMPLE 3.19

A power utility company is required to build a 500 kV line to serve a nearby town. There are two 
possible routes for the construction of the necessary power line. Route A is 80 mi long and goes 
around a lake. It has been estimated that the required overhead transmission line will cost $1 mil-
lion per mile to build and $500 per mile per year to maintain. Its salvage value will be $2000 per 
mile at the end of 40 years.

On the other hand, route B is 50 mi long and is an underwater (submarine) line that goes across 
the lake. It has been estimated that the required underwater line using submarine power cables 
will cost $4 million to build per mile and $1500 per mile per ear to maintain. Its salvage value will 
be $6000 per mile at the end of 40 years.

It is also possible to use GIL in route C, which goes across the lake. Route C is 30 mi in length. 
It has been estimated that the required GIL transmission will cost $7.6 million per mile to build and 
$200 per mile to maintain. Its salvage value will be $1000 per mile at the end of 40 years. It has 
also been estimated that if the GIL alternative is elected, the relative savings in power losses will 
be $17.5 × 106 per year in comparison with the other two alternatives.

Assume that the fixed charge rate is 10% and that the annual ad valorem (property) taxes are 
3% of the first costs of each alternative. The cost of energy is $0.10 per kWh. Use any engineering 
economy interest tables* and determine the economically preferable alternative.

Solution

OVERHEAD TRANSMISSION:

The first cost of the 500 kV overhead transmission line is

 P = ($1,000,000/mi)(80 mi) = $80,000,000 

and its estimated salvage value is

 F = ($2000/mi)(80 mi) = $160,000 

* For example, see Engineering Economy for Engineering Managers, T. Gönen, Wiley, 1990.
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The annual equivalent cost of capital invested in the line is

 

A A P A F1 40
10

40
1080 000 000 100 000

80

= −

=

$ , , ( ) $ , ( )

$

% %/ /

,, , ( . ) $ , ( . )

$ , ,

000 000 0 10226 100 000 0 00226

8 180 800

−

= −− =$ $ , ,266 8 180 534  

The annual equivalent cost of the tax and maintenance is

 A2 = ($80,000,000)(0.03) + ($500/mi)(80 mi) = $2,440,000 

The total annual equivalent cost of the overhead transmission line is

 
A A A= + = +

=

1 2 8 180 534 2 440 000

10 620 534

$ , , $ , ,

$ , ,  

SUBMARINE TRANSMISSION:

The first cost of the 500 kV submarine power transmission line is

 P = ($4,000,000/mi)(50 mi) $200,000,000 

and its estimated salvage value is

 F = ($6000/mi)(50 mi) $300,000 

The annual equivalent cost of capital invested in the line is

 

A A P A F1 40
10

40
10200 000 000 300 000

2

= −

=

$ , , ( ) $ , ( )

$

% %/ /

000 000 000 0 10296 300 000 0 00296

20 591

, , ( . ) $ , ( . )

$ , ,

−

= 1112  

The annual equivalent cost of tax and maintenance is

 A2 = ($200,000,000)(0.03) + ($1500/mi)(50 mi) = $6,075,000 

The total annual equivalent cost of the overhead transmission line is

 
A A A= + = +

=

1 2 20 591112 6 075 000

26 666 112

$ , , $ , ,

$ , ,  

GIL TRANSMISSION:

The first cost of the 500 kV GIL transmission line is

 P = ($7,600,000/mi)(30 mi) $228,000,000 
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and its estimated salvage value is

 F = ($1000/mi)(30 mi) $30,000 

The annual equivalent cost of capital invested in the GIL line is

 

A A P A F1 40
10

40
10228 000 000 30 000

22

= −

=

$ , , ( ) $ , ( )

$

% %/ /

88 000 000 0 10226 30 000 0 00226

23 315 28

, , ( . ) $ , ( . )

$ , ,

−

= 00 67 5 23 315 212 5− =$ . $ , , .  

The annual equivalent cost of the tax and maintenance is

 A2 = ($228,000,000)(0.03) + ($200/mi)(30 mi) = $6,846,000 

The total annual equivalent cost of the GIL transmission line is

 
A A A= + = +

=

1 2 23 315 212 5 6 846 000

30 221 212 5

$ , , . $ , ,

$ , , .  

Since the relative savings in power losses is $17,500,000, then the total net annual equivalent 
cost of the GIL transmission is

 
Anet = −

=

$ , , . $ , ,

$ , , .

30 221 212 5 17 500 000

12 721 212 5  

The results show that the use of overhead transmission for this application is the best choice. 
The next best alternative is the GIL transmission. However, the above example is only a rough 
and very simplistic estimate. In real applications, there are many other cost factors that need to be 
included in such comparisons.

EXAMPLE 3.20

Consider transmitting 2100-MVA electric power across 30 km by using an overhead transmission 
line (OH) versus by using a GIL. The resulting power losses at peak load are 820 and 254 kW/km 
for the overhead transmission and the GIL, respectively. Assume that the annual load factor and 
the annual power loss factor are the same and are equal to 0.7 for both alternatives. Also, assume 
that the cost of electric energy is $0.10 per kWh. Determine the following:

 (a) The power loss of the overhead line at peak load
 (b) The power loss of the GIL
 (c) The total annual energy loss of the overhead transmission line at peak load
 (d) The total annual energy loss of the gas insulated transmission line at peak load
 (e) The average energy loss of the overhead transmission line
 (f) The average energy loss of the GIL at peak load
 (g) The average annual cost of losses of the overhead transmission line
 (h) The average annual cost of losses of the GIL
 (i) The annual resultant savings in losses using the GIL
 (j) Find the breakeven (or payback) period when the gas-insulated line alternative is selected, 

if the investment cost of the gas-insulated line is $200,000,000
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Solution

 (a) The power loss of the overhead transmission line at peak load is

 (Power loss)OH line = (829 kW/km)30 km = 24, 870 kW

 (b) The power loss of the GIL transmission line at peak load is

 (Power loss)GIL line = (254 kW/km)30 km = 7620 kW

 (c) The total annual energy loss of the overhead transmission line at peak load is

 
(Total annual energy loss) 24,870 kW 87at peak = ( )( 660 h/yr

21,786 10 kWh/yr4

)

= ×  

 (d) The total annual energy loss of the gas-insulated line at peak load is

 
(Total annual energy loss) 7620 kW 8760at peak = ( )( hh/yr

6675.2 10 kWh/yr4

)

= ×  

 (e) The total annual energy loss of the overhead transmission line at peak load is

 
( )Average annual energy loss 0.7(21,786OH line = ×110 kWh/yr)

15,250.2 10 kWh/yr

4

4= ×  

 (f) The average energy loss of the gas-insulated line at peak load is

 
( )Average annual energy loss 0.7(6675kWGIL line = hh/yr)

672.64 10 kWh/yr4= ×4  

 (g) The average annual cost of losses of the overhead transmission line is

 
( ) (Average annual cost of losses $0.10/kOH line = WWh 15,250.2 10 kWh/yr

1525.02 10 /yr

4

3

)( )

$

×

= ×  

 (h) The average annual cost of losses of the GIL is

 
( ) (Average annual cost of losses $0.10/GIL line = kkWh 4672.64 10 kWh/yr

467.264 10 /yr

4

3

)( )

$

×

= ×  

 (i) The annual resultant savings in power losses using the GIL is

 

Annual savings in losses Annual cost of losses= ( )) ( )

$

OH line GIL lineAnnual cost of losses−

= 1525×× − ×

= ×

10 467 264 10

1057 736 10

3 3

3

$ .

$ . /yr  
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 (j) If the GIL alternative is selected

 

Breakeven period
Total investment cost

Savings p
=

eer year

years=
×

≅$ , ,
$ .

200 000 000
1057 736 10

1893
 

3.15 BUNDLED CONDUCTORS

Bundled conductors are used at or above 345 kV. Instead of one large conductor per phase, two or 
more conductors of approximately the same total cross section are suspended from each insulator 
string. Therefore, by having two or more conductors per phase in close proximity compared with 
the spacing between phases, the voltage gradient at the conductor surface is significantly reduced. 
The bundles used at the extra-high-voltage range usually have two, three, or four subconductors, 
as shown in Figure 3.46. The bundles used at the ultrahigh-voltage range may also have 8, 12, and 
even 16 conductors.

Bundle conductors are also called duplex, triplex, and so on, conductors, referring to the number 
of subconductors, and are sometimes referred to as grouped or multiple conductors. The advantages 
derived from the use of bundled conductors instead of single conductors per phase are (1) reduced 
line inductive reactance; (2) reduced voltage gradient; (3) increased corona critical voltage and, 
therefore, less corona power loss, audible noise, and radio interference; (4) more power may be 
carried per unit mass of the conductor; and (5) the amplitude and duration of high-frequency vibra-
tions may be reduced. The disadvantages of bundled conductors include (1) increased wind and 
ice loading; (2) suspension is more complicated and duplex or quadruple insulator strings may be 
required; (3) increased tendency to gallop; (4) increased cost; (5) increased clearance requirements 
at structures; and (6) increased charging kilovolt-amperes.

If the subconductors of a bundle are transposed, the current will be divided exactly between the 
conductors of the bundle. The GMRs of bundled conductors made up of two, three, and four sub-
conductors can be expressed, respectively, as

 D D ds
b

s= ×( )1/2  (3.286)

d

d d

D12 D23

D31

d

d d d d

d

dd

(a) (b) (c)

(d)

a a' b b' c c'

FIGURE 3.46 Bundle arrangements: (a) two-conductor bundle; (b) three-conductor bundle; (c) four-
conductor bundle; (d) cross section of bundled-conductor three-phase line with horizontal tower configuration.
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 D D ds
b

s= ×( )2 1 3/  (3.287)

 D D ds
b

s= ×1 09 3
1 4. ( ) /  (3.288)

where
 Ds

b = GMR of bundled conductor
 Ds = GMR of subconductors
 d = distance between two subconductors

Therefore, the average inductance per phase is

 L
D

D
a

s
b

= × −2 10 7 ln eq H/m  (3.289)

and the inductive reactance is

 X
D

D
L

s
b

= 0 1213. ln eq /miΩ  (3.290)

where

 Deq ≜ Dm (D12 × D23 × D31)1/3 (3.291)

The modified GMRs (to be used in capacitance calculations) of bundled conductors made up of 
two, three, and four subconductors can be expressed, respectively, as

 D r db
sC

/= ×( )1 2  (3.292)

 D r db
sC

/= ×( )2 1 3  (3.293)

 D r db
sC

/= ×1 09 3 1 4. ( )  (3.294)

where

 Db
sC = modified GMR of bundled conductor

 r = outside radius of subconductors
 d = distance between two subconductors

Therefore, the line-to-neutral capacitance can be expressed as

 C

D

n

b

= × ×







−2 8 8538 10 12π .

ln
D

F/m
eq

sC

 (3.295)
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or

 C
D

D

n

b

= ×







−55 63 10 12.

ln eq

sC

F/m  (3.296)

For a two-conductor bundle, the maximum voltage gradient at the surface of a subconductor can 
be expressed as

 E

V
r

d

r
D

r d

0

0 1
2

2

=
+







×







ln
 (3.297)

EXAMPLE 3.21

Consider the bundled-conductor three-phase 200-km line shown in Figure 3.46d. Assume that 
the power base is 100 MVA and the voltage base is 345 kV. The conductor used is a 1113 kcmil 
ACSR, and the distance between two subconductors is 12 in. Assume that the distances D12, D23, 
and D31 are 26, 26, and 52 ft, respectively, and determine the following:

 (a) Average inductance per phase in henries per meter
 (b) Inductive reactance per phase in ohms per kilometer and ohms per mile
 (c) Series reactance of line in per units
 (d) Line-to-neutral capacitance of line in farads per meter
 (e) Capacitive reactance to neutral of line in ohm per kilometers and ohm per miles.

Solution

 (a) From Table A.3 in Appendix A, Ds is 0.0435 ft; therefore,

 

D D ds
b

s= ×

= × × ×

=

( )

( . . . )

.

1 2

1 20 0435 0 3048 12 0 0254

0 06

/

/

336m  

 

D D D Deq
/

/

= × ×

= × × ×

=

( )

( . )

.

12 23 31
1 3

3 1 326 26 52 0 3048

9 98446m  
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  Thus, from Equation 3.219,
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 (d) From Table A.3, the outside diameter of the subconductor is 1.293 in; therefore, its radius 
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  Thus, the line-to-neutral capacitance of the line is
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 (c) The capacitive reactance to the neutral of the line is
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3.16 EFFECT OF GROUND ON CAPACITANCE OF THREE-PHASE LINES

Consider three-phase line conductors and their images below the surface of the ground, as shown 
in Figure 3.47. Assume that the line is transposed and that conductors a, b, and c have the charges 
qa, qb, and qc, respectively, and their images have the charges −qa, −qb, and –qc. The line-to-neutral 
capacitance can be expressed as [4,6]

 C
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r
l l l

h h
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/
F/m  (3.298)

If the effect of the ground is not taken into account, the line-to-neutral capacitance is

 C
D

r

n =
× ×








−2 8 8538 10 12π .

ln eq

F/m  (3.299)

As one can see, the effect of the ground increases the line capacitance. However, since the con-
ductor heights are much larger than the distances between them, the effect of the ground is usually 
ignored for three-phase lines.
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3.17 ENVIRONMENTAL EFFECTS OF OVERHEAD TRANSMISSION LINES

Recently, the importance of minimizing the environmental effects of overhead transmission lines 
has increased substantially because of the increasing use of greater extra-high- and ultrahigh-voltage 
levels. The magnitude and effect of radio noise, television interference, audible noise, electric field, 
and magnetic fields must not only be predicted and analyzed in the line design stage but also mea-
sured directly. Measurements of corona-related phenomena must include radio and television station 
signal strengths, and radio, television, and audible-noise levels.

To determine the effects of transmission line of these quantities, measurements should be taken 
at three different times: (1) before the construction of the line; (2) after construction, but before 
energization; and (3) after energization of the line. Noise measurements should be made at several 
locations along a transmission line. Also, at each location, measurements may be made at several 
points that might be of particular interest. Such points may include the point of maximum noise, the 
edge of the right of way, and the point 50 ft from the outermost conductor.

Overhead transmission lines and stations also produce electric and magnetic fields, which have 
to be taken into account in the design process. The study of field effects (e.g., induced voltages and 
currents in conducting bodies) is becoming especially crucial as the operating voltage levels of 
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FIGURE 3.47 Three-phase line conductors and their images.
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transmission lines have been increasing due to the economics and operational benefits involved. 
Today, for example, such study at ultrahigh-voltage level involves the following:

 1. Calculation and measurement techniques for electric and magnetic fields
 2. Calculation and measurement of induced currents and voltages on objects of various shapes 

for all line voltages and design configurations
 3. Calculation and measurement of currents and voltages induced in people as result of vari-

ous induction mechanisms
 4. Investigation of sensitivity of people to various field effects
 5. Study of conditions resulting in fuel ignition, corona from grounded objects, and other pos-

sible field effects [14]

Measurements of the transmission line electric field must be made laterally at midspan and must 
extend at least to the edges of the right of way to determine the profile of the field. Further, related 
electric field effects such as currents and voltages induced in vehicles and fences should also be 
considered. Magnetic field effects are of much less concern than electric field effects for extra-high- 
and ultrahigh-voltage transmission because magnetic field levels for normal values of load current 
are low. The quantity and character of currents induced in the human body by magnetic effects 
have considerably less impact than those arising from electric induction. For example, the induced 
current densities in the human body are less than one-tenth those caused by electric field induc-
tion. Furthermore, most environmental measurements are highly affected by prevailing weather 
conditions and transmission line geometry. The weather conditions include temperature, humidity, 
barometric pressure, precipitation levels, and wind velocity.
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PROBLEMS

 1. Redraw the phasor diagram shown in Figure 3.14 by using I as the reference vector and 
derive formulas to calculate the

 (a) Sending-end phase voltage, Vs

 (b) Sending-end power-factor angle, Φs

 2. A three-phase, 60-Hz, a 20-mi-long short transmission line provides 12 MW at a lagging 
power factor of 0.85 at a line-to-line voltage of 34.5 kV. The line conductors are made of 
26-strand 397.5-kcmil ACSR conductors that operate at 50°C and are equilaterally spaced 
6 ft apart. Calculate the following:

 (a) Source voltage
 (b) Sending-end power factor
 (c) Transmission efficiency
 (d) Regulation of line
 3. Repeat Problem 2 assuming the receiving-end power factor of 0.8 lagging.
 4. Repeat Problem 2 assuming the receiving-end power factor of 0.8 leading.
 5. A single-phase load is supplied by a 24-kVfeeder whose impedance is 60 + j310 Ω and a 

24/2.4-kV transformer whose equivalent impedance is 0.25 + j1.00 Ω referred to its low-
voltage side. The load is 210 kW at a leading power factor of 0.9 and 2.3 kV. Calculate the 
following:

 (a) Sending-end voltage of feeder
 (b) Primary-terminal voltage of transformer
 (c) Real and reactive-power input at sending end of feeder
 6. A short three-phase line has the series reactance of 151 Ω per phase. Neglect its series 

resistance. The load at the receiving end of the transmission line is 15 MW per phase and 
12 Mvar lagging per phase. Assume that the receiving-end voltage is given as 115 + j0 kV 
per phase and calculate

 (a) Sending-end voltage
 (b) Sending-end current



155Steady-State Performance of Transmission Lines

 7. A short 40-mi-long three-phase transmission line has a series line impedance of 0.6+/0.95 
Ω/mi per phase. The receiving-end line-to-line voltage is 69 kV. It has a full-load receiving- 
end current of 300∠−30° A. Do the following:

 (a) Calculate the percentage of voltage regulation.
 (b) Calculate the ABCD constants of the line.
 (c) Draw the phasor diagram of VS, VR, and I.
 8. Repeat Problem 7 assuming the receiving-end current of 300∠−45° A.
 9. A three-phase, 60-Hz, 12-MW load at a lagging power factor of 0.85 is supplied by a three-

phase, 138-kV transmission line of 40 mi. Each line conductor has a resistance of 41 Ω/mi 
and an inductance of 14 mH/mi. Calculate

 (a) Sending-end line-to-line voltage
 (b) Loss of power in transmission line
 (c) Amount of reduction in line power loss if load-power factor were improved to unity
 10. A three-phase, 60-Hz transmission line has sending-end voltage of 39 kV and receiving-

end voltage of 34.5 kV. If the line impedance per phase is 18 + j57 Ω, compute the maxi-
mum power receivable at the receiving end of the line.

 11. A three-phase, 60-Hz, 45-mi-long short line provides 20 MVA at a lagging power factor 
of 0.85 at a line-to-line voltage of 161 kV. The line conductors are made of 19-strand 4/0 
copper conductors that operate at 50°C. The conductors are equilaterally spaced with 4 ft 
spacing between them.

 (a) Determine the percentage of voltage regulation of the line.
 (b) Determine the sending-end power factor.
 (c) Determine the transmission line efficiency if the line is single phase, assuming the use 

of the same conductors.
 (d) Repeat part (c) if the line is three phase.
 12. A three-phase, 60-Hz, 15-MW load at a lagging power factor of 0.9 is supplied by two par-

allel connected transmission lines. The sending-end voltage is 71 kV, and the receiving-end 
voltage on a full load is 69 kV. Assume that the total transmission line efficiency is 98%. If 
the line length is 10 mi and the impedance of one of the lines is 0.7 + j1.2 Ω/mi, compute 
the total impedance per phase of the second line.

 13. Verify that (cosh γl − 1)/sinh γl = tanh(1/2) γl.
 14. Derive Equations 3.78 and 3.79 from Equations 3.76 and 3.77.
 15. Find the general circuit parameters for the network shown in Figure P3.1.
 16. Find a T equivalent of the circuit shown in Figure P3.1.
 17. Assume that the line is a 200-mi-long transmission line and repeat Example 3.6. Use the 

Y and Z given in Example 3.6 as if they are for the whole 200-mi-long line given in this 
problem. Use the long-line model.

 18. Assume that the line in Example 3.8 is 75 mi long and the load is 100 MVA, and repeat the 
example. (Use T-model for the medium line.)

0 + j4 Ω 6 + j0 Ω

0.
04

 +
 j0

 S

0 
+ 

j0
.0

2 
S

0 + j5 Ω

Z1 Z2

Y1 Y2

Z3

FIGURE P3.1 Network for Problem 15.
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 19. Develop the equivalent transfer matrix for the network shown in Figure P3.2 by using 
matrix manipulation.

 20. Develop the equivalent transfer matrix for the network shown in Figure P3.3 by using 
matrix manipulation.

 21. Verify Equations 3.202 through 3.205 without using matrix methods.
 22. Verify Equations 3.209 through 3.212 without using matrix methods.
 23. Assume that the line given in Example 3.6 is a 200-mi-long transmission line. Use the 

other data given in Example 3.6 accordingly and repeat Example 3.10.
 24. Use the data from Problem 23 and repeat Example 3.11.
 25. Assume that the shunt compensation of Example 3.16 is to be retained and now 60% series 

compensation is to be used, that is, the Xc is equal to 60% of the total series inductive reac-
tance per phase of the transmission line. Determine the following:

 (a) Total three-phase SIL of line in megavolt-amperes
 (b) Maximum three-phase theoretical steady-state power flow limit in megawatts
 26. Assume that the line given in Problem 25 is designed to carry a contingency peak load of 2 

× SIL and that each phase of the series capacitor bank is to be of series and parallel groups 
of two-bushing, 12-kV, 150-kvar shunt power factor correction capacitors.

 (a) Specify the necessary series-parallel arrangements of capacitors for each phase.
 (b) Such capacitors may cost about $1.50/kvar. Estimate the cost of the capacitors in the 

entire three-phase series capacitor bank. (Take note that the structure and the switch-
ing and protective equipment associated with the capacitor bank will add a great deal 
more cost.)

 27. Use Table 3.4 for a 345-kV, pipe-type, three-phase, 1000-kcmil cable. Assume that the 
percent power factor cable is 0.5 and maximum electric stress is 300 V/mil and that

 Vs = ∠ °345 000
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  Use IT = 585A for the cable and calculate the following:
 (a) Susceptance b of cable
 (b) Critical length of cable and compare to value given in Table 4.3
 28. Consider the cable given in Problem 27 and use Table 3.4 for the relevant data; determine 

the value of

 I
V
Zlo

S

c

l= tanh γ 0

 

 accurately and compare it with the given value of cable ampacity in Table 3.3. (Hint: Use 
the exponential form of the tanh γl0 function.)

 29. Consider Equation 3.52 and verify that the maximum power obtainable (i.e., the steady-
state power limit) at the receiving end can be expressed as

 P
X

R
S R

,max sin=
V V

γ
 

 30. Repeat Problem 8 assuming that the given power is the sending-end power instead of the 
receiving-end power.

 31. Assume that a three-phase transmission line is constructed of 700 kcmil, 37-strand copper 
conductors, and the line length is 100 mi. The conductors are spaced horizontally with 
Dab = 10 Ω, Dbc = 8 Ω, and Dca = 18 Ω. Use 60 Hz and 25°C, and determine the following 
line constants from tables in terms of

 (a) Inductive reactance in ohms per mile
 (b) Capacitive reactance in ohms per mile
 (c) Total line resistance in ohms
 (d) Total inductive reactance in ohms
 (e) Total capacitive reactance in ohms
 32. A 60-Hz, single-circuit, three-phase transmission line is 150 mi long. The line is con-

nected to a load of 50 MVA at a logging power factor of 0.85 at 138 kV. The line impedance 
and admittance are z = 0.7688∠ 77.4° Ω/mi and y = 4.5239 × 10−6 ∠ 90° S/mi, respectively. 
Use the long-line model and determine the following:

 (a) Propagation constant of the line
 (b) Attenuation constant and phase-change constant, per mile, of the line
 (c) Characteristic impedance of the line
 (d) SIL of the line
 (e) Receiving-end current
 (f) Incident voltage at the sending end
 (g) Reflected voltage at the sending end
 33. Consider a three-phase transmission and assume that the following values are given:

 VR(L−N) = 79, 674.34∠0° V, IR = 209.18∠	− 31.8° A, Zc = 469.62∠5.37° Ω and γl = 0.0301 + j0.3202

  Determine the following:
 (a) Incident and reflected voltages at the receiving end of the line
 (b) Incident and reflected voltages at the sending end of the line
 (c) Line voltage at the sending end of the line
 34. Repeat Example 3.17 but assume that the conductor used is 1431-kcmil ACSR and that the 

distance between two subconductors is 18 in. Also, assume that the distances D12, D23, and 
D31 are 25, 25, and 50 ft, respectively.
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4 Disturbance of Normal 
Operating Conditions 
and Other Problems

4.1  INTRODUCTION

The normal operation of a power system may be disturbed or disrupted owing to a system fault when 
abnormally high currents flow through an abnormal path as a result of the partial or complete failure 
of the insulation at one or more points of the system. The complete failure of insulation is called a 
“short circuit” or “fault.”

A short circuit occurs on a power system when one or more energized conductors contact other 
conductors or ground. In the event of insulation failure, it may not be essential for the conductors 
to be in actual contact. The short circuit can exist by current flowing through an ionized path that 
may be through air or some other substance that is normally an insulator. At the fault, the voltage 
between the two parts is reduced to zero in the event of metal-to-metal contacts or to a very low 
value if the short-circuit path is through an arc. As the result of a fault, currents of abnormally high 
magnitude flow through the system to the fault point.

The abnormally high current may flow owing to abnormally high voltages (overvoltages) on the 
system as a result of lightning or switching surges that can puncture through or cause flashover 
across the surface of insulation. The resulting damage to the insulation or ionization of the sur-
rounding insulation establishes a follow-through power arc. Insulator contamination by moisture 
with dirt or salt may also cause flashover even during normal voltage conditions.

The switching surges are due to rapid changes in the flow of current that can occur when ener-
gizing or deenergizing lines and equipment. Such operations can produce traveling waves that may 
flash lines or equipment and weak points of insulation. Figures 4.1 and 4.2 show strings of suspen-
sion insulators undergoing a lightning impulse flashover test.

Line and apparatus insulation may be subjected to transient overvoltages whenever current is 
started or stopped. These surges are a component of the “recovery” voltages. The most severe 
switching surges occur when current that lags or leads the applied voltage by 90° (e.g., fault current 
or line-charging current) is interrupted.

During unloaded line dropping on a grounded system, the line voltage may go to crest line-to-
neutral voltage on the first interruption, three times this value on the first restrike, five times this 
value on the second strike, etc., as the arc restrikes on the succeeding half-cycles. The magnitude 
of these switching surges is appreciably greater for systems that are not solidly grounded. Thus, 
system insulation may be subjected to serious overvoltages with breaker recovery voltages that are 
still higher when the line-charging current is interrupted.

Since they are mostly constructed of bare conductors, the overhead transmission lines are one of 
the most vulnerable points in power systems. A considerable amount of faults occur in these over-
head transmission lines. Other causes of faults may include wind, sleet, conductor clashing due to 
conductor galloping, small animals (such as birds, snakes, and squirrels), trees, cranes, airplanes, 
vandalism, vehicles colliding with poles or towers, line breaks due to excessive ice loading, or other 
damages to supporting structures.
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A fault is not to be considered with an overload. An “overload” simply means that the system car-
ries loads that exceed the normal load for which the system is designed. The voltage at the overload 
point may drop to a low value but not to zero, as would be the case in the event of the fault. The 
resulting “undervoltages” condition may reach to the point in the system far from the fault point [1].

It is possible to classify faults as “permanent” and “temporary” faults. Permanent faults damage 
the equipment. The destruction to the equipment is usually violent owing to sufficient energy flows 
into the short circuit in a short time to cause an explosion. Such a persistent fault can damage con-
ductors by burning or melting them.

Most of the faults on overhead transmission lines are luckily temporary or transient in nature. 
Thus, the service can be restored by isolating and then reclosing the faulty line section very rapidly, 
allowing only enough time for the air to be deionized after the fault arc has been extinguished so as 
to prevent restriking. This procedure is called high-speed reclosing.

FIGURE 4.1 String of suspension insulators undergoing lightning impulse flashover test. (Courtesy of Ohio 
Brass Company.)

FIGURE 4.2 String of suspension insulators undergoing lightning impulse flashover test. (Courtesy of Ohio 
Brass Company.)
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Substation buses are designed to withstand the maximum expected faults due to extraordinarily 
large mechanical forces produced by heavy short-circuit currents. Transformer failures can be due 
to the insulation deterioration caused by aging or overvoltages as a result of lightning or switching 
transients. The faults may be external to the transformer, but they can still cause large mechanical 
forces internal to the transformer. These forces can cause windings or other parts to move and dam-
age insulation or actually cause structural failures.

The types of failures involving the generator include (1) failures that occur in the exciter circuit 
or control equipment (about 50% of the generator faults); (2) failures that occur in the auxiliary 
apparatus such as cooling equipment (about 40%); and (3) failures including (a) stator faults due 
to the breakdown of conductor insulation caused by overvoltage or by overheating as a result of 
unbalanced currents, (b) rotor faults due to the damaged rotor windings caused by ground faults, 
(c) overspeed due to sudden loss of load, (d) loss of synchronism caused by an interphase fault or 
wrong switching, or loss of field, (e) loss of field caused by a pilot-exciter failure or a main-exciter 
failure, or a field breaker failure, and (f) bearing failure due to the failure of cooling or oil supply.

Two parallel current-carrying line conductors are subject to a force of attraction or repulsion, 
depending on the current direction. The magnitude of the force affecting each conductor can be 
expressed as

 F
I
d

∝
2

 (4.1)

where
 I = current in each conductor
 d = distance between conductors

In the event that the current flow in each conductor is in the same direction, the force will cause 
attraction. Otherwise, it will cause repulsion. A recent Electric Power Research Institute (EPRI) 
study [2] shows that for short-circuit currents, these forces may be enough to cause significant 
conductor movement, particularly where conductors are closely spaced, for example, in extra-high-
voltage conductor bundles or in adjacent phases of a compact line. Of course, the actual movement 
of a conductor, considering inertia, is a function of both the magnitude of the current and the time 
it is applied and is therefore dependent on circuit breaker interrupting time.

Other problems during the normal operating conditions include corona, corona losses, and radio 
noise or radio interference (RI) problems.

4.2  FAULT ANALYSIS AND FAULT TYPES

The purpose of the fault analysis (also called short-circuit study or analysis) is to calculate the 
maximum and minimum fault currents and voltages at different locations of the power system for 
various types of faults so that the appropriate protective schemes, relays, and circuit breakers can be 
selected in order to rescue the system from the abnormal condition within minimum time.

In practice, to perform the fault analysis, the following simplifying assumptions are usually 
made:

 1. The normal loads, line-charging (i.e., shunt) capacitances, shunt elements in transformer 
equivalent circuits for representing magnetizing reactances or core loss, and other shunt 
connections to the ground are neglected.

 2. All generated (i.e., internal) system voltages are equal (in magnitude) and are in phase.
 3. Normally, the series resistances of lines and transformers are neglected if considered small 

in comparison with their reactances.
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 4. All the transformers are considered to be at their nominal taps.
 5. The generator is represented by a constant-voltage source behind (i.e., in series with) a 

proper reactance that may be subtransient ( )′′Xd , transient ( )′Xd , or synchronous, at steady 
state (Xd) reactance. Usually, the subtransient reactance ( )′′Xd  is selected for the positive-
sequence reactance. Therefore, such a representation is sufficient to calculate the magni-
tudes of the fault currents in the first three to four cycles after the fault takes place.

The first assumption is based on the fact that the fault circuit has predominantly lower impedance 
than the shunt impedances. Therefore, the saving in computational effort due to this assumption 
usually justifies the slight loss in accuracy.

The second assumption results from the first assumption. With the first assumption, the power 
system network becomes open-circuited, and therefore the normal load currents (i.e., prefault cur-
rents) are consequently neglected, and thus all the prefault bus voltages will have the same magni-
tude and phase angle.

Thus, in per-unit analysis, the prefault bus voltages are set equal to 1.0∠0° pu. In the rare event 
that taking into account for load current is desirable, this can be done by applying the superposition 
theorem. The third assumption is usually done for hand calculations and educational purposes. With 
this assumption, the power system network will contain only reactances, and therefore the system 
can be represented by its most simplified reactance diagram. However, this assumption is not neces-
sary if the computation will be done using a digital computer.

The fourth assumption neglects the transformer tapings so that the fault analysis can be carried 
out in a per-unit system. Thus, with this representation, transformers will be out of circuit. As men-
tioned before, the subtransient reactance, ′′Xd, is usually selected as the positive-sequence reactance. 
The value of the negative-sequence reactance is slightly different than the positive-sequence reac-
tance for the salient-type machines.

In the event that the generator is a nonsalient type (i.e., a cylindrical rotor machine) and if the 
subtransient reactance ( )′′Xd  is selected for the positive-sequence reactance, the negative-sequence 
reactance becomes identical to the positive-sequence reactance, as shown in Table 4.1. In practice, 
to calculate the maximum fault currents, it is common to make an assumption that the fault is 
“bolted,” that is, one having no fault impedance (Zf = 0) resulting from fault arc. (This assumption 
not only simplifies the fault calculations but also provides a safety factor since the calculated values  
become larger than the ones calculated using a fault impedance value.)

In the event that the fault has a short-circuit path that is not a metallic path but an arc or a path 
through the ground, nonlinear impedances are included that tend to inject harmonics into the cur-
rent and/or voltage. Fault resistance has two components: the resistance of the arc [3] and the resis-
tance of the ground [4]. If the fault is between phases such as line to line, the fault includes only 
the arc. Thus, the fault resistance includes only the arc resistance. Fault arc resistance is given by 
Warrington [5] as

 R
I

arc =
×8750

1 4

�
.

Ω  (4.2)

where
 ℓ = length of arc in still air in feet
 I = fault current in amperes

If time is involved, the arc resistance is calculated from

 R
d vt

I
arc =

×8750 3
1 4

( )
.

Ω  (4.3)
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where
 d = conductor spacing in feet (from Figure 4.3)
 v = wind velocity in miles per hour
 t = duration in seconds

The relation between the fault current and the arc voltage is given as

 R
d vt

I
arc =

×8750 3
0 4

( )
.

Ω  (4.4)

If a high-resistance line-to-ground fault occurs, the important impedances in the fault circuit 
are the contact to ground and the path through it. Warrington [5] has shown that the resistance of 
the ground fault is somewhat nonlinear partly because there are small arcs between conducting 
particles and partly due to the compounds of silicon, carbon, etc., which have nonlinear resistance 
(see Figure 4.3). It is interesting to note that, in practice, such fault resistance is erroneously called 
the fault impedance, and it is assumed to include a fictitious reactive component.

In general, the fault types that may occur in a three-phase power system can be categorized as 
follows.
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FIGURE 4.3 Minimum arcing distances on overhead lines (based on average tower dimensions in the 
United Kingdom and the United States). (From Warrington, A. R. van C., Protective Relays: Their Theory 
and Practice, vol. 2. Chapman & Hall, London, 1969.)
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 A. Shunt faults:
 1. Balanced (also called symmetrical) three-phase faults
 a. Three-phase direct (L–L–L) faults
 b. Three-phase faults through a fault impedance to ground (L–L–L–G)
 2. Unbalanced (also called unsymmetrical) faults
 a. Single line-to-ground (SLG) faults
 b. Line-to-line (L–L) faults
 c. Double line-to-ground (DLG) faults
 B. Series faults:
 1. One line open (OLO)
 2. Two lines open (TLO)
 3. Unbalanced series impedance condition
 C. Simultaneous faults:
 1. A shunt fault at one fault point and a shunt fault at the other
 2. A shunt fault at one fault point and a series fault at the other
 3. A series fault at one fault point and a series fault at the other
 4. A series fault at one fault point and a shunt fault at the other

Shunt faults are more severe than series faults. Balanced faults are simpler to calculate than 
unbalanced faults. Simultaneous faults, involving two or more faults that occur simultaneously, are 
usually considered to be the most difficult fault analysis problem. In this chapter, only balanced 
faults and series faults are reviewed; unbalanced faults will be reviewed in Chapter 6. The prob-
ability of having a simultaneous fault is much less than the shunt fault. Therefore, the discussion of 
the simultaneous faults is kept beyond the scope of this book. However, for those readers interested 
in the subject matter, the book by Anderson [6] is highly recommended.

4.3  BALANCED THREE-PHASE FAULTS AT NO LOAD

Consider the per-phase representation of a synchronous generator, as shown in Figure 4.4. Assume 
that there is a balanced three-phase fault between the points F and N. If the generator voltage is 
e(t) = Vmsin(ωt + α) and the fault occurs at t = 0, it can be shown that there will be a transient current 
i(t) that can be expressed as

 i t
V
Z

t em L

Rt

( ) ( )= + − − −












−
sin sin( )ω α θ α θ  (4.5)

(a) (b)

+

–
e(t)

e(t)
R L F

N

t
α

FIGURE 4.4 Synchronous generator with balanced fault: (a) per-phase representation of generator; (b) volt-
age waveform.
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where

 
Z R L

L
R

= + =






−( ) tan2 2 2 1 2 1ω θ ω/

 
It can be seen in Equation 4.5 that the first term is a sinusoidal term and its value changes with 

time and that the second term is a nonperiodic term and its value decreases exponentially with time. 
The second term is a unidirectional offset and is also called the direct current (dc) component of 
the fault current. It will in general exist, and its initial magnitude (i.e., at t = 0) can be as large as the 
magnitude of the steady-state current term, as shown in Figure 4.5a. If the fault occurs at t = 0 when 
the angle α – θ = –90°, the value of the transient current becomes twice the steady-state maximum 
value and can be expressed as

 i t
V

t em
Rt

L( ) cos= − +










−

2
ω  (4.6)

and is shown in Figure 4.5a. The associated value of α is obtained from

 tanα
ω

= − R
L

 (4.7)

On the other hand, if α = 0, at t = 0, the dc offset does not exist, as shown in Figure 4.5b, and the 
value of the transient current can be expressed as

 i t
V
Z

tm( ) sin= ω  (4.8)

Obviously, if a α − θ = π at t = 0, the dc offset current again cannot exist. Thus, the value of the 
transient current depends on the angle α of the voltage wave. However, the time of the fault cannot 
be predicted in practice, and therefore the value of cannot be known ahead of time. However, the dc 
component diminishes very fast, usually in 8−10 cycles.

Furthermore, since the voltages generated in the phases of a three-phase synchronous generator 
are 120° apart from each other, each phase will have, in general, a different offset. 

Note that, in the aforementioned discussions, the value of L for the generator is assumed to be 
constant. In reality, however, the reactance of a synchronous machine varies with time immediately 

(a) (b)

i

Imax

Imax = 2(Idc, max) Idc

0

i

0
t t

FIGURE 4.5 Balanced fault current wave shapes: (a) a – θ = −90°; (b) α = θ.
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after the occurrence of the fault. Thus, it is customary to represent a synchronous generator by a 
constant driving voltage in series with impedance that varies with time.

This varying impedance consists primarily of reactance since X ≫ Ra, that is, X is much larger 
than the armature resistance. Hence, the value of impedance is approximately equal to its reactance. 
For the purpose of fault current calculations, the variable reactances of a synchronous machine can 
be represented, as shown in Figure 4.6b, by the following three reactance values:

′′Xd  = subtransient reactance: determines the fault current during the first cycle after the fault 
occurs. In about 0.05−0.1 s, this reactance increases to

i(t)

i(t)

(a)

(b)

Subtransient Transient Steady state

0

0

I max˝

I max˝

I max´

I       (t)max
I max´

Imax

Imax

X(t)

x(t)

Xd
xd

t1 tt2

t1 tt2

xd'
xd

xd̋
xd̋

´

FIGURE 4.6 Balanced fault current and reactance for one phase of synchronous machine: (a) balanced 
instantaneous fault current without dc offset; (b) reactance X(t) vs. time with stepped approximation.
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′Xd  = transient reactance: determines the fault current after several cycles at 60 Hz. In about 
0.2−2 s, it reactance increases to

Xd = Xs = synchronous reactance: determines the fault current after a steady-state condition 
is reached

This representation of the machine reactance by three different reactances is due to the fact that 
the flux across the air gap of the machine is much greater at the instant the fault occurs than it is a 
few cycles later. Thus, when a fault occurs at the terminals of a synchronous machine, time is nec-
essary for the decrease in flux across the air gap. As the flux lessens, the armature current lessens 
since the voltage produced by the air gap flux regulates the current.

Thus, the subtransient reactance ′′Xd  includes the leakage reactance of the stator and rotor wind-
ings of the generator, the influences of damper windings and of the solid parts of the rotor body 
being included in the rotor leakage. The subtransient reactance is also called the initial reactance. 
The transient reactance ′′Xd  includes the leakage reactance of the stator and excitation windings of 
the generator. It is usually larger than the subtransient reactance.

If, however, the rotor has laminated poles and yokes and no damper windings, the transient 
reactance is the same as the subtransient reactance. If, however, the rotor has laminated poles and 
yokes and no damper windings,* the transient reactance is the same as the subtransient reactance.

The synchronous reactance Xd is the total reactance of the armature winding, which includes 
the stator leakage reactance and the armature reaction reactance of the generator. It is much larger 
than the transient reactance ′′Xd . Note that, all three reactances are considered to be the positive-
sequence reactance of the synchronous machine.

In a salient-pole machine, the index d means that the reactances refer to a position of the rotor 
such that the axis of the rotor winding coincides with the axis of the stator winding so that the flux 
flows directly into the pole face. Therefore, it is called the direct axis, and thus the three reactances 
are also known as the direct-axis reactances.

In addition to these reactances, the generator also has reactances in the corresponding quadra-
ture axis, that is, ′′ ′X Xq q,  and Xq, due to the flux path between poles, that is, midway between the field 
poles. The quadrature axis is 90 electrical degrees apart from the adjacent direct axes. However, the 
quadrature axis reactances are not relevant to the fault calculations.

Note that in a nonsalient-pole machine (i.e., cylindrical-rotor machine), values of Xd and Xq are 
basically equal. Therefore, there is no need to differentiate Xd from Xq but only call the synchronous 
reactance Xs. For the sake of simplification, in this book, all synchronous machines are assumed to 
have cylindrical rotors.

If the generator is operating at no load before the occurrence of a three-phase fault at its termi-
nals, then the continuously varying symmetrical maximum current, Imax(t), and reactance can be 
approximated with the discrete current levels, as shown in Figure 4.6, so that

 ′′ =
′′

X
E
Id

max

max

 (4.9)

 ′ =
′

X
E
Id

max

max

 (4.10)

 X
E
Id = max

max

 (4.11)

* They are located in the pole faces of a generator and are used to reduce the effects of hunting.
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where Emax is the no-load line-to-neutral maximum voltage of the generator. Alternatively, using the 
root mean square (rms) values,

 ′′ =
′′

I
E

X
g

d

 (4.12)

 ′ =
′

I
E

X
g

d

 (4.13)

 I
E

X
g

d

=  (4.14)

where
 Eg = no-load line-to-neutral rms voltage
 Iʺ = subtransient current,* rms value without dc offset
 Iʹ = transient current, rms value without dc offset
 I = steady-state current, rms value

Note that, the importance of the reactances given by Equations 4.9 through 4.11 depends on what 
percentage they represent of the short-circuit impedance. For example, if the fault occurs right at the 
terminals of the generator, they are very important; however, if the fault is remote from the genera-
tor, their importance is smaller.

The fault current will be lagging in power in a system where X ≫ R. Table 4.1 gives the typical 
values of the reactances for synchronous machines.

It is interesting to observe in Figure 4.6a that the total alternating component of armature current 
consists of the steady-state value and the two components that decay with time constants ′Td  and ′′Td. 
It can be expressed as

 I I I
t

T
I I

t
Td

ac exp exp= ′′ − ′ −
′′






+ ′ − −

′






( ) ( ) ++ I  (4.15)

where all quantities are in rms values and are equal but displaced 120 electrical degrees in the three 
phases.

4.4  FAULT INTERRUPTION

As most fault-protective devices, such as circuit breakers and fuses, operate well before steady-state 
conditions are reached, generator synchronous reactance is almost never used in calculating fault 
currents for application of these devices. As discussed before, to determine the initial symmetrical 
rms current, the subtransient reactances of the synchronous generators and motors are used.

However, the interrupting capacity of circuit breakers is determined using the subtransient reactance 
for generators and transient reactance for the synchronous motors. The effects of induction motors are 
ignored. It is appropriate to use subtransient reactance for synchronous motors if fast-acting circuit 
breakers are used. For example, modern air blast circuit breakers usually operate in 2.5 cycles of 60 Hz. 
Older circuit breakers and those used on lower voltages may take eight cycles or more to operate. Note 
that, thus far, the dc offset (or unidirectional current component) has been excluded in the above dis-
cussions. With fast-acting circuit breakers, the actual current to be interrupted is increased by the dc 

* It is also called the initial symmetrical rms current.
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component of the fault current, and the initial symmetrical rms current value is increased by a specific 
factor depending on the speed of the circuit breaker.* For example, if the circuit breaker opening time 
is eight, three, or two cycles, then the corresponding multiplying factor is 1.0, 1.2, or 1.4, respectively. 
Therefore, the interrupting capacity (or rating) of a circuit breaker is expressed as

 S V Iinterrupting prefauIt
6 MVA= ′′ × −3 10( )( )ζ  (4.16)

where
 Vprefault = prefault voltage at point of fault in volts
 Iʺ = initial symmetrical rms current in amperes
 ζ = multiplying factor

Note that, Equation 4.16 includes only the ac component. The multiplying factors and the reac-
tance types are given in Table 4.1 [7]. As discussed before, the asymmetrical current wave decays 
gradually to a symmetrical current, the rate of decay of the dc component being determined by the 
L/R of the system supplying the current. The time constant for dc component decay can be found 
from

 Tdc = circuit L/R s (4.17a)

or

 T
L R

dc
circuit /

cycles=
2π

   (4.17b)

The momentary duty (or rating) of a circuit breaker is expressed as

 S V Imomentary prefault
63 1 6 1 MVA= ′′ × −( )( )( . ) 0  (4.18)

This equation includes the dc component. Thus, the rms momentary current can be expressed as

 Imomentary = 1.6 × Iʺ A (4.19)

Here, the Imomentary current is the total rms current that includes ac and dc components, and it is 
used for oil circuit breakers of 115 kV and above. The circuit breaker must be able to withstand this 
rms current during the first half-cycle after the fault occurs. Note that, if the Iʺ is measured in peak 
amperes, then the peak momentary current is expressed as

 Imomentary = 2.7 × Iʺ A (4.20)

In the United States, the ratings of circuit breakers are given in the American National Standards 
Institute (ANSI) standards [8] based on symmetrical current,† in terms of nominal voltage, rated 
maximum voltage, rated voltage range factor K, rated continuous current, and rated short-circuit 
current. The required symmetrical current-interrupting capability is defined as

 Required symmetrical
current-interrupting capabilitty

Rated short-
circuit current

Rated maxim









= uum voltage

Operating voltage




  

* Note that, the fault megavolt-ampere is often referred to as the fault level.
† The ratings of the circuit breakers can also be based on total current, which includes the dc component.
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The standard dictates that for operating voltages below 1/K times the rated maximum voltage, 
the required symmetrical current-interrupting capability of the circuit breaker is equal to K times 
the rated short-circuit current. Table 4.2 gives outdoor circuit breaker ratings based on symmetrical 
current. Note that, the rated voltage factor K is defined as the ratio of the rated maximum voltage 
to the lower limit of the range of operating voltage in which the required symmetrical and asym-
metrical interrupting capabilities vary in inverse proportion to the operating voltage [9]. Therefore, 

TABLE 4.1
Reactance Quantities and Multiplying Factors for Application of Circuit Breakers

Reactance Quantity for Use in X1

Multiplying 
Factor

Synchronous 
Generators and 

Condensers
Synchronous 

Motors
Induction 
Machines

A. Circuit Breaker Interrupting Duty
 1. General case:

Eight-cycle or slower circuit breakersa 1.0 Subtransientb Transient Neglect

Five-cycle circuit breakers 1.1

Three-cycle circuit breakers 1.2

Two-cycle circuit breakers 1.4

 2. Special case for circuit breakers at 
generator voltage only. For short-circuit 
calculations of more than 500,000 kVA 
(before the application of any 
multiplying factor) fed predominantly 
direct from generators, or through 
current-limiting reactors only:

Subtransientb Transient Neglect

Eight-cycle or slower circuit breakersa 1.1

Five-cycle circuit breakers 1.2

Three-cycle circuit breakers 1.3

Two-cycle circuit breakers 1.5

 3. Air circuit breakers rated 600 V and less 1.25 Subtransient Subtransient Subtransient

B. Mechanical Stress and Momentary Duty of Circuits Breakers
 1. General case 1.6 Subtransient Subtransient Subtransient

 2. At 500 V and below, unless current is 
fed predominantly by directly 
connected synchronous machines or 
through reactors

1.5 Subtransient Subtransient Subtransient

Source: Westinghouse Electric Corporation, Electrical Transmission and Distribution Reference Book. WEC, Pittsburgh, 
1964.

a As old circuit breakers are slower that modern ones, it might be expected that a low multiplier could be used with old 
circuit breakers. However, modern circuit breakers are likely to be more effective than their slower predecessors, and 
therefore, the application procedure with the older circuit breakers should be more conservative than with modern circuit 
breakers. Also, there is no assurance that a short circuit will not change its character and initiate a higher current flow 
through a circuit breaker while it is opening. Consequently, the factors to be used with older and slower circuit breakers 
well may be the same as for modern eight-cycle circuit breakers.

b This is based on the condition that any hydroelectric generators involved have amortisseur (damper) windings. For hydro-
electric generators without amortisseur windings, a value of 75% of the transient reactance should be used for this calcula-
tion rather than the subtransient value.
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general expressions (which take into account the rated voltage range factor K) for the rms and peak 
momentary currents, respectively, are

 Imomentary = 1.6 × K × Iʺ A (4.21)

and

 Imomentary = 2.7 × K × Iʺ A (4.22)

Notice that, in Table 4.2, the factor K is 1 for the nominal voltages of 115 kV and above. Therefore, 
Equations 4.21 and 4.22 become the same as Equations 4.19 and 4.20, respectively.

TABLE 4.2
Outdoor Circuit Breaker Ratings Based on Symmetrical Current

Nominal 
rms 
Voltage 
Class (kV)

Rated 
Maximum 

rms 
Voltage 

(kV)

Rated 
Voltage 
Range 
Factor, 

K

Rated 
Continuous 

rms 
Current 

(kA)

Rated 
Short-

Circuit rms 
Current (at 

Rated 
Maximum 
kV) (kA)

Rated 
Interrupting 

Time 
(Cycles)

Rated 
Maximum 

rms Voltage 
Divided by 

K (kV)

Maximum 
rms 

Symmetrical 
Interrupting 
Capabilitya 

(kA)

14.4 15.5 2.67 0.6 8.9 5 5.8 24

14.4 25.5 1.29 1.2 18 5 12 23

23 25.8 2.15 1.2 11 5 12 24

34.5 38 1.65 1.2 22 5 23 36

46 48.3 1.21 1.2 17 5 40 21

69 72.5 1.21 1.2 19 5 60 23

115 121 1 1.2 20 3 121 20

115 121 1 1.6 40 3 121 40

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
115 121 1 3 63 3 121 63

138 145 1 1.2 20 3 145 20

138 145 1 1.6 40 3 145 40

138 145 1 2 40 3 145 40

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
138 145 1 3 80 3 145 80

161 169 1 1.2 16 3 169 16

161 169 1 1.6 31.5 3 169 31.5

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
161 169 1 2 50 3 169 50

230 242 1 1.6 31.5 3 242 31.5

230 242 1 2 31.5 3 242 31.5

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
230 242 1 3 63 3 242 63

345 362 1 2 40 3 362 40

345 362 1 3 40 3 362 40

500 550 1 2 40 2 550 40

500 550 1 3 40 2 550 40

700 765 1 2 40 2 765 40

700 765 1 3 40 2 765 40

a Equal to K times the rated short-circuit rms current.
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EXAMPLE 4.1

A circuit breaker has a rated maximum rms voltage of 38 kV and is being operated at 34.5 kV. 
Determine the following:

 (a) The highest symmetrical current-interrupting capability
 (b) The operating voltage at the highest symmetrical current capability
 (c) The associated rms momentary current rating
 (d) The associated peak momentary current rating

Solution

 (a) From Table 4.2, the rated voltage range factor K is 1.65, the rated continuous rms current 
is 1200 A, and the rated short-circuit rms symmetrical current at the rated maximum rms 
voltage of 38 kV is 22,000 A. However, since the circuit breaker is used at 34.5 kV, its sym-
metrical current-interrupting capability is

 ( , )
.

,22 A
38kV

34 5kV
24 232A000






=  

  The highest symmetrical current-interrupting capability is

 (22,000 A) K = 22,000 × 1.65 ≅ 36,000 A 

 (b) Which is possible when the operating voltage is

 
38 38

1 65
23

kV
kV

K
= ≅

.  

 (c) Note that, at lower operating voltages, the highest symmetrical current-interrupting capabil-
ity of 36,000 A cannot be exceeded. Hence, the associated rms momentary current is

 

I K Imomentary

1 36 A

57 6 A rms

= × × ′′

=

=

1 6

6 000

00

.

. ( , )

,  

 (d) The associated peak momentary current rating is

 

I K Imomentary 27

27(36 A)

97 2 A peak

= × × ′′

=

=

.

. ,

,

000

00  

  A simplified procedure for determining the symmetrical fault current is known as the 
“E/X method” and is described in Section 5.3.1 of ANSI C37.010. This method [6,9] gives 
results approximating those obtained by more rigorous methods. In using this method, it is 
necessary first to make an E/X calculation. The method then corrects this calculation to take 
into account both the dc and ac decay of the current, depending on circuit parameters X/R. 
The approximation basically results owing to the use of curves.



173Disturbance of Normal Operating Conditions and Other Problems

EXAMPLE 4.2

Consider the system shown in Figure 4.7 and assume that the generator is unloaded and running 
at the rated voltage with the circuit breaker open at bus 3. Assume that the reactance values of 
the generator are given as ′′ = = =X X Xd 1 2 0 14. pu  and X0 = 0.08 pu based on its ratings. The trans-
former impedances are Z1 = Z2 = Z0 = j0.05 pu based on its ratings. The transmission line TL23 has 
Z1 = Z2 = j0.04 pu and Z0 = j0.10 pu. Assume that the fault point is located on bus 1, and determine 
the subtransient fault current for a three-phase fault in per units and amperes. Select 25 MVA as 
the megavolt-ampere base and 8.5 and 138 kV as the low-voltage and high-voltage bases.

Solution
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=
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The current base for the low-voltage side is
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Example 4.3

Use the results of Example 4.2 and determine the following:

 (a) The possible value of the maximum of the dc current component
 (b) Total maximum instantaneous current

G

1 2 3

TL23

138 kV
8.5 kV
25 MVA

8.5/138 kV
25 MVA

Load

FIGURE 4.7 Transmission system for Example 4.2.
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 (c) Momentary current
 (d) Interrupting capacity of the three-cycle circuit breaker if located at bus 1
 (e) Momentary interrupting capacity of the three-cycle circuit breaker if located at bus 1

Solution

 (a) Let

 Idc,max = peak-to-peak amplitude

 then

 

I I

I

fdc

rms

pu

pu

max

( )

( . )

.

= ′′( )
=

=

=

2

2

2 7 143
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 (b) From Figure 4.5a,
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= ′′( )
=
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2 2pu

dc max
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0  

 (c) Imomentary current represents the summation of Iac and Idc, where Idc is about 50% of Iac. 
Hence,

 

I Ifmomentary

16(7 143pu)

1143pu

= ×

=

=

1 6.

. .

.  

 (d)

 

S V If finterrupting = ′′ ×

=

−3 10
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6ζ

( )( , . )(11 2 10 6. )

.

×

=

−

214 3MVA  

 (e)

 

S V If fmomentary = ′′ ×

=
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6( . )

( )( , . )(( . )

.

1 6 10 6×
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−
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4.5  BALANCED THREE-PHASE FAULTS AT FULL LOAD

In the previous section, balanced three-phase faults have been discussed under the assumption that 
the generator supplies a no-load current. In this section, it will be assumed that before the fault, the 
generator supplies a load current that is significantly large and therefore cannot be neglected. The 
calculation of the balanced three-phase fault can be performed by using any of the following two 
methods:

Method 1: Using Machine Internal Voltage Behind Subtransient Reactance

Consider the one-line diagram shown in Figure 4.8a and assume that the three-phase synchronous 
generator feeds the three-phase synchronous motor. The load current flowing before the fault, at 
point F, is IL and the voltage at the fault point is VF. The line impedance between the generator and 
the motor is Z12. Therefore, the terminal voltage Vt of the generator and the motor is not the same as 
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FIGURE 4.8 Calculation of balanced three-phase fault at full load: (a) one-line diagram of system under 
study; (b) equivalent circuit before fault; (c) equivalent circuit after fault; (d) phasor diagram for generator; 
(e) Thévenin equivalent of circuit given in (b).
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shown in Figure 4.8b. Since there is a prefault load current IL, the internal voltages of the synchro-
nous generator can be expressed as

 ′′ = + ′′E V Ig t L dX  (4.23)

 ′ = + ′E V Ig t L dX  (4.24)

 Eg = Vt + ILXd (4.25)

where
 ′′Eg = voltage behind the subtransient reactance ′′Xd  (also called subtransient internal voltage)
 ′Eg = voltage behind the transient reactance ′Xd  (also called transient internal voltage)
 Eg = voltage behind the synchronous reactance Xd (also called steady-state internal voltage)

Obviously, in the event that the generator is operating at no load, all three internal reactances are 
the same, thus

 ′′ = ′ =E E Eg g g  (4.26)

as used in Equations 4.12 through 4.14. Figure 4.8d shows a phasor diagram depicting the relations 
between the internal voltages and the terminal voltage Vt for the generator.

Similarly, the internal voltages of the synchronous motor can be expressed as

 ′′ = − ′′E V Im t L dX  (4.27)

 ′ = − ′E V Im t L dX  (4.28)

 Em = Vt – ILXd (4.29)

The proper selection of internal voltage depends on the time passed since the occurrence of the 
fault. For example, if the fault current immediately after the fault is required, the subtransient inter-
nal voltage ′′Eg  is used.

Note that, when a synchronous motor is involved in the fault, its field stays energized even though 
the motor itself receives no energy from the line. Because of the inertia caused by its rotor and con-
nected mechanical load, it rotates for some time. Therefore, the motor starts acting as a generator 
and contributes current to the fault current, as shown in Figure 4.8c. Therefore, the fault current 
contributions of the generator and the motor can be expressed as

 ′′ =
′′

′′ +
I

E

Zg
g

dX 12

 (4.30)

and

 ′′ = ′′
′′

I
E

m
m

dX
 (4.31)
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Therefore, the total current, which includes both fault and load currents, can be found from

 ′′ = ′′ + ′′I I If g m  (4.32)

Method 2: Using the Thévenin Voltage and Impedance at the Fault Point

The subtransient fault current can be determined by using Thévenin’s theorem, as shown in Figure 
4.8e. Note that, the Thévenin voltage, Eth, is the same as the Vf voltage before the fault, as shown in 
Figure 4.8b, where the Thévenin impedance is

 Z th =
′′ +( ) ′′
′′ +( ) + ′′

X X X

X X X
d d

d d

12

12

 (4.33)

Thus, the subtransient fault current at the fault point F is
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=
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f

f

th

th

th  

(4.34)

By using the current division, the contributions of the generator and motor to the fault current 
can be found as

 ′′ = ′′
′′ +( ) + ′′
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d d
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 (4.35)

and

 ′′ =
′′ +( )

′′ +( ) + ′′












′′I If m
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d d
f
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X X X
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12
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 (4.36)

To find the total current contributions of the generator and the motor, the prefill load current IL 
has to be taken into account. Thus, the total subtransient currents in the generator and the motor 
can be expressed as

 ′′ = ′′ +I I Ig f g L( )  (4.37)

and

 ′′ = ′′ −I I Im f m L( )
 (4.38)

and hence, the total fault current can be expressed as

 ′′ = ′′ + ′′I I If g m  (4.39)
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The corresponding fault (or short-circuit) megavolt-ampere can be found as

 S V If f= −3 10 6( )( )prefault MVA  (4.40)

where the prefault voltage is the nominal voltage in kilovolts.
In the event that the nominal prefault voltage and fault current are known for a given fault point, 

the corresponding Thévenin equivalent system reactance can be found as

 X
V

If

th
prefault=

×1000

3
Ω  (4.41)

Alternatively, finding If from Equation 4.40 and substituting into Equation 4.41,

 X
V

Sf
th

prefault=
( )2

Ω  (4.42)

where the prefault voltage is in kilovolts and the fault megavolt-ampere is in megavolt-amperes.
Furthermore, in the event that base voltage and prefault voltage are the same, then the Thévenin 

equivalent system reactance can be expressed as

 X
S
S

B

f
th pu=  (4.43)

or

 X
I
I
B

f
th pu=  (4.44)

EXAMPLE 4.4

Consider the system shown in Figure 4.8 and assume that the prefault voltage at the terminals 
of the motor is 1.0∠0° pu. The subtransient reactances of the generator and the motor are both 
0.07 pu. The load current IL is 0.8 + j0.5 pu. The line reactance X12 is 0.09 pu. Use the first method 
given in Section 4.4 and determine the following:

 (a) Subtransient internal voltage of the generator
 (b) Subtransient internal voltage of the motor
 (c) Fault current contribution of the generator
 (d) Fault current contribution of the motor
 (e) Total fault current

Solution

 (a)

 IL = 0.8 + j0.50 = 0.9434∠32° pu
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  Thus, the prefault terminal voltage of the generator is
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 (b)

 Vt = Vf = 1.0∠0° pu

 Hence,
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EXAMPLE 4.5

Use the data given in Example 4.4 and determine

 (a) Thévenin’s impedance at the fault point
 (b) Subtransient fault at the fault point
 (c) Subtransient fault contribution of the generator
 (d) Subtransient fault contribution of the motor
 (e) Total current contribution of the generator
 (f) Total current contribution of the motor
 (g) Total fault current at the fault point

Solution

 (a)
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 (e)
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  It checks with the previous results.

4.6  APPLICATION OF CURRENT-LIMITING REACTORS

In the event of having a fault, the fault current is limited by the system reactance, which includes 
the impedance of the generators, transformers, lines, and other components of the system. The reac-
tance of modern generators are large enough to limit the short-circuit megavoltampere at any point 
to a value the circuit breakers are capable of interrupting. However, if the system is large or some 
of the generators are old, additional impedance may be required, and it can be provided by reactors.

Current-limiting reactors are coils used to limit current during fault conditions, and to perform 
this task, it is important that magnetic saturation at high current does not reduce the coil reactance. 
Reactors can be either air-cored type or iron-cored type. Air-cored-type reactors do not have mag-
netic saturation, and therefore, their reactances are independent of current. Air-cored reactors are 
of two types: oil immersed and dry type. Oil-immersed reactors can be cooled by any of the means 
used for cooling the power transformer. On the other hand, dry-type reactors are usually cooled by 
natural ventilation but are also designed with forced-air and heat-exchanger auxiliaries.

Reactors are usually built as a single-phase unit. If dry-type reactors are located near metal 
objects such as I-beams, plates, and channels, magnetic shielding must be used to prevent the reactor 
flux inducing eddy currents in the objects. Otherwise, the proximity of metal objects will increase 
the power loss of the reactor and change its reactance.

Because of the required clearances and construction details necessary to minimize corona, these 
reactors are limited to 34.5 kV as a maximum insulation class. However, oil-immersed reactors can 
be used at any voltage level, for either indoor or outdoor. They provide high safety against flashover, 
high thermal capacity, and having no magnetic field outside the tank to cause heating or magnetic 
forces in surrounding metal objects during short circuits.

Air-cored reactors are designed mechanically (against the great mechanical stresses that take 
place under short-circuit conditions) and thermally for not more than 331/3 times the normal full-load 
current for 5 s under short-circuit conditions.
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Iron-cored reactors are usually built as oil-immersed reactors. Their reactance-to-resistance 
ratio is much greater than for the air-cored type. They can be designed for any voltage level and are 
more expensive than air-cored reactors.

In general, the effective resistance of a reactor is negligibly small (its ratio of R/X is about 0.03). 
The inductive reactance, X, of a reactor can be determined from

 X
X V

I
r

r r

r

= ×
×

(% )

( )100 3
Ω/phase  (4.45)

or

 X
X V

Pr
r r

r

= ×
×

(% ) 2

100
Ω/phase  (4.46)

where
 %Xr = reactor reactance in percent
 Vr = reactor-rated voltage in kilovolts
 Ir = reactor-rated current in kiloamperes
 Pr = reactor power rating in megavolt-amperes

Since the fault levels increase owing to the growth in interconnection of power systems, it may be 
necessary to increase the system reactance by locating reactors at strategic points in the system [10]. 
The reactors may be located (1) in series with generators as shown in Figure 4.9a, (2) in series with the 
lines or feeders as shown in Figure 4.9b, (3) between buses as shown in Figure 4.9c, (4) in a tie–bus 
arrangement as shown in Figure 4.9d, and (5) in a ring arrangement as shown in Figure 4.9e and f.

The reactors in series with generators are usually not used because modern generators have 
enough leakage reactance. Also, under steady-state conditions, there is a large voltage drop and 
power loss in each reactor. Furthermore, in the event of having a fault on or near the buses, the gen-
erators may drop out of synchronism owing to the bus undervoltage conditions. Therefore, such an 
arrangement is only used to protect old generators with low leakage reactances.

The reactors in series with lines are more commonly used than the first method because in the 
event of having a fault at point F in Figure 4.9b, there will be a large voltage drop in the associated 
reactor but only a small reduction in the bus voltage. Thus, the synchronism of the generators will be 
intact, and the fault can be isolated by the loss of the faulted line. The arrangements shown in Figure 
4.9c and d tend to limit and localize the disturbances to the faulted bus and generator.

In the ring arrangements shown in Figure 4.9e and f, the current to be transferred between 
two sections flows through two paths in parallel, whereas in the tie–bus arrangement the current 
flows through two reactors in series. Therefore, the reactors in the tie–bus arrangement have only 
one-third of the reactance of ring reactors. However, they carry twice as much current as the ring 
reactors.

EXAMPLE 4.6

Three 20-kV solidly grounded generators are connected to three reactors in a tie–bus arrange-
ment as shown in Figure 4.9d. The reactances of generators and the reactors are 0.2 and 0.1 pu, 
respectively, based on a 50-MVA base. If there is a symmetrical three-phase fault at the fault point F, 
determine the following:

 (a) Short-circuit megavolt-amperes
 (b) Fault current distribution in system



183Disturbance of Normal Operating Conditions and Other Problems

Solution

 (a) Figure 4.10a shows the equivalent circuit after the fault. The Thévenin equivalent reactance 
can be calculated from Figure 4.10b as
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FIGURE 4.9 Various reactor connections: (a) series with generators; (b) series with lines; (c) between buses; 
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  Therefore, the short-circuit megavolt-amperes can be found as
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 (b) Since the short-circuit current at the fault point F is
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  Assume that generator G1 supplies some If1
 amount of the short-circuit current If. Then, 

from Figure 4.10b,

 0 2 0 2512 990 6 90
1

. . ( , . )If = ∠− °  

 Thus,

 If1
16 238 25 90= ∠− °, . A  

 The remaining short-circuit current distribution is shown in Figure 4.10c.

4.7  INSULATORS

4.7.1  tyPeS of inSUlatorS

An insulator is a material that prevents the flow of an electric current and can be used to sup-
port electrical conductors. The function of an insulator is to provide for the necessary clearances 
between the line conductors, between conductors and ground, and between conductors and the pole 
or tower. Insulators are made of porcelain, glass, and fiberglass treated with epoxy resins. However, 
porcelain is still the most common material used for insulators.

The basic types of insulators include (1) pin-type insulators, (2) suspension insulators, and (3) strain 
insulators. The pin insulator gets its name from the fact that it is supported on a pin. The pin holds the 
insulator, and the insulator has the conductor tied to it. They may be made in one piece for voltages 
below 23 kV, in two pieces for voltages from 23 to 46 kV, in three pieces for voltages from 46 to 69 kV, 
and in four pieces for voltages from 69 to 88 kV. Pin insulators are seldom used on transmission lines 
having voltages above 44 kV, although some 88-kV lines using pin insulators are in operation.

The glass pin insulator is mainly used on low-voltage circuits. The porcelain pin insulator is used 
on secondary mains and services, as well as on primary mains, feeders, and transmission lines. 
Figure 4.11 shows typical pin-type porcelain insulators. A modified version of the pin-insulator is 
known as the post insulator. The post-type insulators are used on distribution, subtransmission, and 
transmission lines and are installed on wood, concrete, and steel poles. The line post insulators are 
constructed for vertical or horizontal mounting. The line post insulators are usually made as one-
piece solid porcelain units. Figure 4.12 shows a typical post-type porcelain insulator. Suspension 
insulators consist of a string of interlinking separate disks made of porcelain. A string may consist 
of many disks depending on the line voltage.* For example, on average, for 115-kV lines usually 
seven disks are used; however, for 345-kV lines usually 18 disks are used.

The suspension insulator, as its name implies, is suspended from the cross-arm (or a pole or 
tower) and has the line conductor fastened to the lower end, as shown in Figures 4.1 and 4.2. Figure 
4.13 shows a typical suspension- or strain-type porcelain insulator (with a breakdown strength of 

* In average practice, the number of units used in an insulator string is approximately proportional to the line voltage, with a 
slight increase for the highest voltages and with some allowances for the length of the insulator unit. For example, 4 or 5 units 
have generally been used at 69 kV, 7 or 8 at 115 kV, 8–10 at 138 kV, 9–11 at 161 kV, 14–20 at 230 kV, 15–18 at 345 kV, 24–35 
at 500 kV (with the 35-unit insulator strings used at high altitudes), 33–35 at 735 kV (Hydro-Quebec), and 30–35 at 765 kV.



186 Modern Power System Analysis

between 12 and 28 kV/mm) disks. When there is a dead end of the line or there is corner or a sharp 
curve, or the line crosses a river, etc., the line will withstand great strain.

The assembly of suspension units arranged to dead-end the conductor of such a structure is 
called a dead-end, or strain, insulator. In such an arrangement, suspension insulators are used as 
strain insulators. The dead-end string is usually protected against damage from arcs by using one to 
three additional units and installing arcing horns or rings, as shown in Figure 4.14. Such devices are 
designed to ensure that an arc (e.g., due to lightning impulses) will hold free of the insulator string.

The arcing horns protect the insulator string by providing a shorter path for the arc, as shown 
in Figure 4.14a. The effectiveness of the arcing ring (or grading shield), shown in Figure 4.14b, is 
due to its tendency to equalize the voltage gradient over the insulator, causing a more uniform field. 
Therefore, protection of the insulator is not dependent on simply providing a shorter arcing path, as 
is the case with horns. Figure 4.14c shows a control ring developed by Ohio Brass company that can 
be used to “control” the voltage stress at the line end of the insulator strings.

(a) (b)

C

B

G
F

A

FIGURE 4.11 Typical pin-insulators: (a) one-piece pin insulator; (b) two-piece pin insulator.
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FIGURE 4.12 Typical (side) post-type porcelain insulators used in: (a) 69 kV; (b) 138 kV.
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It has been shown that their use can also reduce the corona formation on the line hardware. 
Control rings are used on single-conductor high-voltage transmission lines operating above 250 kV. 
Transmission lines with bundled conductors do not require the use of arcing horns and rings nor 
control rings, provided that the bundle is not made up of two conductors one above the other.

4.7.2  teSting of inSUlatorS

The operating performance of a transmission line depends largely on the insulation. Therefore, 
experience has shown that for a satisfactory operation, the dry flashover voltage of the assembled 
insulator must be equal to three to five times the nominal operating voltage, and its leakage path 
must be about twice the shortest air gap distance. Thus, insulators used on overhead lines are sub-
jected to tests that can generally be classified as (1) design tests, (2) performance tests, and (3) 
routine tests.

The design tests include the dry flashover test, pollution flashover test, wet flashover test, pol-
lution flashover test, and impulse test. The flashover voltage is defined as the voltage at which the 
insulator surface breaks down (by ionization of the air surrounding the insulator), allowing current 
to flow on the outside of the insulator between the conductor and the cross-arm.

FIGURE 4.13 Typical suspension- or strain-type porcelain insulator disk. (Courtesy of Ohio Brass Company.)

(a) (b) (c)

FIGURE 4.14 Devices used to protect insulator strings: (a) suspension string with arcing horns; (b) suspen-
sion string with grading shields (or arcing rings); (c) suspension string with control ring. (Courtesy of Ohio 
Brass Company.)
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Whether an insulator breaks down depends not only on the magnitude of the applied voltage but 
also on the rate at which the voltage increases. Since insulations have to withstand steep-fronted 
lightning and switching surges when they are in use, their design must provide the flashover volt-
age* on a steep-fronted impulse waveform that is greater than that on a normal system waveform. 
The ratio of these voltages is defined as the impulse ratio. Thus,

 impulse ratio
impulse flashover voltage

power fr
=

eequency flashover voltage
 (4.47)

* This phenomenon is studied in the laboratory by subjecting insulators to voltage impulses by means of a “lightning generator.”

TABLE 4.3
Flashover Characteristics of Suspension Insulator Strings and Air Gaps

Impulse Air Gap
Impulse Flashover, 

Positive Critical No. of Insulator Wet 60-Hz Flashover Wet 60-Hz Air Gap

in. mm (kV) Unitsa (kV) mm in.

8 203 150 1 50 254 10

14 356 255 2 90 305 12

21 533 355 3 130 406 16

26 660 440 4 170 508 20

32 813 525 5 215 660 26

38 965 610 6 255 762 30

43 1092 695 7 295 889 35

49 1245 780 8 335 991 39

55 1397 860 9 375 1118 44

60 1524 945 10 415 1245 49

66 1676 1025 11 455 1346 53

71 1803 1105 12 490 1473 58

77 1956 1185 13 525 1575 62

82 2083 1265 14 565 1676 66

88 2235 1345 15 600 1778 70

93 2362 1425 16 630 1880 74

99 2515 1505 17 660 1981 78

104 2642 1585 18 690 2083 82

110 2794 1665 19 720 2184 86

115 2921 1745 20 750 2286 90

121 3073 1825 21 780 2388 94

126 3200 1905 22 810 2464 97

132 3353 1985 23 840 2565 101

137 3480 2065 24 870 2692 106

143 3632 2145 25 900 2794 110

148 3759 2225 26 930 2921 115

154 3912 2305 27 960 3023 119

159 4039 2385 28 990 3124 123

165 4191 2465 29 1020 3251 128

171 4343 2550 30 1050 3353 132

Source: Transmission Line Design Manual, U.S. Department of the Interior, Denver, Colorado, 1980.

a Insulator units are 146 254 5 3
4

10× ×



mm in  or 146 267 5 3

4
10× ×



mm in .
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Table 4.3 gives flashover characteristics of suspension insulator strings and air gaps [10]. The 
performance tests include the puncture test, mechanical test, temperature test, porosity test, and 
electromechanical test (for suspension insulators only). The event that takes place when the dielec-
tric of the insulator breaks down and allows current to flow inside the insulator between the con-
ductor and the cross-arm is called the puncture. Thus, the design must facilitate the occurrence 
of a flashover at a voltage that is lower than the voltage for puncture. An insulator may survive a 
flashover without damage but must be replaced when punctured. The test of the glaze on porcelain 
insulators is called the porosity test. The routine tests include the proof-load test, corrosion test, and 
high-voltage test (for pin insulators only).*

4.7.3  voltage diStriBUtion over a String of SUSPenSion inSUlatorS

Figure 4.15 shows the voltage distribution along the surface of a single clean insulator disk (known 
as the cap-and-pin insulator unit) used in suspension insulators. Note that, the highest voltage gra-
dient takes place close to the cap and the pin (which are made up of metal), whereas much lower 
voltage gradients take place along most of the remaining surfaces.

The underside (i.e., the inner skirt) of the insulator has been given the shape, as shown in Figure 
4.15, to minimize the effects of moisture and contamination and to provide the longest path possible 
for the leakage currents that might flow on the surface of the insulator. In the figure, the voltage drop 
between the cap and the pin has been taken as 100% of the total voltage.

Thus, approximately 24% of this voltage is distributed along the surface of the insulator from the 
cap to point 1 and only 6% from point 1 to point 9. The remaining 70% of this voltage is distributed 
between point 9 and the pin. The main problem with suspension insulators having a string of identi-
cal insulator disks is the nonuniform distribution voltage over the string.

Each insulator disk with its hardware (i.e., cap and pin) constitutes a capacitor, the hardware 
acting as the plates or electrodes and the porcelain as the dielectric. Figure 4.16 shows the typical 
voltage distribution on the surfaces of three clean cap-and-pin insulator units connected in series 
[11]. The figure clearly illustrates that when several units are connected in series, (1) the voltage on 
each insulator over the string is not the same, (2) the location of the unit within the insulator string 
dictates the voltage distribution, and (3) the maximum voltage gradient takes place at the pin of the 
insulator unit nearest to the line conductor.

As shown in Figure 4.17a, when several insulator units are placed in series, two sets of capaci-
tances take place; the series capacitance C1 (i.e., the capacitance of each insulator unit) and the shunt 
capacitance to ground, C2. Note that, all the charging current I for the series and shunt capacitances 
flows through the first (with respect to the conductor) of the series capacitance Cl.

The I1 portion of this current flows through the first shunt capacitance C2, leaving the remain-
ing I–I1 portion of the current to flow through the second series capacitance, and so on. Therefore, 
this diminishing current flowing through the series capacitance C1 results in a diminishing voltage 
(drop) distribution through them from the conductor end to the ground end (i.e., cross-arm), as illus-
trated in Figure 4.17b. Thus,

 V5 > V4 > V3 > V2 > V1

In summary, the voltage distribution over a string of identical suspension insulator units is 
not uniform owing to the capacitances formed in the air between each cap/pin junction and the 
grounded (metal) tower. However, other air capacitances exist between metal parts at differ-
ent potentials. For example, there are air capacitances between the cap–pin junction of each 
unit and the line conductor. Figure 4.18 shows the resulting equivalent circuit for the voltage 

* For further information, see the ANSI Standards C29.1–C29.9.
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 distribution along a clean eight-unit insulator string. The voltage distribution on such a string can 
be expressed as
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where
 Vk = voltage across k units from ground end
 Vn = voltage across all n units (i.e., applied line-to-ground voltage in volts)
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FIGURE 4.15 Voltage distribution along surface of single dean cap-and-pin suspension insulator. (From 
Edison Electric Institute, EHV Transmission Line Reference Book, EEI, New York, 1968.)
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 C1 = capacitance between cap and pin of each unit
 C2 = capacitance of one unit to ground
 C3 = capacitance of one unit to line conductor

However, the capacitance C3 is usually very small, and thus its effect on the voltage distribution 
can be neglected. Hence, Equation 4.48 can be reexpressed as
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where
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Figure 4.19 shows how the voltage changes along the eight-unit string of insulators when the 
ratio C2/C1 is about .083333 and the ratio C3/C1 is about zero (i.e., C3 = 0). It is interesting to note 
that a calculation based on Equation 4.48 gives almost the same result. The ratio C2/C1 is usually 
somewhere between 0.1 and 0.2.

Furthermore, there is the air capacitance that exists between the conductor and the tower. 
However, it has no effect on the voltage distribution over the insulator string, and therefore it can 
be neglected.

Note that, this method of calculating the voltage distribution across the string is based on the 
assumption that the insulator units involved are clean and dry, and therefore they act as a purely 
capacitive voltage divider. In reality, however, the insulator units may not be clean or dry. Thus, in 
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the equivalent circuit of the insulator string, each capacitance C1 should be shunted by a resistance 
R representing the leakage resistance.

Such resistance depends on the presence of contamination (i.e., pollution) on the insulator sur-
faces and is considerably modified by rain and fog. If, however, the units are badly contaminated, 
the surface leakage (resistance) currents could be greater than the capacitance currents, and the 
extent of the contamination could vary from unit to unit, causing an unpredictable voltage distribu-
tion. It is also interesting to note that if the insulator unit nearest to the line conductor is electrically 
stressed to its safe operating value, then all the other units are electrically understressed, and con-
sequently, the insulator string as a whole is being inefficiently used. Therefore, the string efficiency 
(in per units) for an insulator string made up of n series units can be defined as

 S
n

tring efficiency
voltage across string

(voltag
=

ee across unit adjacent to line conductor)
 (4.52)

C2

C2

C2

C2

C2

C2

C2

C3

C3

C3

C3

C3
Vk

Vn  =  V

C3

C3

C1

C1

C1

C1

C1

C1

C1

C11

2

3

k

n

Conductor

To
w

er

Cross-arm

FIGURE 4.18 Equivalent circuit for voltage distribution along clean eight-unit insulator string. (Adopted 
from Edison Electric Institute, EHV Transmission Line Reference Book. EEI, New York, 1968.)



193Disturbance of Normal Operating Conditions and Other Problems

If the unit adjacent to the line conductor is about to flash over, then the whole string is about to 
flash over. Therefore, the string efficiency can be reexpressed as

 String efficiency
flashover voltage of string

flas
=

n( hhover voltage of one unit)
 (4.53)

Note that, the string efficiency decreases as the number of units increases. The methods to 
improve the string efficiency (grading) include the following:

 1. By grading the insulators so that the top unit has the minimum series capacitance C1, 
whereas the bottom unit has the maximum capacitance. This may be done by using differ-
ent sizes of disks and hardware or by putting metal caps on the disks or by a combination 
of both methods.* However, this is a rarely used method since it would involve stocking 
spares of different types of units, which is contrary to the present practice of the utilities to 
standardize on as few types as possible.

 2. By installing a large circular or oval grading shield ring (i.e., an arcing ring) at the line end 
of the insulator string [13]. This method introduces a capacitance C3, as shown in Figure 
4.18, from the ring to the insulator hardware to neutralize the capacitance C2 from the 
hardware to the tower. This method substantially improves the string efficiency. However, 
it is not usually possible in practice to achieve completely uniform voltage distribution by 
using the grading shield, especially if the string has a large number of units.

 3. By reducing the air (shunt) capacitance C3, between each unit and the tower (i.e., the 
ground), by increasing the length of the cross-arms. However, this method is restricted in 
practice owing to the reduction in cross-arm rigidity and the increase in tower cost.

 4. By using a semiconducting (or stabilizing) high-resistance glaze on the insulator units to 
achieve a resistor voltage divider effect. This method is based on the fact that the string 
efficiency increases owing to the increase in surface leakage resistance current when the 
units are wet. Thus, the leakage resistance current becomes the same for all units, and the 
voltage distribution improves since it does not depend on the capacitance currents only. 
However, this method is restricted by the risk of thermal instability.

* Proposed by Peek [13,14].
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4.7.4  inSUlator flaShover dUe to Contamination

An insulator must be capable of enduring extreme and sudden temperature changes such as ice, 
sleet, and rain as well as environmental contaminants such as smoke, dust, salt, fogs, saltwater 
sprays, and chemical fumes without deterioration from chemical action, breakage from mechanical 
stresses, or electrical failure. Further, the insulating material must be thick enough to resist puncture 
by the combined working voltage of the line and any probable transient whose time lag to spark 
over is great.

If this thickness is greater than the desirable amount, then two or more pieces are used to achieve 
the proper thickness. The thickness of a porcelain part must be so related to the distance around it 
that it will flash over before it will puncture. The ratio of puncture strength to flashover voltage is 
called the “safety factor” of the part or of the insulator against puncture. This ratio should be high 
enough to provide sufficient protection for the insulator from puncture by the transients.

The insulating materials mainly used for line insulators are (1) wet-process porcelain, (2) dry-
process porcelain, and (3) glass. However, wet-process porcelain is used much more than dry-
process porcelain. One of the reasons for this is that wet-process porcelain has greater resistance 
to impact and is practically incapable of being penetrated by moisture without glazing, whereas 
dry-process porcelain is not.

However, in general, dry-process porcelain has a somewhat higher crushing strength. Dry-
process porcelain is only used for the lowest voltage lines. As a result of recent developments in the 
technology of glass manufacturing, glass insulators, which are very tough and have low internal 
resistance, can be produced. Thus, usage of glass insulators is increasing.

To select insulators properly for a given overhead line design, not only the aforementioned fac-
tors but also the geographic location of the line needs to be considered. For example, the overhead 
lines that will be built along the seashore, especially in California, will be subjected to winds blow-
ing in from the ocean, which carry a fine salt vapor that deposits salt crystals on the windward side 
of the insulator.

On the order hand, if the line is built in areas where rain is seasonal, the insulator surface 
leakage resistance may become so low during the dry seasons that insulators flash over without 
warning. Another example is that if the overhead line is going to be built near gravel pits, cement 
mills, and refineries, its insulators may become so contaminated that extra insulation is required. 
Contamination flashovers on transmission systems are initiated by airborne particles deposited on 
the insulators. These particles may be of natural origin or they may be generated by pollution that 
is mostly a result of industrial, agricultural, or construction activities. Thus, when line insulators 
are contaminated, many insulator flashovers occur during light fogs unless arcing rings protect the 
insulators or special fog-type insulators are used.

Table 4.4 lists the types of contaminants causing contamination flashover [14]. The mixed con-
tamination condition is the most common, caused by the combination of industrial pollution and 
sea salt or by the combination of several industrial pollutions. Table 4.4 also presents the prevail-
ing weather conditions at the time of flashover. Note that fog, dew, drizzle, and mist are common 
weather conditions, accounting for 72% of the total. In general, a combination of dew and fog is 
considered as the most severe wetting condition, even though fog is not necessary for the wetting 
process.

Note that, the surface leakage resistance of an insulator is unaffected by deposits of dry dirt. 
However, when these contamination deposits become moist or wet, they constitute continuous con-
ducting layers. Leakage current starts to flow in these layers along the surface of the insulators. 
This leakage current heats the wet contamination, and the water starts to evaporate from those areas 
where the product of current density and surface resistivity is greater, causing the surface resistiv-
ity to further increase. Therefore, the current continues to flow around such a dry spot, causing the 
current density in the neighboring regions to increase. This, in turn, produces more heat, which 
evaporates the moisture in these surrounding regions, causing the formation of circular patterns 
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known as “dry bands” until the leakage current is decreased to a value insufficient to sustain further 
evaporation, and the voltage builds up across the dry bands.

Further wetting results in further reduction of the resistance, and small flashovers take place on 
the dry bands on which moisture droplets fall. Since many dry bands on the insulator are in about 
the same condition, the arcs extend rapidly over the whole surface, forcing all dry bands to dis-
charge in a rapid cascade known as the “flashover” of the insulator.

Figure 4.20 illustrates the phenomenon of insulator flashover due to contamination. Severe con-
tamination may reduce the 60-Hz flashover voltage from approximately 50 kV rms per unit to as low 
as 6 to 9 kV rms per unit. The condition for such flashover may be developed during the melting of 
contaminated ice on the insulator by leakage currents. An insulator flashover due to contamination 

TABLE 4.4
Numbers of Flashovers Caused by Various Contaminant, Weather, and Atmospheric 
Conditions

Weather and Atmospheric Conditions

Type of Contaminant Fog Dew
Drizzle, 

Mist Ice Rain
No 

Wind
High 
Wind

Wet 
Snow Fair

Sea salt 14 11 22 1 12 3 12 3 −

Cement 12 10 16 2 11 4 1 4 −

Fertilizer 7 5 8 — 1 1 − 4 −

Fly ash 11 6 19 1 6 3 1 3 1

Road salt 8 2 6 — 4 2 — 6 —

Potash 3 3 — — — — — —

Cooling tower 2 2 2 — 2 — — — —

Chemicals 9 5 7 1 1 — — 1 1

Gypsum 2 1 2 — 2 — — 2 —

Mixed contamination 32 19 37 — 13 1 — 1 —

Limestone 2 1 2 — 4 — 2 2 —

Phosphate and sulfate 4 1 4 — 3 — — — —

Paint 1 1 — — 1 — — —

Paper mill 2 2 4 — 2 — — 1 —

Drink milk 1 1 1 — — 1 — 1 —

Acid exhaust 2 3 — — — — 1 —

Bird droppings 2 2 3 — 1 2 — — 2

Zinc industry 2 1 2 — 1 — — 1 —

Carbon 5 4 5 — — 4 3 3 —

Soap 2 2 1 — — 1 — — —

Steel works 6 5 3 2 2 — — 1 —

Carbide residue 2 1 1 1 — — — 1 —

Sulfur 3 2 2 — — 1 — 1 —

Copper and nickel salt 2 2 2 — — 2 — 1 —

Wood fiber 1 1 1 — 1 — — 1 —

Bulldozing dust 2 1 1 — — 2 — — —

Aluminum plant 2 2 1 — 1 — — — —

Sodium plant 1 1 — — — — — —

Active dump 1 1 1 — — — — — —

Rock crusher 3 3 5 — 1 — — — —

Source: Electric Power Research Institute, Transmission Line Reference Book: 345 kV and Above, 2nd ed. EPRI, Palo Alto, 
CA, 1982.



196 Modern Power System Analysis

is easily distinguished from other types of flashover due to the fact that the arc always begins close 
to the surface of each insulator unit, as shown in Figure 4.20a. As shown in Figure 4.20c, only in the 
final stage does the flashover resemble an air strike. Furthermore, since the insulator unit at the con-
ductor end has the greatest voltage, the flashover phenomenon usually starts at that insulator unit.

To prevent insulator flashovers, the insulators of an overhead transmission line may be cleaned 
simply by washing them, a process that can be done basically either by conventional techniques or 
by a new technique. In the conventional techniques, the line is deenergized, and its conductors are 
grounded at each pole or tower where the members of an insulator cleaning crew wash and wipe the 
insulators by hand.

In the new technique, the line is kept energized while the insulators may be cleaned by high-
pressure water jets produced by a truck-mounted high-pressure pump that forces water through a 
nozzle at 500–850 psi, developing a round solid stream. The water jet strikes the insulator with a 
high velocity, literally tearing the dirt and other contaminants from the insulator surface. The cost 
of insulator cleaning per unit is very low by this technique.

Certain lines may need insulator cleaning as often as three times a year. To overcome the prob-
lem of surface contamination, some insulators may be covered with a thin film of silicone grease 
that absorbs the dirt and makes the surface water form into droplets rather than a thin film. This 
technique is especially effective for spot contamination where maintenance is possible, and it is also 
used against sea salt contamination.

Finally, specially built semiconducting glazed insulators having a resistive coating are used. 
The heat produced by the resistive coating keeps the surface dry and provides for a relatively linear 
potential distribution.

4.7.5  inSUlator flaShover on overhead high-voltage dC lineS

Even though mechanical considerations are similar for ac and dc lines, electrical characteristics 
of insulators on dc lines are significantly different from those on ac lines. For example, when con-
ventional ac insulators are used on dc lines, flashover takes place much more frequently than on an 
ac line of equivalent voltage. This is caused partly by the electrostatic forces of the steady dc field, 
which increases the deposit of pollution on the insulator surface.

Further, arcs tend to develop into flashovers more readily in the absence of voltage zero. To 
improve the operating performance and reduce the construction cost of overhead high-voltage dc 
(HVDC) lines by using new insulating materials and new insulator configurations particularly 

(a) (b) (c)

FIGURE 4.20 Changes in channel position of contaminated flashover. (From Edison Electric Institute, EHV 
Transmission Line Reference Book. EEI, New York, 1968.)
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suited to dc voltages stress, more compact line designs can be produced, therefore saving money on 
towers and rights of way.

For example, to improve the operating performance and reduce the construction cost of overhead 
HVDC lines, the EPRI has sponsored the development of a new insulator. One of the more popular 
designs, the composite insulator, uses a fiberglass rod for mechanical and electrical strength and flex-
ible skirts made of organic materials for improved flashover performance. The composite insulator 
appears to be especially attractive for use on HVDC lines because it is better able to withstand flashover 
in all types of contaminated environments, particularly in areas of light and medium contamination.

Furthermore, there are various design measures that may be taken into account to prevent contam-
ination flashovers, for example, overinsulation, installment of V-string insulators, and installment of 
horizontal string insulators. Overinsulation may be applicable in the areas of heavy contamination.

Up to 345 kV, overinsulation is often achieved by increasing the number of insulators. However, 
severe contamination may dictate the use of very large leakage distances that may be as large as 
double the nominal requirements. Thus, electrical, mechanical, and economic restrictions may limit 
the use of this design measure.

The use of the V-string insulators can prevent the insulation contamination substantially. They 
self-clean more effectively in rain than vertical string insulators since both sides of each insulator 
disk are somewhat exposed to rain. They can be used in heavy contamination areas very effectively.

The installment of horizontal insulator strings is the most effective design measure that can be 
used to prevent contamination flashovers in the very heavy contamination areas. The contaminants 
are most effectively washed away on such strings. However, they may require a strain tower support 
depending on the tower type.

Other techniques used include the installation of specially designed and built insulators. For 
example, the use of fog-type insulators has shown that the contamination flashover can be effec-
tively reduced since most of the flashovers occur in conditions where there is mist, dew, and fog.

4.8  GROUNDING

4.8.1  eleCtriC ShoCk and itS effeCtS on hUmanS

To properly design a grounding* for the high-voltage lines and/or substations, it is important to under-
stand the electrical characteristics of the most important part of the circuit, the human body. In gen-
eral, shock currents are classified according to the degree of the severity of the shock they cause. For 
example, currents that produce direct physiological harm are called primary shock currents. However, 
currents that cannot produce direct physiological harm but may cause involuntary muscular reactions 
are called secondary shock currents. These shock currents can be either steady state or transient in 
nature. In ac power systems, steady-state currents are sustained currents of 60 Hz or its harmonics.

The transient currents, on the other hand, are capacitive discharge currents whose magnitudes 
diminish rapidly with time. Table 4.5 gives the possible effects of electrical shock currents on 
humans. Note that, the threshold value for a normally healthy person to be able to feel a current is 
about 1 mA.† This is the value of current at which a person is just able to detect a slight tingling 
sensation on the hands or fingers due to current flow [15].

Currents of approximately 10–30 mA can cause lack of muscular control. In most humans, a cur-
rent of 100 mA will cause ventricular fibrillation. Currents of higher magnitudes can stop the heart 
completely or cause severe electrical burns.

Ventricular fibrillation is a condition where the heart beats in an abnormal and ineffective man-
ner, with fatal results. Thus, its threshold is the main concern in grounding design. It is defined as very 
rapid uncoordinated contractions of the ventricles of the heart, resulting in loss of synchronization 

* It is called the equipment grounding.
† Experiments have long ago established the well-known fact that electrical shock effects are due to current, not voltage [15].
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between heartbeat and pulse beat. IEEE (Institute of Electrical and Electronics Engineers) Standard 
(Std.) 80-2000 gives the following equation to find the nonfibrillating current of magnitude Ib at a 
duration ranging from 0.03 to 3.0 s in relation to the energy absorbed by the body as

 Sb = (Ib)2 × ts (4.54)

where
 Ib = rms magnitude of the current through the body in amperes
 Is = duration of the current exposure in seconds
 Sb = empirical constant related to the electric shock energy tolerated by a certain percent of a 

given population

A human heart can be seen as a muscle operating rhythmically due to a nerve pulse that provides 
the heartbeat. Therefore, when a false signal (i.e., the electrical shock) is injected into the heart, it 
could upset the rhythmic flow of operation of values and other components of the heart. This causes 
a condition known as ventricular fibrillation. Once this “out-of-phase” rhythm is established, it is 
extremely difficult to stop. It usually requires the injection of another shock to stop the fibrillation 
and reestablish the normal rhythm. Obviously, if it takes place in the field or at a remote location, 
the time delay before medical defibrillation may be too long, causing a fatality.

A fatality may also occur owing to a coronary arrest, that is, the stopping of the heartbeat. 
Furthermore, the current passing through the body may temporarily paralyze either the nerves or 
the area of the brain that controls respiration. This may also lead to death by causing cessation of 
respiration (asphyxia) if the victim has grasped a live conductor and cannot let go.

Currents of 1 mA or greater but less than 6 mA are often defined as the secondary shock currents 
(let-go currents). The let-go current is the maximum current level at which a human holding an ener-
gized conductor can control his muscles enough to release it. Dalziel’s classic experiment [16,17], with 
28 women and 134 men, provides data indicating an average let-go current of 10.5 rnA for women and 
16 rnA for men, with 6 and 9 rnA as the respective threshold values, as shown in Figure 4.21a.

According to Dalziel, not only the individual’s physiological development but also psychological 
factors can play an important role in limiting both the minimum and maximum values.* In general, 
currents with magnitudes of 6 mA or greater are known as primary shock currents.

* “Almost without exception, let-go currents in excess of 18 mA were observed in connection with friendly wagers between 
students. Thus, it was noted that the highest value was obtained on a student in physiology who boasted that he was as good as 
any engineering student. Although he made no complaints, it is more than likely that he had a sore arm for at least a week” [17].

TABLE 4.5
Typical Effects of Electrical Shock Current on Humans

60 Hz Current Effect

0–1 mA No sensation (not felt)

0–3 mA Perceptible, mild

3–5 mA Annoyance, pain, or surprise

5–10 mA Painful shock

10–15 mA Local muscle contractions, sufficient to cause “freezing” to circuit for 2.5% of population

15–30 mA Local muscle contractions, sufficient to cause “freezing” to circuit for 50% of population

30–50 mA Difficulty in breathing, can cause loss of consciousness

50–100 mA Possible ventricular fibrillation of the heart

100–200 mA Certain ventricular fibrillation of the heart

>200 mA Severe burns and muscular contractions; heart more apt to stop than fibrillated

Over a few amperes Irreparable damage to body tissue
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Note that, it is virtually impossible to produce primary shock currents with less than 25 V owing 
to normal body resistance. Among the possible consequences of primary shock current is ventricu-
lar fibrillation. On the basis of the electrocution formula developed by Dalziel [16,17], the 60-Hz 
minimum required body current leading to possible fatality through ventricular fibrillation can be 
expressed as

 
I

t
b = 0 116.

A  (4.55)

where t is in seconds, in the range from approximately 8.3 ms to 5 s.
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FIGURE 4.21 Effects of shock currents on humans: (a) 60-Hz let-go current distribution curves for 134 men 
and 28 women; (b) let-go currents vs. frequency; (c) trip current vs. shock duration. (From Dalziel, C. F., and 
Lee, W. R., IEEE Spectrum 6, 44–50 © 1972 IEEE.)
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Table 4.6 presents a summary of quantitative effects of electric current on humans based on a 
report by the IEEE Working Group on Electrostatic Effects of Transmission Lines. It is important to 
be aware that such tables are developed on the assumption that the individuals involved are 100% fit. 
However, in reality, not all individuals are 100% fit. Therefore, they are more susceptible to shock 
hazards. Thus, in these days of the Occupational Safety and Health Administration and lawsuits, 
utilities have to be very cautious when it comes to grounding. The effects of an electric current pass-
ing through the vital parts of a human body depend on the duration, magnitude, and frequency of 
this current. Experiments have shown that the heart requires about 5 min to return to normal after 
experiencing a severe shock [16]. Thus, two or more closely spaced shocks (such as those that would 
take place in systems with automatic reclosing) would tend to have a cumulative effect. Present 
industry practice considers two closely spaced shocks to be equivalent to a single shock whose dura-
tion is the sum of the intervals of the individual shocks. Experiments have also shown that humans 
are very vulnerable to the effects of electric current at frequencies of 50–60 Hz.

As shown in Figure 4.21b, the human body can tolerate slightly larger currents at 25 Hz and about 
five times larger at dc current. Similarly, at frequencies of 1000 or 10,000 Hz, even larger currents 
can be tolerated. In the case of lighting surges, the human body appears able to tolerate very high 
currents, perhaps on the order of several hundreds of amperes [18]. Figure 4.21c shows the relation 
between trip current and shock duration for a typical ground fault interrupter (used at 120/240 V 
level), with electrocution threshold and let-go threshold for adults indicated to provide perspective.

When the human body becomes a part of the electric circuit, the current that passes through it 
can be found by applying Thévenin’s theorem and Kirchhoff’s current law, as illustrated in Figure 
4.22. For dc and ac currents at 60 Hz, the human body can be substituted by a resistance in the 
equivalent circuits. The body resistance considered is usually between two extremities, either from 
one hand to both feet or from one foot to the other one.

Experiments have shown that the body can tolerate much more current flowing from one leg to 
the other than it can when current flows from one hand to the legs. Figure 4.22a shows a touch con-
tact with current flowing from hand to feet. On the other hand, Figure 4.22b shows a step contact 
where current flows from one foot to the other. Note that, in each case, the body current Ib is driven 
by the potential difference between points A and B.

TABLE 4.6
Effect of Electric Current (mA) on Men and Women

Direct Current 60 Hz rms

Effect Men Women Men Women

 1. No sensation on hand 1 0.6 0.4 0.3

 2. Slight tingling; perception threshold 5.2 3.5 1.1 0.7

 3. Shock—not painful but muscular control not lost 9 6 1.8 1.2

 4. Painful shock—painful but muscular control not lost 62 41 9 6

 5. Painful shock—let-go thresholda 76 51 16.0 10.5

 6. Painful and severe shock, muscular contractions, breathing difficulty 90 60 23 15

 7. Possible ventricular fibrillation from

Short shocks:

 (a) Shock duration 0.03 s 1300 1300 1000 1000

 (b) Shock duration 3.0 s 500 500 100 100

 (c) Almost certain ventricular fibrillation (if shock duration over one 
heartbeat interval)

1375 1375 275 275

Source: IEEE Working Group Report, IEEE Trans. Power Appar. Syst. PAS-9, 422–426 © 1972 IEEE.
a Threshold for 50% of the males and females tested.
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Currents of 1 mA or greater but less than 6 mA are often defined as secondary shock currents 
(let-go currents). The let-go current is the maximum current level at which a human holding an 
energized conductor can control his muscles enough to release it. For 99.5% of the population, the 
60-Hz minimum required body current, Ib, leading to possible fatality through ventricular fibrilla-
tion can be expressed as

 I
t

b

s

= 0 116.
A for 50 kg body weight  (4.56a)

or

 I
t

b

s

= 0 157.
A for 70 kg body weight  (4.56b)

where t is in seconds in the range from approximately 8.3 ms to 5 s.
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FIGURE 4.22 Typical electric shock hazard situations: (a) touch potential; (b) its equivalent circuit; (e) step 
potential; (d) its equivalent circuit.
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The effects of an electric current passing through the vital parts of a human body depend on 
the duration, magnitude, and frequency of this current. The body resistance considered is usually 
between two extremities, either from one hand to both feet or from one foot to the other one. Figure 
4.23 show five basic situations involving a person and grounded facilities during fault.

Note that, in the figure, the mesh voltage is defined by the maximum touch voltage within a 
mesh of a ground grid. However, the metal-to-metal touch voltage defines the difference in poten-
tial between metallic objects or structures within the substation site that may be bridged by direct 
hand-to-hand or hand-to-feet contact. However, the step voltage represents the difference in surface 
potential experienced by a person bridging a distance of 1 m with the feet without contacting any 
other grounded object.

On the other hand, the touch voltage represents the potential difference between the ground 
potential rise (GPR) and the surface potential at the point where a person is standing while at the 
same time having a hand in contact with a grounded structure. The transferred voltage is a special 
case of the touch voltage where a voltage is transferred into or out of the substation from or to a 
remote point external to the substation site [12].

Finally, GPR is the maximum electrical potential that a substation grounding grid may have 
relative to a distant grounding point assumed to be at the potential of remote earth. This voltage, 
GPR, is equal to the maximum grid current times the grid resistance. Under normal conditions, 
the grounded electrical equipment operates at near-zero ground potential. That is, the potential of 
a grounded neutral conductor is nearly identical to the potential of remote earth. During a ground 
fault, the portion of fault current that is conducted by substation grounding grid into the earth causes 
the rise of the grid potential with respect to remote earth.

Exposure to a touch potential normally poses a greater danger than exposure to a step potential. 
The step potentials are usually smaller in magnitude (due to the greater corresponding body resis-
tance), and the allowable body current is higher than the touch contacts. In either case, the value of 
the body resistance is difficult to establish.

As said before, experiments have shown that the body can tolerate much more current flowing 
from one leg to the other than it can when current flows from one hand to the legs. Treating the foot 
as a circular plate electrode gives an approximate resistance of 3ρs, where ρs is the soil resistivity. 
The resistance of the body itself is usually used as about 2300 Ω hand to hand or 1100 Ω hand to foot. 
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FIGURE 4.23 Possible basic shock situations. (From Keil, R. P., Substation Grounding, in Electric Power 
Substations Engineering, McDonald, J. D. (ed.), 2nd ed., CRC Press, Boca Raton, FL, 2007.)
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However, IEEE Std. 80-2000 [12] recommends the use of 1000 Ω as a reasonable approximation for 
body resistance. Therefore, the total branch resistance, for hand-to-foot currents, can be expressed as

 Rb = 1000 + 1.5ρs Ω for touch voltage (4.57a)

and, for foot-to-foot currents,

 Rb = 1000 + 6ρs Ω for step voltage (4.57b)

where ρs is the soil resistivity in ohm meters. If the surface of the soil is covered with a layer of 
crushed rock or some other high-resistivity material, its resistivity should be used in Equations 4.56 
and 4.57. The touch voltage limit can be determined from

 V R
R

Ib
f

btouch = +





2
 (4.58)

and

 Vstep = (Rb + 2Rf)Ib (4.59)

where

 Rf = 3Csρs (4.60)

where
 Rb = resistance of human body, typically 1000 Ω for 50 and 60 Hz
 Rf = ground resistance of one foot
 Ib = rms magnitude of the current going through the body in A, per Equations 4.56a and 4.56b
 Cs = surface layer derating factor based on the thickness of the protective surface layer spread 

above the earth grade at the substation (per IEEE Std. 80-2000, if no protective layer is 
used, then Cs = 1)

Since it is much easier to calculate and measure the potential than the current, the fibrillation 
threshold, given by Equations 4.56a and 4.56b, are usually given in terms of voltage. Thus, for a 
person with a body weight of 50 or 70 kg, the maximum allowable (or tolerable) touch voltages, 
respectively, can be expressed as

 V
t

s

s

touch 50 V for 50 kg body weigh= +0 116 1000 1 5. ( . )ρ
tt  (4.61a)

and

 V
t

s

s

touch 70 V for 70 kg body weigh= +0 157 1000 1 5. ( . )ρ
tt  (4.61b)

Note that, the above equations are applicable only in the event of no protective surface layer is 
used. Hence, for the metal-to-metal touch in V, Equations 4.61a and 4.61b become

 V
ts

mm-touch 50 V for 50 kg body weight= 116
 (4.61c)
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and

 V
ts

mm-touch 70 V for 70 kg body weight= 157  (4.61d)

The maximum allowable (or tolerable) step voltages, for a person with a body weight of 50 or 
70 kg, are given, respectively, as

 V
C

t
s s

s

step 50 V for 50 kg body weight= +0 116 1000 6. ( )ρ  (4.62a)

and

 V
C

t
s s

s

step 70 V for 70 kg body weight= +0 157 1000 6. ( )ρ
 (4.62b)

 V
C

t
s s

s

touch 50 V for 50 kg body wei= +0 116 1000 1 5. ( . )ρ
gght  (4.62c)

 V
C

t
s s

s

touch 70 V for 70 kg body wei= +0 157 1000 1 5. ( . )ρ
gght  (4.62d)

The above equations are applicable only in the event that a protection surface layer is used. For 
metal-to-metal contacts, use ρs = 0 and Cs = 1. For more detailed applications, see IEEE Std. 2000 
[12]. Also, it is important to note that in using the above equations, it is assumed that they are appli-
cable to 99.5% of the population. There are always exceptions.

4.8.2  redUCtion of faCtor CS

Note that, according to IEEE Std. 80-2000, a thin layer of highly resistive protective surface mate-
rial such as gravel spread across the earth at a substation greatly reduces the possibility of shock 
situation at that substation. IEEE Std. 80-2000 gives the required equations to determine the ground 
resistance of one foot on a thin layer of surface material as

 C
b

K Rs
s

n

n

m nhs
= +

=

∞

∑1
1 6

1

2
,

( )ρ
 (4.63)

and

 C
hs

s

s

= −
−







+
1

0 09 1

2 0 09

.

.

ρ
ρ

 (4.64)

where

 K s

s

= −
+

ρ ρ
ρ ρ

 (4.65)



205Disturbance of Normal Operating Conditions and Other Problems

where
 Cs = surface layer derating factor (It can be considered as a corrective factor to compute the effec-

tive foot resistance in the presence of a finite thickness of surface material.) (See Figure 4.24.)
 ρs = surface material resistivity, Ω∙m
 K = reflection factor between different material resistivities
 ρ = resistivity of earth beneath the substation, Ω∙m
 hs = thickness of the surface material, m
 b = radius of circular metallic disc representing the foot, m
 Rm nhs( )2  = mutual ground resistance between two similar, parallel, coaxial plates that are sepa-

rated by a distance of (2nhs), Ω∙m

Note that, Figure 4.24 gives the exact value of Cs instead of using the empirical Equation 4.64 
for it. The empirical equation gives approximate values that are within 5% of the values that can be 
found with the equation.

Table 4.7 gives typical values for various ground types. However, the resistivity of ground also 
changes as a function of temperature, moisture, and chemical content. Therefore, in practical appli-
cations, the only way to determine the resistivity of soil is by measuring it.

EXAMPLE 4.7

Assume that a human body is part of a 60-Hz electric power circuit for about 0.49 s and that the 
soil type is average earth. On the basis of IEEE Std. 80-2000, determine the following:

 (a) Tolerable touch potential, for 50 kg body weight
 (b) Tolerable step potential
 (c) Tolerable touch voltage limit for metal-to-metal contact, if the person is 50 kg
 (d) Tolerable touch voltage limit for metal-to-metal contact, if the person is 70 kg
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FIGURE 4.24 Surface layer derating factor vs. thickness of surface material in meters. (From Keil, R. P., 
Substation Grounding, in Electric Power Substations Engineering, McDonald, J. D. (ed.), 2nd ed., CRC Press, 
Boca Raton, FL, 2007.)
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Solution

 (a) Using Equation 4.61a, for 50 kg body weight

 

V
t

s

s
touch 50 =

+

= + ×

0 116 1000 1 5

0 116 1000 1 5 100

. ( . )

. ( .

ρ

))

.0 49

191≅ V  

 (b) Using Equation 4.61b

 

V
t

s

s
step 50 =

+

= + ×

0 116 1000 6

0 116 1000 6 100

0 49

. ( )

. ( )

.

ρ

≅≅ 265 V  

 (c) Since ρs = 0,

 

V
ts

mm-touch 50 165.7 V for 50 kg body we= = =116 116

0 49.
iight

 

 (d) Since ρs = 0,

 

V
ts

mm-touch70 224.3 V for 70 kg body wei= = =157 157

0 49.
gght

 

4.8.3  groUnd Potential riSe (gPr) and groUnd reSiStanCe

The GPR is a function of fault current magnitude, system voltage, and ground (system) resistance. 
The current through the ground system multiplied by its resistance measured from a point remote 
from the substation determines the GPR with respect to remote ground.

TABLE 4.7
Resistivity of Different Soils

Ground Type Resistivity, ρS

Seawater 0.01−1.0

Wet organic soil 10

Moist soil (average earth) 100

Dry soil 1000

Bedrock 104

Pure slate 107

Sandstone 109

Crushed rock 1.5 × 108
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The ground resistance can be reduced by using electrodes buried in the ground. For example, 
metal rods or counterpoise (i.e., buried conductors) are used for the lines of the grid system are 
made of copper-stranded cable, on the other hand rods are used for the substations.

The grounding resistance of a buried electrode is a function of (1) the resistance of the electrode 
itself and the connections to it, (2) the contact resistance between the electrode and the surrounding 
soil, and (3) the resistance of the surrounding soil, from the electrode surface outward.

The first two resistances are very small with respect to soil resistance and therefore may be 
neglected in some applications. However, the third one is usually very large depending on the type 
of soil, chemical ingredients, moisture level, and temperature of the soil surrounding the electrode.

Table 4.8 presents data indicating the effect of moisture contents on soil resistivity. The resis-
tance of the soil can be measured by using the three-electrode method or by using self-contained 
instruments such as the Biddle Megger ground resistance tester.

If the surface of the soil is covered with a layer of crushed rock or some other high-resistivity 
material, its resistivity should be used in the previous equations. Table 4.7 gives typical values for 
various ground types. However, the resistivity of ground also changes as a function of temperature, 
moisture, and chemical content. Thus, in practical applications, the only way to determine the resis-
tivity of soil is by measuring it.

In general, soil resistivity investigations are required to determine the soil structure. Table 4.7 
gives only very rough estimates. The soil resistivity can very substantially with changes in tem-
perature, moisture, and chemical content. To determine the soil resistivity of a specific site, soil 
resistivity measurements are required to be taken. Since soil resistivity can change both horizon-
tally and vertically, it is necessary to take more than one set of measurements. IEEE Std. 80-2000 
[12] describes various measuring techniques in detail. There are commercially available computer 
programs that use the soil data and calculate the soil resistivity and provide a confidence level based 
on the test. There is also a graphical method that was developed by Sunde [29] to interpret the test 
results.

4.8.4  groUnd reSiStanCe

Ground is defined as a conducting connection, either intentional or accidental, by which an electric 
circuit or equipment becomes grounded. Thus, grounded means that a given electric system, cir-
cuit, or device is connected to the earth or to some other equivalent conducting body of relatively 
large extent, serving in the place of the former with the purpose of establishing and maintaining the 
potential of conductors connected to it approximately at the potential of the earth and allowing for 
conducting electric currents from and to the earth of its equivalent.

TABLE 4.8
Effect of Moisture Content on Soil Resistivity

Moisture Content (wt.%)

Resistivity (Ω∙cm)

Topsoil Sandy Loam

0 >109 >109

2.5 250,000 150,000

5 165,000 43,000

10 53,000 18,500

15 19,000 10,500

20 12,000 6,300

30 6,400 4,200
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Thus, a safe grounding design should provide the following:

 1. A means to carry and dissipate electric currents into ground under normal and fault con-
ditions without exceeding any operating and equipment limits or adversely affecting the 
continuity of service

 2. Assurance for such a degree of human safety so that a person working or walking in the 
vicinity of grounded facilities is not subjected to the danger of critical electrical shock

However, a low ground resistance is not, in itself, a guarantee of safety. For example, about three 
or four decades ago, a great many people assumed that any object grounded, however crudely, could 
be safely touched. This misconception probably contributed to many tragic accidents in the past. 
Thus, since there is no simple relation between the resistance of the ground system as a whole and 
the maximum shock current to which a person might be exposed, a system or system component 
(e.g., substation or tower) of relatively low ground resistance may be dangerous under some condi-
tions, but another system component with very high ground resistance may still be safe or can be 
made safe by careful design.

 Table 4.9 gives data showing the effect of temperature on soil resistivity.
Figure 4.25 shows a ground rod driven into the soil and conducting current in all directions. The 

resistance of the soil has been illustrated in terms of successive shells of the soil of equal thickness. 
With increased distance from the electrode, the soil shells have greater area and therefore lower 
resistance. Thus, the shell nearest the rod has the smallest cross section of the soil and therefore 
the highest resistance. Measurements have shown that 90% of the total resistance surrounding an 
electrode is usually with a radius of 6–10 ft. Table 4.10 gives formulas to determine resistance to 
ground of various types of electrodes [25].

The assumptions that have been made in deriving these formulas are that the soil is perfectly 
homogeneous and the resistivity is of the same known value throughout the soil surrounding the 
electrode. Of course, these assumptions are seldom true. The only way one can be sure of the 
resistivity of the soil is by actually measuring it at the actual location of the electrode and at 
the actual depth.

Figure 4.26 shows the variation of soil resistivity with depth for a soil having uniform moisture 
content at all depths [25a]. In reality, however, deeper soils have greater moisture content, and the 
advantage of depth is more visible. Some nonhomogeneous soils can also be modeled by using the 
two-layer method [26–29].

The resistance of the soil can be measured by using the three-electrode method or by using self-
contained instruments such as the Biddle Megger ground resistance tester. Figure 4.27 shows the 
approximate ground resistivity distribution in the United States.

TABLE 4.9
Effect of Temperature on Soil Resistivitya

Temperature (˚C) ˚F Resistivity (Ω∙cm)

20 68 7,200

10 50 9,900

0 (water) 32 13,800

0 (ice) 32 30,000

–5 23 79,000

–15 14 330,000

a Sandy loam with 15.2% moisture.
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4.8.5  Soil reSiStivity meaSUrementS

Table 4.7 gives estimates on soil classification that are only an approximation of the actual resistiv-
ity of a given site. Actual resistivity tests therefore are crucial. They should be made at a number of 
places within the site. In general, substation sites where the soil has uniform resistivity throughout 
the entire area and to a considerable depth are seldom found.

4.8.5.1  Wenner Four-Pin Method
More often than not, there are several layers, each having a different resistivity. Furthermore, 
lateral changes also take place, but with respect to the vertical changes; these changes usually are 
more gradual. Hence, soil resistivity tests should be made to find out if there are any substantial 
changes in resistivity with depth. If the resistivity varies considerably with depth, it is often desir-
able to use an increased range of probe spacing to get an estimate of the resistivity of the deeper 
layers.

IEEE Std. 81-1983 describes a number of measuring techniques. The Wenner four-pin method is 
the most commonly used technique. Figure 4.28 illustrates this method. In this method, four probes 
(or pins) are driven into the earth along a straight line, at equal distances apart, driven to a depth b. 
The voltage between the two inner (i.e., potential) electrodes is then measured and divided by the 
current between the two outer (i.e., current) electrodes to give a value of resistance R. The apparent 
resistivity of soil is determined from

 ρ π
a

aR
a

a b

a

a b
=

+
+

−
+

4

1
2

42 2

2 2  (4.66)

where
 ρa = apparent resistivity of the soil in ohm meters
 R = measured resistivity in ohms
 a = distance between adjacent electrodes in meters
 b = depth of the electrodes in meters

In the event that b is small in comparison to a, then

 ρa = 2πaR (4.67)

FIGURE 4.25 Resistance of earth surrounding an electrode.
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FIGURE 4.26 Variation of soil resistivity with depth for soil having uniform moisture content at all depths. 
(From National Bureau of Standards Technical Report 108.)
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The current tends to flow near the surface for the small probe spacing, whereas more of the cur-
rent penetrates deeper soils for large spacing. Because of this fact, the previous two equations can 
be used to determine the apparent resistivity ρa at a depth a.

The Wenner four-pin method obtains the soil resistivity data for deeper layers without driving the 
test pins to those layers. No heavy equipment is needed to do the four-pin test. The results are not 
greatly affected by the resistance of the test pins or the holes created in driving the test pins into the 
soil. Because of these advantages, the Wenner method is the most popular method.

4.8.5.2  Three-Pin or Driven-Ground Rod Method
IEEE Std. 81-1983 describes a second method of measuring soil resistivity. It is illustrated in Figure 
4.29. In this method, the depth (Lr) of the driven rod located in the soil to be tested is varied. The 
other two rods are known as reference rods. They are driven to a shallow depth in a straight line. 
The location of the voltage rod is varied between the test rod and the current rod. Alternatively, the 
voltage rod can be placed on the other side of the driven rod. The apparent resistivity is found from

 

ρ π
a

r

r

L R

L
d

=





−

2

8
1ln  

(4.68)

where
 Lr = length of the driven rod in meters
 d = diameter of the rod in meters
 R = measured resistivity in ohms

A plot of the measured resistivity value ρa vs. the rod length (Lr) provides a visual aid for finding 
out earth resistivity variations with depth. An advantage of the driven-rod method, even though not 
related necessarily to the measurements, is the ability to determine to what depth the ground rods 
can be driven. This knowledge can save the need to redesign the ground grid. Because of hard lay-
ers in the soil such as rock and hard clay, it becomes practically impossible to drive the test rod any 
further, resulting in insufficient data.

A disadvantage of the driven-rod method is that when the test rod is driven deep in the ground, it 
usually losses contact with the soil owing to the vibration and the larger-diameter couplers resulting 

A

V

a a a

b

FIGURE 4.28 Wenner four-pin method. (From Gönen, T., Electric Power Transmission System Engineering, 
2nd ed., CRC Press, Boca Raton, FL, 2009.)
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in higher measured resistance values. A ground grid designed with these higher soil resistivity 
 values may be unnecessarily conservative. Thus, this method presents an uncertainty in the resis-
tance value.

4.9  SUBSTATION GROUNDING

Grounding at the substation has paramount importance. Again, the purpose of such a grounding 
system includes the following:

 1. To provide the ground connection for the grounded neutral for transformers, reactors, and 
capacitors

 2. To provide the discharge path for lightning rods, arresters, gaps, and similar devices
 3. To ensure safety to operating personnel by limiting potential differences that can exist in a 

substation
 4. To provide a means of discharging and deenergizing equipment in order to proceed with 

the maintenance of the equipment
 5. To provide a sufficiently low resistance path to ground to minimize the rise in ground 

potential with respect to remote ground

A multigrounded, common neutral conductor used for a primary distribution line is always con-
nected to the substation grounding system where the circuit originates and to all grounds along the 
length of the circuit. If separate primary and secondary neutral conductors are used, the conductors 
have to be connected together provided the primary neutral conductor is effectively grounded.

The substation grounding system is connected to every individual equipment, structure, and 
installation so that it can provide the means by which grounding currents are connected to remote 
areas. It is extremely important that the substation ground has a low ground resistance, adequate 
current-carrying capacity, and safety features for personnel. It is crucial to have the substation 

A

V

D

Lr

FIGURE 4.29 Circuit diagram for three-pin or driven-ground rod method. (From Gönen, T., Electric Power 
Transmission System Engineering, 2nd ed., CRC Press, Boca Raton, FL, 2009.)
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ground resistance very low so that the total rise of the ground system potential will not reach values 
that are unsafe for human contact.*

The substation grounding system is normally made of buried horizontal conductors and driven 
ground rods interconnected (by clamping, welding, or brazing) to form a continuous grid (also 
called mat) network. A continuous cable (usually it is 4/0 bare copper cable buried 12–18 in. below 
the surface) surrounds the grid perimeter to enclose as much ground as possible and to prevent cur-
rent concentration and thus high gradients at the ground cable terminals. Inside the grid, cables are 
buried in parallel lines and with uniform spacing (e.g., about 10 × 20 ft).

All substation equipment and structures are connected to the ground grid with large conductors 
to minimize the grounding resistance and limit the potential between equipment and the ground 
surface to a safe value under all conditions. All substation fences are built inside the ground grid and 
attached to the grid in short intervals to protect the public and personnel. The surface of the substa-
tion is usually covered with crushed rock or concrete to reduce the potential gradient when large 
currents are discharged to ground and to increase the contact resistance to the feet of the personnel 
in the substation.

IEEE Std. 80-1976 [24] provides a formula for a quick simple calculation of the grid resistance 
to ground after a minimum design has been completed. It is expressed as

 R
r L
s s

T
grid = +ρ ρ

4
 (4.69)

where
 ρs = soil resistivity in ohm meters
 L = total length of grid conductors in meters
 R = radius of circle with area equal to that of grid in meters

IEEE Std. 80-2000 provides the following equation to determine the grid resistance after a mini-
mum design has been completed:

 R
A

s
grid =

ρ π
4

 (4.70)

Also, IEEE Std. 80-2000 provides the following equation to determine the upper limit for grid 
resistance to ground after a minimum design has been completed:

 R
A L

s s

T
grid = +ρ π ρ

4
 (4.71)

where
 Rgrid = grid resistance in ohms
 ρ = soil resistance in ohm meters
 A = area of the ground in square meters
 LT = total buried length of conductors in meters

However, Equation 4.71 requires a uniform soil resistivity. Hence, a substantial engineering 
judgment is necessary for reviewing the soil resistivity measurements to decide the value of soil 
 resistivity. However, it does provide a guideline for the uniform soil resistivity to be used in the 

* Mesh voltage is the worst possible value of a touch voltage to be found within a mesh of a ground grid if standing at or 
near the center of the mesh.
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ground grid design. Alternatively, Sverak et al. [19] provides the following formula for the grid 
resistance:

 R
L A

h
A

s
T

grid = + +
+































ρ 1 1

20
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20

 (4.72)

where
 Rgrid = substation ground resistance, Ω
 ρs = soil resistivity, Ω∙m
 A = area occupied by the ground grid, m2

 H = depth of the grid, m
 LT = total buried length of conductors, m

IEEE Std. 80-1976 also provides formulas to determine the effects of the grid geometry on the 
step and mesh voltage in volts. Mesh voltage is the worst possible value of a touch voltage to be 
found within a mesh of a ground grid if standing at or near the center of the mesh. They can be 
expressed as

 E
K K I

L
s s i G

s
step =

× × ×ρ
 (4.73)

and

 E
K K I

L
s m i G

m
mesh =

× × ×ρ
 (4.74)

where
 ρs = average soil resistivity in ohm meters
 Ks = step coefficient
 Km = mesh coefficient
 Ki = irregularity coefficient
 IG = maximum rms current flowing between ground grid and earth in amperes
 Ls = total length of buried conductors, including cross connections, and (optionally) the total 

effective length of ground rods in meters
 Lm = total length of buried conductors, including cross connections, and (optionally) the com-

bined length of ground rods in meters

Many utilities have computer programs for performing grounding grid studies. The number of 
tedious calculations that must be performed to develop an accurate and sophisticated model of a 
system is no longer a problem.

In general, in the event of a fault, overhead ground wires, neutral conductors, and directly bur-
ied metal pipes and cables conduct a portion of the ground fault current away from the substation 
ground grid and have to be taken into account when calculating the maximum value of the grid cur-
rent. On the basis of the associated equivalent circuit and resultant current division, one can deter-
mine what portion of the total current flows into the earth and through other ground paths. It can be 
used to determine the approximate amount of current that did not use the ground as flow path. The 
fault current division factor (also known as the split factor) can be expressed as

 S
I

Ia
split

grid

0

=
3

 (4.75)
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where
 Ssplit = fault current division factor
 Igrid = rms symmetrical grid current, A
 Ia0 = zero-sequence fault current, A

The split factor is used to determine the approximate amount of current that did not use the 
ground flow path. Computer programs can determine the split factor easily, but it is also possible 
to determine the split factor through graphs. With the Y ordinate representing the split factor and 
the X axis representing the grid resistance, it is obvious that the grid resistance has to be known to 
determine the split factor. As previously said, the split factor determines the approximate amount of 
current that uses the earth as a return path. The amount of current that does enter the earth is found 
from the following equation. Hence, the design value of the maximum grid current can be found from

 IG = Df × Igrid (4.76)

where
 IG = maximum grid current in amperes
 Df = decrement factor for the entire fault duration of tf, given in seconds
 Igrid = rms symmetrical grid current in amperes

Here, Figure 4.30 illustrates the relation between asymmetrical fault current, dc decaying com-
ponent, and symmetrical fault current, and the relation between the variables IF, If, and Df for the 
fault duration tf.

I

I

I

0

0

0

Symmetrical RMS current

Symmetrical current

Symmetrical peak current

Symmetrical RMS current

Asymmetrical current

Asymmetrical RMS current

Maximum instaneous
asymmetrical fault current
at ½ cycle exact value
depends on X/R ratio of
circuit 

Decaying dc component

t

t

ttf

I f

I F
=D

f •
I f

FIGURE 4.30 Relation between asymmetrical fault current, dc decaying component, and symmetrical fault 
current.
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The decrement factor is an adjustment factor that is used in conjunction with the symmetrical 
ground fault current parameter in safety-oriented grounding calculations. It determines the rms 
equivalent of the asymmetrical current wave for a given fault duration, accounting for the effect of 
initial dc offset and its attenuation during the fault. The decrement factor can be calculated from

 D
T
I

ef
a

f

t

T
f

a= + −












−
1 1

2

 (4.77)

where
 tf = time duration of fault in seconds

 
T

X
Ra = =

ω
dc offset time constant in seconds

Here, tf should be chosen as the fastest clearing time, and includes breaker and relay time for 
transmission substations. It is assumed here that the ac components do not decay with time.

The symmetrical grid current is defined as that portion of the symmetrical ground fault current 
that flows between the grounding grid and surrounding earth. It can be expressed as

 Igrid = Sf × If (4.78)

where
 If = rms value of symmetrical ground fault current in amperes
 Sf = fault current division factor

IEEE Std. 80-2000 provides a series of current based on computer simulations for various values 
of ground grid resistance and system conditions to determine the grid current. On the basis of those 
split-current curves, one can determine the maximum grid current.

4.10  GROUND CONDUCTOR SIZING FACTORS

The flow of excessive currents will be very dangerous if the right equipment is not used to help dissipate 
the excessive currents. Ground conductors are means of providing a path for excessive currents from the 
substation to ground grid. Hence, the ground grid than can spread the current into the ground, creating 
a zero potential between the substation and the ground. Table 4.11 gives the list of possible conduc-
tors that can be used for such conductors. In the United States, there are only two types of conductors, 
namely, copper and/or copper-clad steel conductors, that are used for this purpose. The copper one is 
mainly used because of its high conductivity and the high resistance to corrosion. The next step is to 
determine the size of ground conductor that needs to be buried underground.

Thus, based on the symmetrical conductor current, the required conductor size can be found from
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if the conductor size needs to be found in square millimeters, the conductor size can be found from
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Alternatively, in the event that the conductor size needs to be found in kilo-circular mils, since

 A Akcmil mm
= ×1 974 2.  (4.81)

then Equation 4.72 can be expressed as
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Note that both αr and ρr can be found at the same reference temperature of Tr (°C). Also, note that 
Equations 4.79 and 4.82 can also be used to determine the short-time temperature rise in a ground 
conductor. Thus, taking other required conversions into account, the conductor size in kilo-circular 
mils can be found from
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where
If = rms current (without dc offset), kA
Amm2 = conductor cross section, mm2

Akcmil = conductor cross section, kcmil
TCAP = thermal capacity per unit volume, J/(cm3·°C). (It is found from Table 4.11, per IEEE Std. 

80-2000.)
tc = duration of current, s
αr = thermal coefficient of resistivity at reference temperature Tr, 1/°C. (It is found from Table 

4.11, per IEEE Std. 80-2000 for 20°C.)
ρr = resistivity of the ground conductor at reference temperature Tr, μΩ∙cm. (It is found from 

Table 4.11, per IEEE Std. 80-2000 for 20°C.)

TABLE 4.11
Material Constants of the Typical Grounding Material Used

Description Kf Tm (°C)

αr Factor 
at 20°C 
(1/°C)

ρr 20°C 
(mΩ∙cm)

Ko at 
0°C 

(0°C)

Fusing 
Temperature, 

Tm (0°C)

Material 
Conducting 

(%)

TCAP 
Thermal 
Capacity 

[J/ cm3 × °C]

Copper 
annealed 
soft-drawn

7 1083 0.0393 1.72 234 1083 100 3.42

Copper 
annealed 
hard-drawn

1084 1084 0.00381 1.78 242 1084 97 3.42

Copper-clad 
steel wire

1084 12.06 0.00378 5.86 245 1084 30 3.85

Stainless 
steel 304

1510 14.72 0.00130 15.86 749 1400 2.4 3.28

Zinc-coated 
steel rod

28.96 28.96 0.0030 72 293 419 8.6 4.03
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K0 = 1/α0 or (1/αr) − Tr, °C
Tmax = maximum allowable temperature, °C
Tamb = ambient temperature, °C
If = rms current (without dc offset), kA
Amm2 = conductor cross section, mm2

Akcmil = conductor cross section, kcmil

For a given conductor material, once the TCAP is found from Table 4.11 or calculated from

 TCAP[J/(cm3 × °C)] = 4.184(J/cal) × SH[(cal/(g × °C))] × SW(g/cm3) (4.84)

where
 SH = specific heat, in cal/(g × °C) is related to the thermal capacity per unit volume in J/(cm3 × °C)
 SW = specific weight, in g/cm3 is related to the thermal capacity per unit volume in J/(cm3 × °C)

Thus, TCAP is defined by

 TCAP[J/(cm3 × °C)] = 4.184(J/cal) × SH[(cal/(g × °C))] × SW(g/cm3) (4.85)

Asymmetrical fault currents consist of subtransient, transient, and steady-state ac components, 
and the dc offset current component. To find the asymmetrical fault current (i.e., if the effect of the 
dc offset is needed to be included in the fault current), the equivalent value of the asymmetrical 
current IF is found from

 IF = Df × If (4.86)

where IF represents the rms value of an asymmetrical current integrated over the entire fault dura-
tion, tc, can be found as a function of X/R by using Df, before using Equations 4.79 or 4.82, and 
where Df is the decrement factor and is found from
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where tf is the time duration of fault in seconds, and Ta is the dc offset time constant in seconds. 
Note that,

 T
X
Ra = ω

 (4.88)

and for 60 Hz,

 T
X

Ra = 120π
 (4.89)

The resulting IF is always greater than If . However, if the X/R ratio is less than 5 and the fault 
duration is greater than 1 s, the effects of the dc offset are negligible.
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4.11  MESH VOLTAGE DESIGN CALCULATIONS

If the GPR value exceeds the tolerable touch and step voltages, it is necessary to perform the mesh 
voltage design calculations to determine whether the design of a substation is safe. If the design is 
again unsafe, conductors in the form of ground rods are added to the design until the design is con-
sidered safe. The mesh voltage is found from

 E
K K I

L
m i G

M
mesh =

× × ×ρ
 (4.90)

where
 ρ = soil resistivity, Ω∙m
 Km = mesh coefficient
 Ki = correction factor for grid geometry
 IG = maximum grid current that flows between ground grid and surrounding earth, A
 Lm = length of Lc + LR for mesh voltage, m
 Lc = total length of grid conductor, m
 LR = total length of ground rods, m

The mesh coefficient Km is determined from
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where
 d = diameter of grid conductors, m
 D = spacing between parallel conductors, m
 Kii = irregularity factor (corrective weighting factor that adjusts for the effects of inner conduc-

tors on the corner mesh)
 Kh = corrective weighting factor that highlight for the effects of grid depth
 n = geometric factor
 h = depth of ground grid conductors, m

Note that, the value of Kii depends on the following circumstances:

 (a) For the grids with ground rods existing in grid corners as well as perimeter:

 Kii = 1 (4.92)

 (b) For the grids with no or few ground rods with none existing in corners or perimeter:

 K

n
ii

n

= 1

2
2

( )

 (4.93)

 and

 K
h
hh = +1

0

 (4.94)

 where h0 = grid reference depth = 1 m.
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The effective number of parallel conductors (n) given in a given grid are found from

 n = na × nb × nc × nd (4.95)

where

 n
L

La
c

p

= 2
 

 nb = 1, for square grids
 nc = 1, for square and rectangular grids
 nd = 1, for square, rectangular, and L-shaped grids

Otherwise, the following equations are used to determine the nb, nc, and nd so that
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 (4.96)
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where
 Lp = peripheral length of the grid, m
 LC = total length of the conductor in the horizontal grid, m
 A = area of the grid, m2

 LX = maximum length of the grid in the X direction, m
 LY = maximum length of the grid in the Y direction, m
 d = diameter of grid conductors, m
 D = spacing between parallel conductors, m
 Dm = maximum distance between any two points on the grid, m
 h = depth of ground grid conductors, m

Note that, the irregularity factor is determined from

 Kii = 0.644 + 0.148n (4.99)

The effective buried length (LM) for grids:

 (a) With little or no ground rods but none located in the corners or along the perimeter of the 
grid:

 LM = LC + LR (4.100)

where
LR = total length of all ground rods, m
LC = total length of the conductor in the horizontal grid, m
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 (b) With ground rods in corners and along the perimeter and throughout the grid:

 L L
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 where LR = length of each ground rod, m.

4.12  STEP VOLTAGE DESIGN CALCULATIONS

According to IEEE STD. 80-2000, in order for the ground system to be safe, step voltage has to be 
less than the tolerable step voltage. Furthermore, step voltages within the grid system designed for 
safe mesh voltages will be well within the tolerable limits, the reason for this is both feet and legs 
are in series rather than in parallel and the current takes the path from one leg to the other rather 
than through vital organs. The step voltage is determined from

 E
K K I

L
s i G

S
step =

× × ×ρ
 (4.102)

where
 Ks = step coefficient
 LS = buried conductor length, m

Again, for grids with or without ground rods,

 LS = 0.75LC + 0.85LR (4.103)

so that the step coefficient can be found from
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where h = depth of ground grid conductors in meters, usually between 0.25 m < h <2.5 m.

4.13  TYPES OF GROUND FAULTS

In general, it is difficult to determine which fault type and location will result in the greatest flow 
of current between the ground grid and the surrounding earth because no simple rule applies. IEEE 
Std. 80-2000 recommends not to consider multiple simultaneous faults since their probability of 
occurrence is negligibly small. Instead, it recommends investigating single-line-to-ground and 
line-to-line-to-ground faults.

4.13.1  line-to-line-to-groUnd faUlt

For a line-to-line-to-ground (i.e., double line-to-ground) fault, IEEE Std. 80-2000 gives the follow-
ing equation to calculate the zero-sequence fault current:

 I
E R jX

R jX R R R j X X R ja
f

0
2 2

1 1 0 2 0 2 23
= +

+ + + + + + +
( )

( )[ ( )] ( XX R R jXf2 0 03)( )+ +
 (4.105)
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where
 Ia0 = symmetrical rms value of zero-sequence fault current, A
 E = phase-to-neutral voltage, V
 Rf = estimated resistance of the fault, Ω (normally it is assumed Rf = 0)
 R1 = positive-sequence system resistance, Ω
 R2 = negative-sequence system resistance, Ω
 R0 = zero-sequence system resistance, Ω
 X1 = positive-sequence system reactance (subtransient), Ω
 X2 = negative-sequence system reactance, Ω
 X0 = zero-sequence system reactance, Ω

The values of R0, R1, R2, and X0, X1, X2 are determined by looking into the system from the point 
of fault. In other words, they are determined from the Thévenin equivalent impedance at the fault 
point for each sequence.* Often, however, the resistance quantities given in the above equation is 
negligibly small. Hence,

 I
E X

X X X X Xa0 =
×

+ +
2

1 0 2 0 2( )( )
 (4.106)

4.13.2  Single-line-to-groUnd faUlt

For a single-line-to-ground fault, IEEE Std. 80-2000 gives the following equation to calculate the 
zero-sequence fault current,

 I
E

R R R R j X X Xa
f

0 = + + + + + +3 0 1 2 0 1 2( )
 (4.107)

Often, however, the resistance quantities in the above equation are negligibly small. Hence,

 I
E

X X Xa0 = + +0 1 2

 (4.108)

4.14  GROUND POTENTIAL RISE

As said before in Section 4.8.2, the GPR is a function of fault-current magnitude, system voltage, 
and ground-system resistance. The GPR with respect to remote ground is determined by multiply-
ing the current flowing through the ground system by its resistance measured from a point remote 
from the substation. Here, the current flowing through the grid is usually taken as the maximum 
available line-to-ground fault current.

The GPR is a function of fault current magnitude, system voltage, and ground (system) resis-
tance. The current through the ground system multiplied by its resistance measured from a point 
remote from the substation determines the GPR with respect to remote ground. Hence, GPR can be 
found from

 VGPR = IG × Rg (4.109)

* It is often acceptable to use X1 = X2, especially if an appreciable percentage of the positive-sequence reactance to the point 
of fault is that of static equipment and transmission lines.
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where
 VGPR = ground potential rise, V
 Rg = ground grid resistance, Ω

For example, if a ground fault current of 20,000 A is flowing into a substation ground grid due to 
a line-to-ground fault and the ground grid system has a 0.5 Ω resistance to the earth, the resultant IR 
voltage drop would be 10,000 V. It is clear that such 10,000-V IR voltage drop could cause serious 
problems to communication lines in and around the substation in the event that the communication 
equipment and facilities are not properly insulated and/or neutralized.

The ground grid resistance can be found from
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where
 LT = total buried length of conductors, m
 h = depth of the grid, m
 A = area of substation ground surface, m2

To aid the substation grounding design engineer, IEEE Std. 80-2000 includes a design procedure 
that has a 12-step process, as shown in Figure 4.30, in terms of substation grounding design pro-
cedure block diagram, based on a preliminary of a somewhat arbitrary area; that is, the standard 
suggests the grid be approximately the size of the distribution substation. However, some references 
state a common practice that is to extend the grid 3 m beyond the perimeter of the substation fence.

EXAMPLE 4.8

Let the starting grid be a 10-by-10 ground grid. Design a proper substation grounding to provide 
safety measures for anyone going near or working on a substation. Hence, use the IEEE 12-step 
process shown in Figure 4.31, then build a grid large enough to dissipate the ground fault current 
into the earth. A large grounding grid extending far beyond the substation fence and made of a 
single copper plate would have the most desirable effect for dispersing fault currents to remote 
earth and thereby ensure the safety of personnel at the surface. Unfortunately, a copper plate of 
such size is not an economically viable option. The alternative is to design a grid by using a series 
of horizontal conductors and vertical ground rods. Of course, the application of conductors and 
rods depends on  the resistivity of the substation ground. Change the variables as necessary in 
order to meet specifications for grounding of the substation. The variables include the size of the 
grid, the size of the conductors used, the amount of conductors used, and the spacing of each 
grounding rod. Use 12,906 A as the maximum value fault current, a maximum clearing time of 
0.5 s, and a conductor diameter of 211.6 kcmil, based on the given information. The soil resistivity 
is 35 Ω∙m and the crushed rock resistivity on the surface of the substation is 2000 Ω∙m. Assume 
that the substation has no transmission line shield wires and but four distribution neutrals. Design 
a grid by using a series of horizontal conductors and vertical ground rods based on the resistivity 
of the soil in ohm meters.

Solution

STEP 1: FIELD DATA

Assume that the uniform average soil resistivity of the substation ground is measured to be 
35 Ω∙m.
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STEP 2: CONDUCTOR SIZE

The analysis of the grounding grid should be based on the most conservative fault safety condi-
tions. For example, the fault current 3Ia0 is the assumed maximum value with all current dispersed 
through the grid, that is, there is no alternative path for ground other than through the grid to 
remote earth. Since the maximum value of the fault current is given as 12,906 A, the conductor 
size is selected based on the current-carrying capacity, in addition to the amount of time the fault 
is going to take place. Thus, use a maximum fault current of 12,906 A, a maximum clearing time 
of 0.5 s, and a conductor diameter of 211.6 kcmil. The crushed rock resistivity is 2000 Ω∙m. The 
surface derating factor is 0.714. The diameter of the conductor can be found from Table A1.

STEP 3: TOUCH AND STEP VOLTAGE CRITERIA

According to the federal law, all known hazards must be eliminated where the GPR takes place for 
the safety of workers at a work site. To remove the hazards associated with GPR, a grounding grid 
is designed to reduce the hazardous potentials at the surface. First, it is necessary to determine 
what is not hazardous to the body. For two body types, the potential safe step and touch voltages 
a human could withstand before the fault is cleared need to be determined from Equations 4.62a 
and 4.62b for touch voltages, and from Equations 4.62c and 4.62d for step voltages as

 Vtouch 50 = 516 V and Vtouch 70 = 698 V

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 9

Step 10

Step 12

Step 7

Step 11

Step 8

Field data
A, p

Conductor size
3Iao, tc, d

Initial design
D, n, Lc, LT, h

Modify design
D, n, Lc, LT

Grid resistance
Rg, Lc, LR

Grid current
Ig, tf

Es, Em, Km, Ks, Ki,
Kii, Kh

Touch and step criteria
Etouch50 or 70  Estep50 or 70

Yes

Yes

Yes

No

No

No

Ig Rg < Etouch

Em < Etouch

Es < Estep

Mesh and step voltages

Detail design

FIGURE 4.31 Substation grounding design procedure block diagram.
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and

 Vstep 50 = 1517 V and Vstep 70 = 2126 V

STEP 4: INITIAL DESIGN

The initial design consists of factors obtained from the general knowledge of the substation. The 
preliminary size of the grounding grid system is largely based on the size of the substation to 
include all dimensions within the perimeter of the fence. To establish economic viability, the maxi-
mum area is considered and formed in the shape of a square with an area of 100 m2. However, 
the touch voltage has exceeded the limit.

Therefore, an alternative grid size is developed as shown in Figure 4.32, this time in the shape 
of a rectangle with ground rods. The horizontal distance is called LX and is measured 24 m, 
while the vertical distance LY is measured 12 m. The area of the grid is 288 m2. The horizontal 
conductors were conservatively spaced at the minimum distance of 3 m apart. The total length 
of the horizontal conductors LT is 258 m. A total of 12 grounding rods at a length of 2.5 m each 
accounted for a total ground rod length LC of 228 m. The grid burial depth is 0.5 m. From Equation 
4.95, the effective number of parallel conductors (n) is found as 6.5.

12 m
3 m

24
 m

x
3'

Estep

Em

y

Ground rod

Ground 
conductors

Z

FIGURE 4.32 Preliminary design.
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STEP 5: GRID RESISTANCE

A good grounding system provides a low resistance to remote earth in order to minimize the GPR. 
The next step is to evaluate the grid resistance by using Equation 4.103. All design parameters can 
be found in Tables 4.12A and 4.12B, and in the preliminary design outline is shown in Figure 4.32. 
Table 4.13 gives approximate equivalent impedance of transmission line overhead shield wires 
and distribution feeder neutrals, according to their numbers. From Equation 4.110 for LT = 258 m, 
a grid area of A = 288 m2, ρ = 35 Ω∙m, and h = 0.5 m, the grid resistance is
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STEP 6: GRID CURRENT

From Equation 4.109, the GPR is determined as

 VGPR = IG × Rg

This is important because to determine the GPR and compare it to the tolerable touch voltage 
is the first step to find out whether the grid design is a safe design for the people in and around the 
substation. The next step is to find the the grid current IG. However, the split factor should first be 
determined from the following equation

 S
Z

Z Rf
g

=
+
eq

eq

 

Since the substation has no impedance line shield wires and four distribution neutrals, from 
Table 4.12, the equivalent impedance can be found as Zeq = 0.322 + j0.242 Ω. Thus, Rg = 1.0043 Ω 
and a total fault current of 3Ia0 = 12,906 A, a decrement factor of Df = 1.026. Thus, the current 
division factor (or the split factor) can be found as

TABLE 4.12A
Initial Design Parameters

ρ A LT LC LR LT h LX LY D

35 Ω 288 m 258 Ω 228 Ω 30 m 2.5 Ω 0.5 m 24 m 12 m 3 m

TABLE 4.12B
Initial Design Parameters

tc hs D 3Ia0 ρs Df Lp nc nd tf

0.05 s 0.11 m 0.01 m 12,906 A 2000 Ω 1.03 75 m 1 1 0.5 s
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STEP 7: DETERMINATION OF GPR

As said before, the product of IG and Rg is the GPR. It is necessary to compare the GPR to the 
tolerable touch voltage, Vtouch 70. If the GPR is larger than the Vtouch 70, further design evaluations 
are necessary and the tolerable touch and step voltages should be compared with the maximum 
mesh and step voltages. Hence, first determine the GPR as
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Check to see whether

 GPR > Vtouch70

TABLE 4.13
Approximate Equivalent Impedance of Transmission Line Overhead Shield Wires and 
Distribution Feeder Neutrals

No. of Transmission 
Lines No. of Distribution Neutrals

Rtg = 15 and Rdϕ = 25
R + jX Ω

Rtg = 15 and Rdϕ = 25
R + jX Ω

1 1 0.91 + j0.485 Ω 3.27 + j0.652 Ω
1 2 0.54 + j0.33 Ω 2.18 + j0.412 Ω
1 4 0.295 + j0.20 Ω 1.32 + j0.244 Ω
4 4 0.23 + j0.12 Ω 0.817 + j0.16 Ω
0 4 0.322 + j0.242 Ω 1.65 + j0.291 Ω
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Indeed,

 3390 V > 698 V

As it can be observed from the results, the GPR is much larger than the step voltage. Therefore, 
further design considerations are necessary and thus the step and mesh voltages must be calcu-
lated and compared with the tolerable touch and step voltage as follows.

STEP 8: MESH AND STEP VOLTAGE CALCULATIONS

 (a) Determination of the Mesh Voltage
  To calculate the mesh equation by using Equation 4.90, it is necessary first to calculate 

the variables Km and Ki. Here, Km can be determined from Equation 4.91. However, again 
letting D = 3 m, h = 0.5 m, d = 0.01 m, find the following equations as

 n = na × nb × nc × nd

 where
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  nc = 1, for rectangular grid
  nd = 1, for rectangular grid
  Thus,

 n = 6.33 × 1.03 × 1 × 1 = 6.52

  Since
  Kii = 1, for rectangular and square grids

 

K
h
hh = +

= +

=

1

1
0 5
1

1 22

0

.

.  



231Disturbance of Normal Operating Conditions and Other Problems

  So that from Equation 4.91,

 

K
D
h d

D h
D d

h
d

K
KM

ii

h

=
×

+ +
×

−











+1

2 16
2 2

8 4

2

π
ln

( ) ××
−





















=
× ×

+

ln
( )

ln
. .

(

8
2 1

1
2

3
16 0 5 0 01

2

π

π

n

33 2 0 5 2
8 3 0 01

0 5
4 0 01

1
1 22

+ ×
× ×

−
×












+ ×. )

.
.
. .

ln
88

26 52 1

0 61

π( . )

.

−




















=  

  Also, since

 

K ni = + ×

= + ×

=

0 644 0 148

0 644 0 148 6 52

1 61

. .

. . .

.  

  Thus, the mesh voltage is determined from Equation 4.90 as
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 (b) Determination of the Step Voltage
  For the ground to be safe, the step voltage has to be less than the tolerable step voltage. 

Also, step voltages within a grid system designed for safe mesh voltages will be well within 
the tolerable limits. This is because both feet and legs are in series rather than in parallel, 
and the current takes the path from one leg to the other rather than through vital organs. 
The step voltages are calculated from Equation 4.102
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 where
  Ks = step coefficient
  LS = buried conductor length, m

  For grids with or without ground rods, LS is determined from Equation 4.103 as
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  The step coefficient is found from Equation 4.104
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 where h = depth of ground grid conductors in meters, usually between 0.25 m < h <2.5 m.
  All other variables are as defined before.
  Thus, the step voltage can be found as
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 STEP 9: COMPARISON OF EMESH VS. VTOUCH

Here, the mesh voltage that is calculated in Step 8 is compared with the tolerable touch voltages 
calculated in Step 4. If the calculated mesh voltage Emesh is greater than the tolerable Vtouch 70, fur-
ther design evaluations are necessary. If the mesh voltage Emesh is smaller than the Vtouch 70, then it 
can be moved to the next step and compare Estep with Vstep 70. Accordingly,

 470 V < 700 V

 Emesh < Vtouch 70

Here, the present grid design passes the second critical criteria. Hence, it can be moved to Step 
10 to find out whether the final criterion is met.

STEP 10: COMPARISON OF ESTEP VS. VSTEP 70

At this step, Estep is compared with the calculated tolerable step voltage Vstep 70. If

 Estep > Vstep 70

A refinement is of the preliminary design is necessary and can be accomplished by decreas-
ing the total grid resistance, closer grid spacing, adding more ground grid rods, if possible, and/or 
limiting the total fault current. On the other hand, if

 Estep < Vstep 70

then the designed grounding grid is considerably safe. Since

 536.11 V < 2126 V

then for the design

 Estep < Vstep 70
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In summary, according to the calculations, the calculated mesh and step voltages are smaller 
than the tolerable touch and step voltages; therefore, in a typical shock situation, humans that 
become part of the circuit during a fault will have only what is considered a safe amount of cur-
rent through their bodies.

There are many variables that can be changed in order to meet specifications for grounding a 
substation. Some variables include the size of the grid, the size of the conductors used, the amount 
of conductors used, and the spacing of each ground rod. After many processes an engineer has 
to go through, the project would then be put into construction if it is approved. Designing safe 
substation grounding is obviously not an easy task; however, there are certain procedures that an 
engineer can follow to make the designing substation grounding easier.

4.15  TRANSMISSION LINE GROUNDS

High-voltage transmission lines are designed and built to withstand the effects of lightning with 
minimum damage and interruption of operation. If the lightning strikes an overhead ground wire 
(also called static wire) on a transmission line, the lightning current is conducted to ground through 
the ground wire installed along the pole or through the metal tower. The top of the line structure 
is raised in potential to a value determined by the magnitude of the lightning current and the surge 
impedance of the ground connection.

In the event that the impulse resistance of the ground connection is large, this potential can be in 
the magnitude of thousands of volts. If the potential is greater than the insulation level of the appara-
tus, a flashover will take place, causing an arc. The arc, in turn, will start the operation of protective 
relays, causing the line to be taken out of service. In the event that the transmission structure is well 
grounded and there is a sufficient coordination between the conductor insulation and the ground 
resistance, a flashover can generally be avoided.

The transmission line grounds can be designed in various ways to achieve a low ground resis-
tance. For example, a pole butt grounding plate or butt coil can be used on wood poles. A butt coil 
is a spiral coil of bare copper wire installed at the bottom of a pole. The wire of the coil is extended 
up the pole as the ground wire lead. In practice, usually one or more ground rods are used instead 
to achieve the required low ground resistance.

The sizes of the rods used are usually 5/8 or 3/4 in. in diameter and 10 ft in length. The thickness 
of the rod does not play a major role in reducing the ground resistance as does the length of the rod. 
Multiple rods are usually used to provide the low ground resistance require by the high-capacity 
structures. However, if the rods are moderately close to each other, the overall resistance will be 
more than if the same number of rods were spaced far apart. In other words, adding a second rod 
does not provide a total resistance of half that of a single rod unless the two are several rod lengths 
apart (actually infinite distance). Lewis [30] has shown that at 2 ft apart, the resistance of two pipes 
(used as ground rods) in parallel is about 61% of the resistance of one of them, and at 6 ft apart it is 
about 55% of the resistance of one pipe.

Where there is bedrock near the surface or where sand is encountered, the soil is usually very 
dry and therefore has high resistivity. Such situations may require a grounding system known as 
the counterpoise, made of buried metal (usually galvanized steel wire) strips, wires, or cables. The 
counterpoise for an overhead transmission line consists of a special grounding terminal that reduces 
the surge impedance of the ground connection and increases the coupling between the ground wire 
and the conductors.

The basic types of counterpoises used for transmission lines located in areas with sandy soil or 
rock close to the surface are the continuous type (also called the parallel type) and the radial type 
(also called the crowfoot type), as shown in Figure 4.33. The continuous counterpoise is made of one 
or more conductors buried under the transmission line for its entire length.

The counterpoise wires are connected to the overhead ground (or static) wire at all towers or 
poles. However, the radial-type counterpoise is made of a number of wires, and extends radially (in 
some fashion) from the tower legs. The number and length of the wires are determined by the tower 
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location and the soil conditions. The counterpoise wires are usually installed with a cable plow at a 
length of 18 in. or more so that they will not be disturbed by cultivation of the land.

A multigrounded, common neutral conductor used for a primary distribution line is always con-
nected to the substation grounding system where the circuit originates and to all grounds along the 
length of the circuit. If separate primary and secondary neutral conductors are used, the conductors 
have to be connected together provided that the primary neutral conductor is effectively grounded. 
The resistance of a single buried horizontal wire, when it is used as radial counterpoise, can be 
expressed [16] as
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where
 ρ = ground resistivity in ohm meters
 ℓ = length of wire in meters
 a = radius of wire in meters
 d = burial depth in meters

It is assumed that the potential is uniform over the entire length of the wire. This is only true 
when the wire has ideal conductivity. If the wire is very long, such as with the radial counter-
poise, the potential is not uniform over the entire length of the wire. Hence, Equation 4.83 cannot 
be used. Instead, the resistance of such a continuous counterpoise when ℓ(r/ρ)1/2 is large can be 
expressed as
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where r = resistance of wire in ohm meters. If the lightning current flows through a counterpoise, 
the effective resistance is equal to the surge impedance of the wire. The wire resistance decreases 
as the surge propagates along the wire. For a given length counterpoise, the transient resistance will 
diminish to the steady-state resistance if the same wire is used in several shorter radial counter-
poises rather than as a continuous counterpoise. Thus, the first 250 ft of counterpoise is most effec-
tive when it comes to grounding of lightning currents.

(a) (b)

Ground rods connected to
ends of counterpoise wires

Overhead ground wire

Conductors

~ 18 in.

Elevation

Connected
to next
tower

CL Right of way

CL Right of way

FIGURE 4.33 Two basic types of counterpoises: (a) continuous (parallel), (b) radial. (From Gönen, T., 
Electric Power Transmission System Engineering, 2nd ed., CRC Press, Boca Raton, FL, 2009.)
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4.16  TYPES OF GROUNDING

In general, transmission and subtransmission systems are solidly grounded. Transmission systems are 
usually connected grounded wye, but subtransmission systems are often connected in delta. Delta sys-
tems may also be grounded through grounding transformers. In most high-voltage systems, the neutrals 
are solidly grounded, that is, connected directly to the ground. The advantages of such grounding are

 1. Voltages to ground are limited to the phase voltage
 2. Intermittent ground faults and high voltages due to arcing faults are eliminated
 3. Sensitive protective relays operated by ground fault currents clear these faults at an early stage

The grounding transformers used are normally either small distribution transformers (that are 
connected normally in wye–delta, having their secondaries in delta), or small grounding autotrans-
formers with interconnected wye or “zig-zag” windings, as shown in Figure 4.34. The three-phase 
autotransformer has a single winding. If there is a ground fault on any line, the ground current flows 
equally in the three legs of the autotransformer. The interconnection offers the minimum imped-
ance to the flow of the single-phase fault current.

The transformers are only used for grounding and carry little current except during a ground 
fault. Because of that, they can be fairly small. Their ratings are based on the stipulation that they 
carry current for no more than 5 min since the relays normally operate long before that. The ground-
ing transformers are connected to the substation ground.

All substation equipment and structures are connected to the ground grid with large conductors 
to minimize the grounding resistance and limit the potential between equipment and the ground 
surface to a safe value under all conditions. As shown in Figure 4.34, all substation fences are built 
inside the ground grid and attached to the grid at short intervals to protect the public and person-
nel. Furthermore, the surface of the substation is usually covered with crushed rock or concrete 
to reduce the potential gradient when large currents are discharged to ground and to increase the 
contact resistance to the feet of the personnel in the substation.

As said before, the substation grounding system is connected to every individual equipment, 
structure, and installation in order to provide the means by which grounding currents are conducted 
to remote areas. Thus, it is extremely important that the substation ground has a low ground resis-
tance, adequate current-carrying capacity, and safety features for the personnel.

It is crucial to have the substation ground resistance very low so that the total rise of the grounding 
system potential will not reach values that are unsafe for human contact. Therefore, the substation 

(a) (b)
A
B
C

A
B
C

FIGURE 4.34 Grounding transformers used in delta-connected systems: (a) using wye–delta-connected 
small distribution transformers, or (b) using grounding autotransformers with interconnected wye or “zig-
zag” windings. (From Gönen, T., Electric Power Transmission System Engineering, 2nd ed., CRC Press, Boca 
Raton, FL, 2009.)
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grounding system normally is made up of buried horizontal conductors and driven ground rods 
interconnected (by clamping, welding, or brazing) to form a continuous grid (also called mat) net-
work, as shown in Figure 4.35.

Notice that, a continuous cable (usually it is 4/0 bare stranded copper cable buried 12–18 in. below 
the surface) surrounds the grid perimeter to enclose as much ground as possible and to prevent cur-
rent concentration and thus high gradients at the ground cable terminals. Inside the grid, cables are 
buried in parallel lines and with uniform spacing (e.g., about 10 × 20 ft).

All substation equipment and structures are connected to the ground grid with large conductors 
to minimize the grounding resistance and limit the potential between equipment and the ground 
surface to a safe value under all conditions. As shown in Figure 4.34, all substation fences are built 
inside the ground grid and attached to the grid at short intervals to protect the public and personnel.

Furthermore, the surface of the substation is usually covered with crushed rock or concrete to 
reduce the potential gradient when large currents are discharged to the ground and to increase the 
contact resistance to the feet of the personnel in the substation.

Continuous ground wire
outside of fence

578´–0˝

52
5´

–0
˝

Fence

Fence

Roadway

Roadway

Trench

4/0 grd cable
(typical)

4/0 grd cable
(typical)

Power circuit breaker

Extra-depth
ground rods Manhole

3 ft (typical)

Transformer Future transformerUp to cable trays
345-control house

Ground cable run concealed
Riser from subgrade ground mat
Cable to ground rod connection
Cable to cable connection
Cable to structural steel connection

FIGURE 4.35 Typical grounding (grid) system design for 345-kV substation. (From Fink, D. G., and Beaty, 
H. W., eds., Standard Handbook for Electrical Engineers, 11th ed. Used with permission. © 1978 McGraw-Hill.)
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Today, many utilities have computer programs for performing grounding grid studies. Thus, the 
number of tedious calculations that must be performed to develop an accurate and sophisticated 
model of a system is no longer a problem. For example, Figure 4.36a shows a typical computerized 
grounding grid design with all relevant soil and system data. Figure 4.36b shows the meshes with 
hazardous potentials as determined by the computer. Figure 4.36c shows the results of the first 
refinement in the grid design indicating the hazardous touch potentials. Finally, Figure 4.36d shows 
the final refinement with no hazardous touch potentials.

(a) (b)

(c) (d)

Dangerous

Marginal

Safe

Dangerous

Marginal

Safe

Dangerous

Marginal

Safe

ρsoil = 1316 Ω–m
ρsurface = 3000 Ω–m
I fault = 1560 A
Clearing time = 0.5
Depth of burial = 0.305 m
Etouch/tolerable = 885 V
Estep/tolerable = 3134 V

Km = 0.568
Ks = 0.814
Ki = 2.0 (touch), 2.5 (step)
Etouch/worse case = 1121 V
Estep/worse case = 2010 V

FIGURE 4.36 Computerized grounding grid design: (a) typical grounding grid design with its data; (b) 
meshes with hazardous potentials as identified by computer; (c) first refinement of design; (d) final refinement 
of design with no hazardous touch potentials. (From Institute of Electrical and Electronics Engineers, IEEE 
Recommended Practice for Industrial and Commercial Power System Analysis, IEEE Stand. 399-1980 © 
1980 IEEE.)
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PROBLEMS

 1. Verify Equation 4.5 by using the
 (a) Classical calculus approach
 (b) Laplace transformation approach

 2. Use Equation 4.6 and verify that if a fault occurs at t = 0 when the angle α−θ = 90°, then the 
value of the maximum transient current becomes twice the steady-state maximum value.

 3. Repeat Example 4.1 assuming that the fault is located on bus 2.
 4. Repeat Example 4.1 assuming that the fault is located on bus 3.
 5. Use the results of Problem 3 and repeat Example 4.2.
 6. Use the results of Problem 4 and repeat Example 4.2.
 7. Consider the system shown in Figure P4.1 and the following data:

Generator G1: 15 kV, 50 MVA, X1 = X2 = 0.10 pu and X0 = 0.05 pu based on its own ratings
Synchronous motor: 15 kV, 20 MVA, X1 = X2 = 0.20 pu and X0 = 0.07 pu based on its own 

ratings
Transformer T1: 15/115 kV, 30 MVA, X1 = X2 = X0 = 0.06 pu based on its own ratings
Transformer T2: 115/15 kV, 25 MVA, X1 = X2 = X0 = 0.07 pu based on its own ratings
Transmission line TL23: X1 = X2 = 0.03 pu and X0 = 0.10 pu based on its own ratings
Assume a three-phase fault at bus 1 and determine the fault current. Use 50 MVA as the 

megavolt-ampere base.
 8. Repeat Problem 7 assuming that bus 2 is faulted.

1 2 3 4

G M

T1 T1
TL23

115 kV

FIGURE P4.1 Two-bus system for Problem 7.
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 9. Repeat Problem 7 assuming that bus 3 is faulted.
 10. Repeat Problem 7 assuming that bus 4 is faulted.
 11. A generator is connected through an eight-cycle circuit breaker to an unloaded transformer. 

Its subtransient, transient, and steady-state reactances are given as 8%, 16%, and 100%, 
respectively. It is operating at no load and rated voltage 1.0∠0° pu when a three-phase short 
circuit occurs between the breaker and the transformer. Determine the following:

 (a) Sustained (i.e., steady-state) short-circuit current in breaker in per units
 (b) Initial symmetrical rms current in breaker in per units
 (c) Maximum possible dc component of short circuit in breaker in per units
 12. Consider Example 4.5 and assume that the tie–bus arrangement is replaced by an equiva-

lent ring arrangement (as shown in Figure 4.9e), so that the resulting short-circuit mega-
volt-ampere base is equal to the one found in Example 4.5. Determine the following:

 (a) Necessary per-unit reactance of each reactor
 (b) Fault current distribution
 13. Assume that a string of five insulators is used to suspend one line conductor, as shown 

in Figure P4.2. Consider only the series capacitance C1 and the shunt capacitance C2 
and define the ratio C1/C2 as k. Using the charging currents and Kirchhoff’s current and 
voltage laws, derive an expression to determine the voltage distribution across various 
units of the suspension insulator in terms of the ratio k. [Do not use Equations 4.48 or 
4.50.]

 14. Use the results of Problem 13 and assume that the string of five insulators is used to sus-
pend one conductor of a 6–9 kV, three-phase, overhead line. If the ratio of k is 0.1, deter-
mine voltages V1, V2, V3, V4, and V5.

 15. Repeat Problem 13 using the Q charges on the various capacitors. Assume that the poten-
tial differences across the capacitors at any instant are as shown in Figure P4.2.
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C2
C1

Q1

Q2

Qa

Qb

Qc

Qd

Q3

Q4

Q5

C1

C1

C1

C1

Ia

Ib

Ic

Id

I1

I2

I3

I4

I5

V4

V3

V2

V1

A

B

C

D

FIGURE P4.2 Five-insulator string for Problem 13.
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 16. Consider Figure P4.3 and assume that an arcing ring has been installed at the line end of 
the insulator string.

 (a) Repeat Problem 14
 (b) Determine the sting efficiency
 17. Consider Figure P4.4, and in order to achieve uniform voltage distribution over the five 

insulators, determine the following required values:
 (a) Air capacitance Ca

 (b) Air capacitance Cb

 (c) Air capacitance Cc

 (d) Air capacitance Cd

 18. Assume that a post-type insulator consists of three-pin insulators fixed one above another 
and used to support a bus of one 115 kV three-phase system, as shown in Figure P4.5. Use 
the results of Problem 13. If the voltage across the top pin insulator is twice that of the volt-
age across the bottom insulator, determine the voltage across the middle insulator.

 19. Assume that a string of eight insulators is used to suspend a line conductor of a 138-kV 
three-phase system, as shown in Figure 4.5. Assume that C2 = 0.1 × C1 and C3 = 0.02 × C1 
and use Equation 4.48. Determine the following:

 (a) Voltage across three units from the ground end
 (b) Voltage across five units from the ground end
 20. Repeat Problem 19 using Equation 4.50.
 21. Consider Problem 19 and assume that C3 = 0. Use the results of Problem 13 and repeat 

Problem 19.
 22. Repeat Example 4.6 assuming wet organic soil.
 23. Repeat Example 4.6 assuming dry soil.
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Conductor Arcing ring

FIGURE P4.3 Five-insulator string with an arcing ring for Problem 16.



243Disturbance of Normal Operating Conditions and Other Problems

 24. Consider Example 4.6 and Equations 4.62 and 4.63. Assume that Ks = 1.4, Km = 7.0, and Ki = 
2 and 2.5 for the touch and step potentials, respectively. Determine the required minimum 
total length of corresponding grid conductors.
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FIGURE P4.4 Five-insulator string for Problem 17.
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FIGURE P4.5 Post-type insulator for Problem 18.
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5 Symmetrical Components 
and Sequence Impedances

5.1 INTRODUCTION

In general, it can be said that truly balanced three-phase systems exist only in theory. In reality, 
many systems are very nearly balanced and for practical purposes can be analyzed as if they were 
truly balanced systems. However, there are also emergency conditions (e.g., unsymmetrical faults, 
unbalanced loads, open conductors, or unsymmetrical conditions arising in rotating machines) 
where the degree of unbalance cannot be neglected. To protect the system against such contingen-
cies, it is necessary to size protective devices, such as fuses and circuit breakers, and set the protec-
tive relays. Therefore, to achieve this, currents and voltages in the system under such unbalanced 
operating conditions have to be known (and therefore calculated) in advance.

In 1918, Fortescue [1] proposed a method for resolving an unbalanced set of n related phasors 
into n sets of balanced phasors called the symmetrical components of the original unbalanced set. 
The phasors of each set are of equal magnitude and spaced 120° or 0° apart. The method is appli-
cable to systems with any number of phases; however, in this book, only three-phase systems will 
be discussed.

Today, the symmetrical component theory is widely used in studying unbalanced systems. 
Furthermore, many electrical devices have been developed and are operating based on the concept 
of symmetrical components. The examples include (1) the negative-sequence relay to detect sys-
tem faults, (2) the positive-sequence filter to make generator voltage regulators respond to voltage 
changes in all three phases rather than in one phase alone, and (3) the Westinghouse-type HCB pilot 
wire relay using positive- and zero-sequence filters to detect faults.

5.2 SYMMETRICAL COMPONENTS

Any unbalanced three-phase system of phasors can be resolved into three balanced systems of pha-
sors: (1) positive-sequence system, (2) negative-sequence system, and (3) zero-sequence system, as 
illustrated in Figure 5.1.

The positive-sequence system is represented by a balanced system of phasors having the same 
phase sequence (and therefore positive phase rotation) as the original unbalanced system. The pha-
sors of the positive-sequence system are equal in magnitude and displaced from each other by 120°, 
as shown in Figure 5.1b.

The negative-sequence system is represented by a balanced system of phasors having the oppo-
site phase sequence (and therefore negative phase rotation) to the original system. The phasors of 
the negative-sequence system are also equal in magnitude and displaced from each other by 120°, 
as shown in Figure 5.1c.

The zero-sequence system is represented by three single phasors that are equal in magnitude and 
angular displacements, as shown in Figure 5.1d. Note that, in the hook, the subscripts 0, 1, and 2 
denote the zero sequence, positive sequence, and negative sequence, respectively. Therefore, three 
voltage phasors Va, Vb, and Vc of an unbalanced set, as shown in Figure 5.1a can be expressed in 
terms of their symmetrical components as
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 Va = Va1 + Va2 + Va0 (5.1)

 Vb = Vbl + Vb2 + Vb0 (5.2)

 Vc = Vc1 + Vc2 + Vc0 (5.3)

(a)

(b)

(c)

(d) (e)
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+
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FIGURE 5.1 Analysis and synthesis of set of three unbalanced voltage phasors: (a) original system of unbal-
anced phasors; (b) positive-sequence components; (c) negative-sequence components; (d) zero-sequence com-
ponents; (e) graphical addition of phasors to get original unbalanced phasors.
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Figure 5.1e shows the graphical additions of the symmetrical components of Figures 5.1b through 
5.1d to obtain the original three unbalanced phasors shown in Figure 5.1a.

5.3 OPERATOR a

Because of the application of the symmetrical components theory to three-phase systems, there is a 
need for a unit phasor (or operator) that will rotate another phasor by 120° in the counterclockwise 
direction (i.e., it will add 120° to the phase angle of the phasor) but leave its magnitude unchanged 
when it is multiplied by the phasor (see Figure 5.2). Such an operator is a complex number of unit 
magnitude with an angle of 120° and is defined by

 

a = ∠

=
= +
= − +







1 120

1
1 120 120

0 5

2
3

°

° °
e

j

j
π

(cos sin )

. jj0 866.
 

where

 j = −1  

It is clear that if operator a is designated as

 a = 1∠120° 

a – a2

1 – a2a – 1

a2 – 1

a2 – a

1 – a

–a3, –1 1, a3

a –a2

–aa2

120˚
120˚

120˚

FIGURE 5.2 Phasor diagram of various powers and functions of operator a.
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then

 

a a a

a a a

2

3 2

1 120 1 120 1 240 1 120
= ×
= ∠ ∠ = ∠ = ∠−

= ×
=

( )( )

(

° ° ° °

11 240 1 120 1 360 1 0

1 0 1 12

4 3

∠ ∠ = ∠ = ∠
= ×
= ∠ ∠

° ° ° °

°

)( )

( )(
a a a

00 1 120

1 0 1 240 1 240

5 3 2

2

° °

° ° °

)

( )( )

= ∠ =
= ×
= ∠ ∠ = ∠ =

a

a a a
a

a66 3 3

3

3 3

1 0 1 0 1 0

= ×
= ∠ ∠ = ∠ =

= × =+

a a
a

a a a a

( )( )° ° °

�
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Figure 5.2 shows a phasor diagram of the various powers and functions of operator a. Various 
combinations of operator a are given in Table 5.1. In manipulating quantities involving operator a, 
it is useful to remember that

 1 + a + a2 = 0 (5.4)

5.4  RESOLUTION OF THREE-PHASE UNBALANCED SYSTEM OF 
PHASORS INTO ITS SYMMETRICAL COMPONENTS

In the application of the symmetrical component, it is customary to let phase a be the reference 
phase. Therefore, using operator a, the symmetrical components of the positive-, negative-, and 
zero-sequence components can be expressed as

TABLE 5.1
Powers and Functions of Operator a

Power or Function In Polar Form In Rectangular Form

a 1∠120° −0.5 + j0.866

a2 1∠240° = 1∠–120° −0.5 − j0.866

a3 1∠360° = 1∠0° 1.0 + j0.0

a4 1∠120° −0.5 + j0.866

1 + a = –a2 1∠60° 0.5 + j0.866

1 – a 3 30∠− ° 1.5 − j0.866

1 + a2 = –a 1∠–60° 0.5 − j0.866

1 – a2 3 30∠ ° 1.5 + j0.866

a – 1 3 150∠ ° −1.5 + j0.866

a + a2 1∠180° −1.0 + j0.0

a – a2 3 90∠ ° 0.0 + j1.732

a2 – a 3 90∠− ° 0.0 − j1.732

a2 – 1 3 150∠− ° −1.5 − j0.866

1 + a + a2 0∠0° 0.0 + j0.0
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 Vb1 = a2Va1 (5.5)

 Vc1 = aVa1 (5.6)

 Vb2 = aVa2 (5.7)

 Vc2 = a2Va2 (5.8)

 Vb0 = Vc0 = Va0 (5.9)

Substituting the above equations into Equations 5.2 and 5.3, as appropriate, the phase voltages 
can be expressed in terms of the sequence voltages as

 Va = Va1 + Va2 + Va0 (5.10)

 Vb = a2Va1 + aVa2 + Va0 (5.11)

 Vc = aVa1 + a2Va2 + Va0 (5.12)

Equations 5.10 through 5.12 are known as the synthesis equations. Therefore, it can be shown 
that the sequence voltages can be expressed in terms of phase voltages as

 V V V Va a b c0
1
3

= + +( )  (5.13)

 V V aV a Va a b c1
21

3
= + +( )  (5.14)

 V V a V aVa a b c2
21

3
= + +( )  (5.15)

which are known as the analysis equations. Alternatively, the synthesis and analysis equations can 
be written, respectively, in matrix form as
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1 1 1
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 (5.16)

and
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 (5.17)



250 Modern Power System Analysis

or

 [Vabc] = [A] [V012] (5.18)

and

 [V012] = [A]−1 [Vabc] (5.19)

where

 [ ]A a a
a a

=

















1 1 1

1

1

2

2

 (5.20)

 [ ]A a a
a a

− =

















1 2

2

1
3

1 1 1

1

1

 (5.21)
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  =



















 (5.22)
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2
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a

a

a

 (5.23)

The synthesis and analysis equations in terms of phase and sequence currents can be expressed 
as
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 (5.24)

and
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 (5.25)
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or

 [Iabc] = [A] [I012] (5.26)

and

 [I012] = [A]−1 [Iabc] (5.27)

EXAMPLE 5.1

Determine the symmetrical components for the phase voltages of Va = 7.3∠12.5, Vb = 0.4∠−100°, 
and Vc = 4.4∠154° V

Solution

 

V V V Va a b c0
1
3
1
3

7 3 12 5 0 4 100 4 4 154

= + +( )
= ∠ ∠− ∠( . . . .° + ° + °°

°

)

. .= ∠1 47 45 1 V  

 

V V V Va a b c1
21

3
1
3

7 3 12 5 120 0 4

= + +( )
= ∠ ∠ ∠−

a a

. . ( .° + (1 °) 1100 240 4 4 154

3 97 20 5

°) + (1 °)( °

°

∠ ∠ 

= ∠

. )

. . V  

 

V V a V aVa a b c2
21

3
3 7 3 12 5 240 0 4 1

= + +( )
= ∠ ∠ ∠−. . ( .° + (1 °) 000 20 4 4 154

2 52 19 7

°) + (1 °)( °

°

∠ ∠ 
= ∠−

. )

. . V  

 
V Vb a0 0

1 47 45 1

=
= ∠. . ° V  

 

V a Vb a1
2

1

1 240 3 97 20 5
3 97 260 5

=
= ∠ ∠
= ∠

( )( . . )
. .

° °

° V  

 

V aVb a2 2

1 120 2 52 19 7
2 52 100 3

=
= ∠ ∠−
= ∠

( )( . . )
. .

° °

° V  
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V Vc a0 0

1 47 45 1

=
= ∠. . ° V  

 

V aVc a1 1

1 120 3 97 20 5
3 97 140 5

=
= ∠ ∠
= ∠

( )( . . )
. .

° °

° V  

 

V a Vc a2
2

2

1 240 2 52 19 7
2 52 220 3

=
= ∠ ∠−
= ∠

( )( . . )
. .

° °

° V  

Note that, the resulting values for the symmetrical components can be checked numerically 
(e.g., using Equation 5.11) or graphically, as shown in Figure 5.1e.

5.5 POWER IN SYMMETRICAL COMPONENTS

The three-phase complex power at any point of a three-phase system can be expressed as the sum 
of the individual complex powers of each phase so that

 

S

S S S

V I V I V I

3 3 3φ φ φ= +

= + +

= + +∗ ∗ ∗

P jQ

a b c

a a b b c c

 (5.28)

or, in matrix notation,
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I
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c

 (5.29)

or

 S3ϕ = [Vabc]t [Iabc]* (5.30)
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where

 [Vabc] = [A] [V012]

 [Iabc] = [A] [I012]

and therefore,

 [Vabc]t = [V012]t [A]t (5.31)

 [Iabc]* = [A]* [I012]* (5.32)

Substituting Equations 5.31 and 5.32 into Equation 5.30,

 S3ϕ = [V012]t [A]t [A]* [I012]* (5.33)

where

 

[ ] [ ]A A

a a
a a

a a
a a

t ∗ =
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1 1 1
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1

1 1 1

1

1

2

2

2

2









=
















=
















3 0 0
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0 1 0
0 0 1

 

Therefore,
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3 012 012

0 1 2
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φ =    

=  

∗t

a a a

a

a
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*

 (5.34a)

or

 S V I V I V I3 0 0 1 1 2 23φ = + + 
∗ ∗ ∗

a a a a a a  (5.34b)

Note that, there are no cross terms (e.g., V Ia a0 1
∗  or V Ia a1 0

∗ ) in this equation, which indicates that 
there is no coupling of power among the three sequences. Also, note that the symmetrical compo-
nents of voltage and current belong to the same phase.
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EXAMPLE 5.2

Assume that the phase voltages and currents of a three-phase system are given as

 V Iabc abc j  =
−

















  =
−

−








0
50
50

5
5

5

and










 

and determine the following:

 (a) Three-phase complex power using Equation 5.30
 (b) Sequence voltage and current matrices, that is, [V012] and [I012]
 (c) Three-phase complex power using Equation 5.34

Solution

 (a) 
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 (c) 

 
S V I V I V I3 0 0 1 1 2 23

353 5534 45

φ = + + 
= ∠−

∗ ∗ ∗
a a a a a a

. ° VAA  

5.6 SEQUENCE IMPEDANCES OF TRANSMISSION LINES

5.6.1 SeqUenCe imPedanCeS of UntranSPoSed lineS

Figure 5.3a shows a circuit representation of an untransposed transmission line with unequal self-
impedances and unequal mutual impedances. Here,

 [Vabc] = [Zabc] [Iabc] (5.35)

a a´Ia

Va

Zaa

b b´

n´

Ib
Zbb

c

n

c´Ic

Ia + Ib + Ic = In

Zcc

Zbc

Zca

Zab

+

–
Vá

+

–
Vb

+

–
Vb́

+

–

Vc

+

–
Vć

+

–

(a)

a a´Ia

Va

Zs

b b´

n´

Ib Zs

c

n

c´Ic

Ia + Ib + Ic = In

Zs

Zm

Zm

Zm

+

–
Vá

+

–
Vb

+

–
Vb́

+

–

Vc

+

–
Vć

+

–

(b)

FIGURE 5.3 Transmission line circuit diagrams: (a) with unequal series and unequal impedances; (b) with 
equal series and equal mutual impedances.
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where

 Z

Z Z Z

Z Z Z

Z Z Z
abc

aa ab ac

ba bb bc

ca cb cc

  =



















 (5.36)

in which the self-impedances are

 Zaa ≠ Zbb ≠ Zcc 

and the mutual impedances are

 Zab ≠ Zbc ≠ Zca 

Multiplying both sides of Equation 5.35 by [A]−1 and also substituting Equation 5.26 into 
Equation 5.35,

 [A]−1 [Vabc] = [A]−1 [Zabc] [A] [I012] (5.37)

where the similarity transformation is defined as

 [Z012] ≜ [A]−1 [Zabc] [A] (5.38)

Therefore, the sequence impedance matrix of an untransposed transmission line can be calcu-
lated using Equation 5.38 and can be expressed as

 Z

Z Z Z

Z Z Z

Z Z Z
012

00 01 02

10 11 12

20 21 22

  =



















 (5.39)

or
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Z Z Z Z Z Z
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1 1
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s m s m s m
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0 0 2 2

2 2 1 1 0 0
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 (5.40)

where, by definition,
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Z Z Z

s
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0

1
3

=

+ +(
zero-sequence self-impedance

� ))  (5.41)
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Z

Z aZ

s

aa bb
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1
3
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+

positive-sequence self-impedance

� ++( )a Z2
cc

 (5.42)

 

Z

Z a Z

s

aa b

2

21
3

=

+

negative-sequence self-impedance

� bb cc+( )aZ  (5.43)

 

Z

Z Z Z

m

bc ca a

0

1
3

=

+ +

zero-sequence mutual impedance

� bb( )  (5.44)

 

Z

Z aZ

m

bc

1

1
3

=

+

positive-sequence mutual impedance

� cca ab+( )a Z2  (5.45)

 

Z

Z a

m

bc

2

21
3

=

+

negative-sequence mutual impedance

� ZZ aZca ab+( )  (5.46)

Therefore,

 [V012] = [Z012] [I012] (5.47)

Note that the matrix in Equation 5.40 is not a symmetrical matrix, and therefore, the application 
of Equation 5.47 will show that there is a mutual coupling among the three sequences, which is not 
a desirable result.

5.6.2 SeqUenCe imPedanCeS of tranSPoSed lineS

The remedy is either to completely transpose the line or to place the conductors with equilateral 
spacing among them so that the resulting mutual impedances* are equal to each other, that is, 
Zab = Zbc = Zca = Zm, as shown in Figure 5.3b. Furthermore, if the self-impedances of conductors 
are equal to each other, that is, Zaa = Zbb = Zcc = Zs, Equation 5.36 can be expressed as

 Z

Z Z Z

Z Z Z

Z Z Z
abc

s m m

m s m

m m s

  =



















 (5.48)

* In passive networks Zab = Zba, Zbc = Zcb, etc.
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where

 Zs a e
e

s

r r j
D
D

l= +( ) +







0 1213. ln Ω  (5.49)

 Zm e
er j

D
D

l= +












0 1213. ln
eq

Ω  (5.50)

 Deq ≜ Dm = (Dab × Dbc × Dca)1/3

ra = resistance of a single conductor a.
re is the resistance of Carson’s [2] equivalent (and fictitious) earth return conductor. It is a func-

tion of frequency and can be expressed as

 re = 1.588 × 10−3f Ω/mi (5.51)

or

 re = 9.869 × 10−4f Ω/km (5.52)

At 60 Hz, re = 0.09528 Ω/mi. The quantity De is a function of both the earth resistivity ρ and the 
frequency f and can be expressed as

 D
fe =







2160
1 2

ρ
/

ft  (5.53)

where ρ is the earth resistivity and is given in Table 5.2 for various earth types. If the actual earth 
resistivity is unknown, it is customary to use an average value of 100 Ω/m for ρ. Therefore, at 
60 Hz, De = 2788.55 ft. Ds is the GMR of the phase conductor as before. Therefore, by applying 
Equation 5.38,

TABLE 5.2
Resistivity of Different Soils

Ground Type (Ω/m) Resistivity ρ
Seawater 0.01−1.0

Wet organic soil 10

Moist soil (average earth) 100

Dry soil 1000

Bedrock 104

Pure slate 107

Sandstone 109

Crushed rock 1.5 × 108
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 (5.54)

where, by definition,
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FIGURE 5.4 Sequence networks of a transmission line: (a) zero-sequence network; (b) positive-sequence 
network; (c) negative-sequence network.
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Thus, Equation 5.54 can be expressed* as

 Z

Z

Z

Z
012

0

1

2

0 0

0 0

0 0

  =



















 (5.58)

Both Equations 5.54 and 5.58 indicate that there is no mutual coupling among the three sequences, 
which is the desirable result. Therefore, the zero-, positive-, and negative-sequence currents cause 
voltage drops only in the zero-, positive-, and negative-sequence networks, respectively, of the trans-
mission line. Also note, in Equation 5.54, that the positive- and negative-sequence impedances of 
the transmission line are equal to each other but they are far less than the zero-sequence impedance 
of the line. Figure 5.4 shows the sequence networks of a transmission line.

5.6.3 eleCtromagnetiC UnBalanCeS dUe to UntranSPoSed lineS

If the line is neither transposed nor its conductors equilaterally spaced, Equation 5.48 cannot be 
used. Instead, use the following equation:
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 (5.59)

where

 Z Z Zaa bb cc a e
e

s

r r j
D
D

l= = = +( ) +







0 1213. ln  (5.60)

* Equations 5.55 and 5.57 can easily be modified so that they can give approximate sequence impedances at other frequen-
cies. For example, their expressions at 50 Hz are given as
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 Z Zab ba e
e
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r j
D
D
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0 1213. ln  (5.61)

 Z Zac ca e
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r j
D
D

l= = +








0 1213. ln  (5.62)

 Z Zbc cb e
e

bc

r j
D
D

l= = +








0 1213. ln  (5.63)

The corresponding sequence impedance matrix can be found from Equation 5.38 as before. 
Therefore, the associated sequence admittance matrix can be found as

 [Y012] = [Z012]−1 (5.64a)

 =



















Y Y Y

Y Y Y

Y Y Y

00 01 02

10 11 12

20 21 22

 (5.64b)

Therefore,

 [I012] = [Y012] [V012] (5.65)

Since the line is neither transposed nor its conductors equilaterally spaced, there is an electro-
magnetic unbalance in the system. Such unbalance is determined from Equation 5.65 with only 
positive-sequence voltage applied. Therefore,
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According to Gross and Hesse [3], the per-unit unbalances for zero sequence and negative 
sequence can be expressed, respectively, as

 m
I
I0

0

1

� a

a

pu  (5.67a)

 = Y
Y

01

11

pu  (5.67b)
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and

 m
I
I2

2

1

� a

a

pu  (5.68a)

 = Y
Y

21

11

pu  (5.68b)

Since, in physical systems [3],

 Z22 ≫ Z02 or Z21

and

 Z00 ≫ Z20 or Z01

the approximate values of the per-unit unbalances for zero and negative sequences can be expressed, 
respectively, as

 m
Z
Z0

01≅ −
00

pu  (5.69a)

and

 m
Z
Z2

21≅ −
22

pu  (5.69b)

EXAMPLE 5.3

Consider the compact-line configuration shown in Figure 5.5. The phase conductors used are 
made up of 500-kcmil, 30/7-strand ACSR (aluminum conductor steel reinforced conductor) con-
ductor. The line length is 40 mi and the line is not transposed. Use 50°C and 60 Hz. Ignore the 
overhead ground wire. If the earth has an average resistivity, determine the following:

 (a) Line impedance matrix
 (b) Sequence impedance matrix of line

Solution

 (a) The conductor parameters can be found from Table A.3 (Appendix A) as

 ra = rb = rc = 0.206 Ω/mi 

 Ds = Dsa = Dsb = Dsc = 0.0311 ft 
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 Dab = (22 + 82)1/2 = 8.2462 ft 

 Dbc = (32 + 132)1/2 = 13.3417 ft 

 Dac = (52 + 112)1/2 = 12.0830 ft 

  Since the earth has an average resistivity, De = 2788.5 ft. At 60 Hz, re = 0.09528 Ω/mi. 
From Equation 5.60, the self-impedances of the line conductors are
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  The mutual impedances calculated from Equations 5.61 through 5.63 are
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FIGURE 5.5 Compact-line configuration for Example 5.3.



264 Modern Power System Analysis

 

Z Zbc cb e
e

bc

r j
D
D

l

j

= = +










= +

0 1213

0 09528 0 121

. ln

. . 33
2788 5

13 3417
40

3 8112 25 9297

ln
.

.

. .









 ×

= + j Ω
 

 

Z Zac ca e
e

ac

r j
D
D

l

j

= = +










= +

0 1213

0 09528 0 121

. ln

. . 33
2788 5

12 0830
40

3 8112 26 4107

ln
.

.

. .









 ×

= + j Ω
 

  Therefore,
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 (b) Thus, the sequence impedance matrix of the line can be found from Equation 5.38 as
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EXAMPLE 5.4

Repeat Example 5.3 assuming that the line is completely transposed.

Solution

 (a) From Equation 5.49,
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  From Equation 5.50,
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 where

 Deq = (8.2462 × 13.3417 × 12.0830)1/3 = 11 ft

  Thus,
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 (b) From Equation 5.54

 

Z

Z Z

Z Z

Z Z

012

2 0 0

0 0

0 0

  =

+( )
−( )

−( )















s m

s m

s m






=
+

+
19 6736 109 086 0 0

0 8 2400 28 4811 0

0 0 8 24

. .

. .

.

j

j

000 28 4811+

















j .

 

 or, by substituting Equations 5.55b and 5.56b into Equation 5.58,
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EXAMPLE 5.5

Consider the results of Example 5.3 and determine the following:

 (a) Per-unit electromagnetic unbalance for zero sequence
 (b) Approximate value of per-unit electromagnetic unbalance for zero sequence
 (c) Per-unit electromagnetic unbalance for negative sequence
 (d) Approximate value of per-unit electromagnetic unbalance for negative sequence

Solution

The sequence admittance of the line can be found as
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 (a) From Equation 5.67b,
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 (b) From Equation 5.69a,
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 (c) From Equation 5.68b,
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 (d) From Equation 5.69b,
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5.6.4 SeqUenCe imPedanCeS of UntranSPoSed line with overhead groUnd wire

Assume that the untransposed line shown in Figure 5.5 is shielded against direct lightning strikes 
by the overhead ground wire u (used instead of g).

Therefore,

 [Vabcu] = [Zabcu] [Iabcu] (5.70)

but since for the ground wire Va = 0,
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  (5.71)

The matrix [Zabcu] can be determined using Equations 5.59 through 5.63, as before, and also 
using the following equations:

 Z Zau ua e
e

au

r j
D
D

l= = +
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0 1213. ln  (5.73)
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0 1213. ln  (5.74)

 Z Zuu uu e
e
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r j
D
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l= = +








0 1213. ln  (5.75)

where ru and Duu are the resistance and GMR of the overhead ground wire, respectively.
The matrix [Zabcu] given in Equation 5.71 can be reduced to [Zabc] by using the Kron reduction 

technique. Therefore, Equation 5.71 can be reexpressed as
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where the submatrices [Z1], [Z2], [Z3], and [Z4] are specified in the partitioned matrix [Zabcu] in 
Equation 5.71. Therefore, after the reduction,

 [Vabc] = [Zabc] [Iabc] (5.77)

where

 [Zabc] ≜ [Z1] − [Z2] [Z4]−1 [Z3] (5.78)

Therefore, the sequence impedance matrix can be found from

 [Z012] = [A]−1 [Zabc] [A] (5.79)

Thus, the sequence admittance matrix becomes

 [Y012] = [Z012]−1 (5.80)

5.7 SEQUENCE CAPACITANCES OF TRANSMISSION LINE

5.7.1 three-PhaSe tranSmiSSion line withoUt overhead groUnd wire

Consider Figure 3.47 and assume that the three-phase conductors are charged. Therefore, for sinu-
soidal steady-state analysis, both voltage and charge density can be represented by phasors. Thus,

 [Vabc] = [Pabc] [Qabc] (5.81)

or
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 (5.82)

where
 [Pabc] = matrix of potential coefficients, based on Figure 3.47

where

 p
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 p p
l
Dbc cb= = −1

2
23
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ln F m  (5.87)
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Dac ca= = −1

2
31

31

1

πε
ln F m  (5.88)

Therefore, from Equation 5.81,

 [Qabc] = [Pabc]−1 [Vabc] C/m (5.89a)

 = [Cabc] [Vabc] C/m (5.89b)

since

 [Cabc] = [Pabc]−1 F/m (5.90)

or
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F m/  (5.91)

where [Cabc] is the matrix of Maxwell’s coefficients, the diagonal terms are Maxwell’s (or capaci-
tance) coefficients, and the off-diagonal terms are electrostatic induction coefficients.

Therefore, the sequence capacitances can be found by using the similarity transformation as

 [C012] ≜ [A]−1 [Cabc] [A] F/m (5.92a)

 =
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F m/  (5.92b)

Note that, if the line is transposed, the matrix of potential coefficients can be expressed in terms 
of self- and mutual-potential coefficients as
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Therefore, using the similarity transformation,

 [P012] ≜ [A]−1 [Pabc] [A] (5.94a)
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Thus,
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Alternatively, the sequence capacitances can approximately be calculated without using matrix 
algebra. For example, the zero-sequence capacitance can be calculated [4] from
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29 842=
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where
 Haa = GMD between three conductors and their images

 = × × × ×( )





h h h l l l11 22 33 12 23 31

2
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 (5.97)

 Daa = self-GMD of overhead conductors as composite group but with Ds of each conductor taken 
as its radius

 = × × × ×( )





r r r D D Da b c 12 23 31

2
1 9/

 (5.98)

Note that, Ds has been replaced by the conductor radius since all charge on a conductor resides 
on its surface. The positive- and negative-sequence capacitances of a line are the same owing to 
the fact that the physical parameters do not vary with a change in sequence of the applied volt-
age. Therefore, they are the same as the line-to-neutral capacitance Cn and can be calculated from 
Equation 3.298 or 3.299.
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Note that, the mutual capacitances of the line can be found from Equation 5.91. The capacitances 
to ground can be expressed as
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If the line is transposed, the capacitance to ground is an average value that can be determined 
from

 C C C Cg ag bg cg,avg = + +( )1
3

 (5.100)

Also, note that the shunt admittance matrix of the line is

 [Yabc] = jω [Cabc] (5.101)

Therefore,

 [Y012] = [A]−1 [Yabc] [A] (5.102)

Thus,

 C
j012  =

 Y012

ω
 (5.103)

Hence,

 [I012] = jω [C012] [V012] = j [B012] [V012] (5.104)

and

 [Iabc] = [A] [I012] (5.105)

or

 

I V
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abc abc abc
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j C
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  =    
=    

ω
 (5.106)

5.7.2 three-PhaSe tranSmiSSion line with overhead groUnd wire

Consider Figure 5.6a and assume that the line is transposed and that the overhead ground wire 
is denoted by u and that there are nine capacitances involved. The voltages and charge densities 
involved can be represented by phasors. Therefore,

 [Vabcu] = [Pabcu] [Qabcu] (5.107)
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but since, for the ground wire, Vu = 0,
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(5.108)

The matrix [Pabcu] can be calculated as before. The corresponding matrix of the Maxwell coef-
ficients can be found as

 [Cabcu] = [Pabcu]−1 (5.109)

The corresponding equivalent circuit is shown in Figure 5.6a. Such equivalent circuit representa-
tion is convenient to study switching transients, traveling waves, overvoltages, etc.

The matrix [Pabcu] given in Equation 5.108 can be reduced to [Pabc] by using the Kron reduction 
technique. Therefore, Equation 5.97 can be reexpressed as
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Where the submatrices [P1], [P2], [P3], and [P4] are specified in the partitioned matrix [Pabcu] in 
Equation 5.108. Thus, after the reduction,

 [Vabc] = [Pabc] [Qabc] (5.111)

where

 [Pabc] ≜ [P1] – [P2] [P4]–1 [P3] (5.112)

Thus, the corresponding matrix of the Maxwell coefficients can be found as

 [Cabc] = [Pabc]–1 (5.113)

(a) (b)

u

Cau Ccu
Cbu

Cbg Ccg

Cug

Cac

Cab Cbc

CbgCag Ccg

b
a c

Cac
Cag

Cab

b

Cbc

ca

FIGURE 5.6 Three-phase line with one overhead ground wire u: (a) equivalent circuit showing ground wire; 
(b) equivalent circuit without showing ground wire.
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as before. The corresponding equivalent circuit is shown in Figure 5.6b, and such representation 
is convenient to study a load-flow problem. Of course, the average capacitances to ground can be 
found as before.

Alternatively, the sequence capacitances can approximately be calculated without using the 
matrix algebra. For example, the zero-sequence capacitance can be calculated [4] from
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where
  Haa = given by Equation 5.97
 Daa = given by Equation 5.98
 hgg = GMD between ground wires and their images
 Dgg = self-GMD of ground wires with Ds = rg

 Hag = GMD between phase conductors and images of ground wires
 Dag = GMD between phase conductors and ground wires

If the transmission line is untransposed, both electrostatic and electromagnetic unbalances exist 
in the system. If the system neutral is (solidly) grounded, in the event of an electrostatic unbalance, 
there will be a neutral residual current flow in the system due to the unbalance in the charging cur-
rents of the line. Such residual current flow is continuous and independent of the load. Since the 
neutral is grounded, Vn = Va0 = 0, and the zero-sequence displacement or unbalance is

 d
C
C0

01

11

�  (5.115)

and the negative-sequence unbalance is

 d
C
C2

21

11

�  (5.116)

If the system neutral is not grounded, there will be the neutral voltage Vn ≠ 0, and therefore, the 
neutral point will be shifted. Such zero-sequence neutral displacement or unbalance is defined as

 d
C
C0

01

00

�  (5.117)

EXAMPLE 5.6

Consider the line configuration shown in Figure 5.5. Assume that the 115-kV line is not transposed 
and its conductors are made up of 500-kcmil, 30/7-strand ACSR conductors. Ignore the overhead 
ground wire and determine the following:

 (a) Matrix of potential coefficients
 (b) Matrix of Maxwell’s coefficients
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 (c) Matrix of sequence capacitances
 (d) Zero- and negative-sequence electrostatic unbalances, assuming that the system neutral is 

solidly grounded

Solution

 (a) The corresponding potential coefficients arc calculated using Equations 5.83 through 5.88. 
For example,
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 (d) From Equation 5.115,
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5.8 SEQUENCE IMPEDANCES OF SYNCHRONOUS MACHINES

In general, the impedances to positive-, negative-, and zero-sequence currents in synchronous 
machines (as well as other rotating machines) have different values. The positive-sequence imped-
ance of the synchronous machine can be selected to be its subtransient (X″d), transient (X′d), or 
 synchronous* (Xd) reactance depending on the time assumed to elapse from the instant of fault 
initiation to the instant at which values are desired (e.g., for relay response, breaker opening, or 
sustained fault conditions). Usually, however, in fault studies, the subtransient reactance is taken as 
the positive-sequence reactance of the synchronous machine.

The negative-sequence impedance of a synchronous machine is usually determined from

 Z2 2 2
= =

′′ + ′′





jX j

X Xd q
 (5.118)

In a cylindrical-rotor synchronous machine, the subtransient and negative-sequence reactances are 
the same, as shown in Table 5.3.

The zero-sequence impedance of a synchronous machine varies widely and depends on the pitch 
of the armature coils. It is much smaller than the corresponding positive- and negative-sequence 

* It is also called the direct-axis synchronous reactance. It is also denoted by Xs.
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reactances. It can be measured by connecting the three armature windings in series and applying 
a single-phase voltage. The ratio of the terminal voltage of one phase winding to the current is the 
zero-sequence reactance. It is approximately equal to the zero-sequence reactance. Table 5.3 [5] 
gives typical reactance values of three-phase synchronous machines. Note that, in the above dis-
cussion, the resistance values are ignored because they are much smaller than the corresponding 
reactance values.

Figure 5.7 shows the equivalent circuit of a cylindrical-rotor synchronous machine with constant 
field current. Since the coil groups of the three-phase stator armature windings are displaced from 
each other by 120 electrical degrees, balanced three-phase sinusoidal voltages are induced in the 
stator windings. Furthermore, each of the three self-impedances and mutual impedances are equal 
to each other, respectively, owing to the machine symmetry. Therefore, taking into account the neu-
tral impedance Zn and applying Kirchhoff’s voltage law it can be shown that

 Ea = (Rϕ + jXs + Zn) Ia + ( jXm + Zn) Ib + ( jXm + Zn) Ic + Va (5.119)

 Eb = ( jXm + Zn) Ia + (Rϕ + jXs + Zn) Ib + ( jXm + Zn) Ic + Vb (5.120)

 Ec = ( jXm + Zn) Ia + ( jXm + Zn) Ib + (Rϕ + jXs + Zn) Ic + Vc (5.121)

or, in matrix form,
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 (5.122)

where

 Zs = Rϕ + jXs + Zn (5.123)

 Zm = jXm + Zn (5.124)

 Ea = Ea (5.125)
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FIGURE 5.7 Equivalent circuit of cylindrical-rotor synchronous machine.
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 Eb = a2Ea (5.126)

 Ec = aEa (5.127)

Alternatively, Equation 5.122 can be written in shorthand matrix notation as

 [Eabc] = [Zabc] [Iabc] + [Vabc] (5.128)

Multiplying both sides of this equation by [A]−1 and also substituting Equation 5.26 into it,

 [A]−1 [Eabc] = [A]−1 [Zabc] [A] [I012] + [A]−1 [Vabc] (5.129)

where
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 (5.130)

 [Z012] ≜ [A]−1 [Zabc] [A] (5.38)

 [V012] = [A]−1 [Vabc] (5.19)

Also, due to the symmetry of the machine,
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or
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 (5.132)

where

 Z00 = Zs + 2Zm = Rϕ + j(Xs + 2Xm) + 3Zn (5.133)

 Z11 = Zs − Zm = Rϕ + j(Xs − Xm) (5.134)

 Z22 = Zs − Zm = Rϕ + j(Xs − Xm) (5.135)
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Therefore, Equation 5.128 in terms of the symmetrical components can be expressed as

 

0

0

0 0

0 0

0 0

00

11

22

0

EE

ZZ

ZZ

ZZ

IIa

a

a
















=



















I

11

2

0

1

2II

VV

VV

VVa

a

a

a



















+



















 (5.136)

or, in shorthand matrix notation,

 [E] = [Z012] [I012] + [V012] (5.137)

Similarly,
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 (5.138)

or

 [V012] = [E] − [Z012] [I012] (5.139)

Note that, the machine sequence impedances in the above equations are

 Z0 ≜ Z00 − 3Zn (5.140)

 Z1 ≜ Z11 (5.141)

 Z2 ≜ Z22 (5.142)

The expression given in Equation 5.140 is due to the fact that the impedance Zn is external to the 
machine. Figure 5.8 shows the sequence networks of a synchronous machine.

(a)

N0

Z0

Z00 Z2

3Zn

Ia0

Ea

Z1

Va0 Va1 Va2

Ia1 Ia2

N1 N2

(b) (c)

+

++

–

–

+

––

FIGURE 5.8 Sequence networks of synchronous machine: (a) zero-sequence network; (b) positive-sequence 
network; (c) negative-sequence network.
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5.9 ZERO-SEQUENCE NETWORKS

It is important to note that the zero-sequence system, in a sense, is not a three-phase system but 
a single-phase system. This is because the zero-sequence currents and voltages are equal in mag-
nitude and in phase at any point in all the phases of the system. However, the zero-sequence cur-
rents can only exist in a circuit if there is a complete path for their flow. Therefore, if there is no 

Load connection diagram
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b
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(b)
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FIGURE 5.9 Zero-sequence network for wye- and delta-connected three-phase loads: (a) wye-connected 
load with undergrounded neutral; (b) wye-connected load with grounded neutral; (c) wye-connected load 
grounded through neutral impedance; (d) delta-connected load.
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complete path for zero-sequence currents in a circuit, the zero-sequence impedance is infinite. In a 
zero-sequence network drawing, this infinite impedance is indicated by an open circuit.

Figure 5.9 shows zero-sequence networks for wye- and delta-connected three-phase loads. Note 
that, a wye-connected load with an ungrounded neutral has infinite impedance to zero-sequence 
currents since there is no return path through the ground or a neutral conductor, as shown in Figure 
5.9a. On the other hand, a wye-connected load with solidly grounded neutral, as shown in Figure 
5.9b, provides a return path for the zero-sequence currents flowing through the three phases and 
their sum, 3Ia0, flowing through the ground. If the neutral is grounded through some impedance 
Zn as shown in Figure 5.9c, an impedance of 3Zn should be inserted between the neutral point n 
and the zero-potential bus N0 in the zero-sequence network. The reason for this is that a current of 
3Ia0 produces a zero-sequence voltage drop of 3Ia0Zn between the neutral point n and the ground. 
Therefore, to reflect this voltage drop in the zero-sequence network, where the zero-sequence cur-
rent 3Ia0 flows, the neutral impedance should be 3Zn. A delta-connected load, as shown in Figure 
5.9d, provides no path for zero-sequence currents flowing in the line. Therefore, its zero-sequence 
impedance, as seen from its terminals, is infinite. Yet, it is possible to have zero-sequence currents 
circulating within the delta circuit. However, they have to be produced in the delta by zero-sequence 
voltages or by induction from an outside source.

5.10 SEQUENCE IMPEDANCES OF TRANSFORMERS

A three-phase transformer may be made up of three identical single-phase transformers. If this is 
the case, it is called a three-phase transformer bank. Alternatively, it may be built as a three-phase 
transformer having a single common core (either with shell-type or core-type design) and a tank. For 
the sake of simplicity, here only the three-phase transformer banks will be reviewed. The imped-
ance of a transformer to both positive- and negative-sequence currents is the same. Even though 
the zero-sequence series impedances of three-phase units are little different than the positive- and 
negative-sequence series impedances, it is often assumed in practice that series impedances of all 
sequences are the same without paying attention to the transformer type

 Z0 = Z1 = Z2 = Ztrf (5.143)

If the flow of zero-sequence current is prevented by the transformer connection, Z0 is infinite.
Figure 5.10 shows zero-sequence network equivalents of three-phase transformer banks made up 

of three identical single-phase transformers having two windings with excitation currents neglected. 
The possible paths for the flow of zero-sequence current are indicated on the connection diagrams, 
as shown in Figure 5.10a, 5.10c, and 5.10e. If there is no path shown on the connection diagram, 
this means that the transformer connection prevents the flow of the zero-sequence current by not 
providing a path for it, as indicated in Figure 5.10b, 5.10d, and 5.10f.

Note that even though the delta–delta bank can have zero-sequence currents circulating within 
its delta windings, it also prevents the flow of the zero-sequence current outside the delta windings 
by not providing a return path for it, as shown in Figure 5.10e.

Also, note that if the neutral point n of the wye winding (shown in Figure 5.10a or c) is grounded 
through Zn, the corresponding zero-sequence impedance Z0 should be replaced by Z0 + 3Zn.

If the wye winding is solidly grounded, the Zn is zero, and therefore 3Zn should be replaced by 
a short circuit. On the other hand, if the connection is ungrounded, the Zn is infinite, and therefore 
3Zn should be replaced with an open circuit. It is interesting to observe that the type of grounding 
only affects the zero-sequence network, not the positive- and negative-sequence networks.

It is interesting to note that there is no path for the flow of zero-sequence current in a wye-grounded–
wye-connected three-phase transformer bank, as shown in Figure 5.10b. This is because there is no 
zero-sequence current in any given winding on the wye side of the transformer bank since it has an 
ungrounded wye connection. Therefore, because of the lack of equal and opposite ampere turns in 
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FIGURE 5.10 Zero-sequence network equivalents of three-phase transformer banks made of three identical 
single-phase transformers with two windings.
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the wye side of the transformer bank, there cannot be any zero-sequence current in the correspond-
ing winding on the wye-grounded side of the transformer, with the exception of a negligible small 
magnetizing current.

Figure 5.11 shows zero-sequence network equivalents of three-phase transformer banks made 
of three identical single-phase transformers with three windings. The impedances of the three-
winding transformer between primary, secondary, and tertiary terminals, indicated by P, S, and T, 
respectively, taken two at a time with the other winding open, are ZPS, ZPT, and ZST, the subscripts 
indicating the terminals between which the impedances are measured. Note that, only the wye–wye 
connection with delta tertiary, shown in Figure 5.11a, permits zero-sequence current to flow in from 
either wye line (as long as the neutrals are grounded).
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ZS
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Transformer connection diagram Zero-sequence network equivalent
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FIGURE 5.11 Zero-sequence network equivalents of three-phase transformer banks made of three identical 
single-phase transformers with three windings.
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EXAMPLE 5.7

Consider the power system shown in Figure 5.12 and the associated data given in Table 5.4. 
Assume that each three-phase transformer bank is made of three single-phase transformers. Do 
the following:

 (a) Draw the corresponding positive-sequence network
 (b) Draw the corresponding negative-sequence network
 (c) Draw the corresponding zero-sequence network

Solution

 (a) The positive-sequence network is shown in Figure 5.13a
 (b) The negative-sequence network is shown in Figure 5.13b
 (c) The zero-sequence network is shown in Figure 5.13c

1 2
T1

T3
B5 B6

j0.03 pu

B4

B2 B3

T4

T2

TL56

TL23

B1
G1 G2

5 6

3 4

∆ ∆

∆ ∆

FIGURE 5.12 Power system for Example 5.7.

TABLE 5.4
System Data for Example 5.7

Network Component MVA Rating Voltage Rating (kV) X1 (pu) X2 (pu) X0 (pu)

G1 200 20 0.2 0.14 0.06

G2 200 13.2 0.2 0.14 0.06

T1 200 20/230 0.2 0.2 0.2

T2 200 13.2/230 0.3 0.3 0.3

T3 200 20/230 0.25 0.25 0.25

T4 200 13.2/230 0.35 0.35 0.35

TL23 200 230 0.15 0.15 0.3

TL56 200 230 0.22 0.22 0.5
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FIGURE 5.13 Sequence networks for Example 5.7.
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EXAMPLE 5.8

Consider the power system given in Example 5.7 and assume that there is a fault on bus 3. Reduce 
the sequence networks drawn in Example 5.7 to their Thévenin equivalents “looking in” at bus 3.

 (a) Show the steps of the positive-sequence network reduction
 (b) Show the steps of the negative-sequence network reduction
 (c) Show the steps of the zero-sequence network reduction

Solution

 (a) Figure 5.14 shows the steps of the positive-sequence network reduction. Note that the 
delta that exits between nodes 1, 3, and 4, as shown in Figure 5.14a, must be replaced by 
its equivalent wye configuration, as shown in Figure 5.14b, by performing the following 
calculations:
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FIGURE 5.14 Reduction steps for positive-sequence network of Example 5.8.
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 (b) Figure 5.15 shows the steps of the negative-sequence network reduction. Note that, the 
delta that exits between nodes 1, 3, and 4, as shown in Figure 5.15a, must be replaced by 
its equivalent wye configuration, as shown in Figure 5.15b, by performing the calculations 
as in part (a) above.

 (c) Figure 5.16 shows the steps of the zero-sequence network reduction.
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FIGURE 5.15 Reduction steps for negative-sequence network of Example 5.8.
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PROBLEMS

 1. Determine the symmetrical components for the phase currents of Ia = 125∠20°, Ib = 
175∠−100°, and, Ic = 95∠155° A.

 2. Assume that the unbalanced phase currents are Ia = 100∠180°, Ib = 100∠0°, and, Ic = 10∠20° A.
 (a) Determine the symmetrical components.
 (b) Draw a phasor diagram showing Ia0, Ia1, Ia2, Ib0, Ibl, Ib2, Ic0, Ic1, and 1c2 (i.e., the posi-

tive-, negative-, and zero-sequence currents for each phase).
 3. Assume that Va1 = 180∠0°, Va2 = 100∠100°, and, Va0 = 250∠−40° V.
 (a) Draw a phasor diagram showing all the nine symmetrical components.
 (b) Find the phase voltages [Vabc] using the equation

 [Vabc] = [A] [V012]

 (c) Find the phase voltages [Vabc] graphically and check the results against the ones found 
in part b.

 4. Repeat Example 5.2 assuming that the phase voltages and currents are given as
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 5. Determine the symmetrical components for the phase currents of Ia = 100∠20°, Ib = 50∠–20°, 
and, Ic = 150∠180° A. Draw a phasor diagram showing all the nine symmetrical components.

 6. Assume that Ia0 = 50 – j86.6, Ia1 = 200∠0°, and, Ia = 400∠0° A. Determine the following:
 (a) The negative sequence current Ia2

 (b) The faulted phase b current Ib

 (c) The faulted phase c current Ic

 7. Determine the symmetrical components for the phase currents of Ia = 200∠0°, Ib = 175∠	
–90°, and, Ic = 100∠90° A.

 8. Use the symmetrical components for the phase voltages and verify the following line-to-
line voltage equations:

 (a) V V Vab a a= ∠ °+ ∠− °( )3 30 301 2

 (b) V V Vbc a a= ∠− ° + ∠ °( )3 90 901 2

 (c) V V Vca a a= ∠ °+ ∠− °( )3 150 1501 2



290 Modern Power System Analysis

 9. Consider Example 5.3 and assume that the voltage applied at the sending end of the line is 
69∠0° kV Determine the phase current matrix from Equation 5.35.

 10. Consider a three-phase horizontal line configuration and assume that the phase spacings are 
Dab = 30 ft, Dbc = 30 ft, and Dca = 60 ft. The line conductors are made of 500 kcmil, 37-strand 
copper conductors. Assume that the 100-mi-long untransposed transmission line operates at 
50°C, 60 Hz. If the earth has an average resistivity, determine the following:

 (a) Self-impedances of line conductors in ohms per mile
 (b) Mutual impedances of line conductors in ohms per mile
 (c) Phase impedance matrix of line in ohms
 11. Consider a 50-mi-long completely transposed transmission line operating at 25°C, 50 Hz, 

and having 500-kcmil ACSR conductors. The three-phase conductors have a triangular 
configuration with spacings of Dab = 6 ft, Dbc = 10 ft, and Dca = 8 ft. If the earth is consid-
ered to be dry earth, determine the following:

 (a) Zero-sequence impedance of line
 (b) Positive-sequence impedance of line
 (c) Negative-sequence impedance of line
 12. Consider a three-phase, vertical pole-top conductor configuration. Use 50°C, 60 Hz and 

assume that the phase spacings are Dab = 72 in., Dbc = 72 in., and Dca = 144 in. The line 
conductors are made of 795-kcmil, 30/19-strand ACSR. If the line is 100 mi long and not 
transposed, determine the following:

 (a) Phase impedance matrix of line
 (b) Phase admittance matrix of line
 (c) Sequence impedance matrix of line
 (d) Sequence admittance matrix of line
 13. Repeat Problem 12 assuming that the phase spacings are Dab = 144 in., Dbc = 144 in., and 

Dca = 288 in.
 14. Repeat Problem 12 assuming that the conductor is 795-kcmil, 61% conductivity, 37-strand, 

hard-drawn aluminum.
 15. Repeat Problem 12 assuming that the conductor is 750-kcmil, 97.3% conductivity, 

37-strand, hard-drawn copper conductor.
 16. Consider the line configuration shown in Figure 5.5. Assume that the 115-kV line is trans-

posed and its conductors are made up of 500-kcmil, 30/7-strand ACSR conductors. Ignore 
the overhead ground wire but consider the heights of the conductors and determine the 
zero-sequence capacitance of the line in nanofarads per mile and nanofarads per kilometer.

 17. Solve Problem 16 taking into account the overhead ground wire. Assume that the overhead 
ground wire is made of 3/8-in. E.B.B. steel conductor.

 18. Repeat Example 5.6 without ignoring the overhead ground wire. Assume that the overhead 
ground wire is made of 3/8-in. E.B.B. steel conductor.

 19. Consider the line configuration shown in Figure 5.5. Assume that the 115-kV line is trans-
posed and its conductors are made of 500-kcmil, 30/7-strand ACSR conductors. Ignore the 
effects of conductor heights and overhead ground wire and determine the following:

 (a) Positive- and negative-sequence capacitances to ground of line in nanofarads per mile
 (b) The 60-Hz susceptance of line in microsiemens per mile
 (c) Charging kilovolt-ampers per phase per mile of line
 (d) Three-phase charging kilovolt-amperes per mile of line
 20. Repeat Problem 19 without ignoring the effects of conductor heights.
 21. Consider the untransposed line shown in Figure P5.1. Assume that the 50-mi-long line has 

an overhead ground wire of 3/0 ACSR and that the phase conductors are of 556.5-kcmil, 
30/7 strand, ACSR. Use a frequency of 60 Hz, an ambient temperature of 50°C, and aver-
age earth resistivity and determine the following:

 (a) Phase impedance matrix of line



291Symmetrical Components and Sequence Impedances

 (b) Sequence impedance matrix of line
 (c) Sequence admittance matrix of line
 (d) Electrostatic zero- and negative-sequence unbalance factors of line
 22. Repeat Problem 21 assuming that there arc two overhead ground wires, as shown in Figure 

P5.2.
 23. Consider the power system given in Example 5.7 and assume that transformers T1 and T3 

are connected as delta–wye grounded, and T2 and T4 are connected as wye grounded–delta, 
respectively. Assume that there is a fault on bus 3 and do the following:

 (a) Draw the corresponding zero-sequence network.
 (b) Reduce the zero-sequence network to its Thévenin equivalent looking in at bus 3.
 24. Consider the power system given in Example 5.7 and assume that all four transformers are 

connected as wye grounded–wye grounded. Assume there is a fault on bus 3 and do the 
following:

 (a) Draw the corresponding zero-sequence network.
 (b) Reduce the zero-sequence network to its Thévenin equivalent looking in at bus 3.
 25. Consider the power system given in Problem 10. Use 25 MVA as the megavolt-ampere base 

and draw the positive-, negative-, and zero-sequence networks (but do not reduce them). 
Assume that the two three-phase transformer bank connections are:

 (a) Both wye-grounded
 (b) Delta–wye grounded for transformer T1 and wye grounded–delta for transformer T2

 (c) Wye grounded–wye for transformer T1 and delta–wye for transformer T2

 26. Assume that a three-phase, 45-MVA, 34.5/115-kV transformer bank of three single-phase 
transformers, with nameplate impedances of 7.5%, is connected wye–delta with the high-
voltage side delta. Determine the zero-sequence equivalent circuit (in per-unit values) 
under the following conditions:

 (a) If neutral is ungrounded
 (b) If neutral is solidly grounded
 (c) If neutral is grounded through 10-Ω resistor
 (d) If neutral is grounded through 4000-μF capacitor
 27. Consider the system shown in Figure P5.3. Assume that the following data are given based 

on 20 MVA and the line-to-line base voltages as shown in Figure P5.3.

 Generator G1: X1 = 0.25 pu, X2 = 0.15 pu, X0 = 0.05 pu
 Generator G2: X2 = 0.90 pu, X2 = 0.60 pu, X0 = 0.05 pu
 Transformer T1: X1 = X2 = X0 = 0.10 pu

u

a b

20 ft 20 ft

20 ft

c

FIGURE P5.1 System for Problem 21.
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 Transformer T2: X1 = X2 = 0.10 pu, X0 = ∞
 Transformer T3: X1 = X2 = X0 = 0.50 pu
 Transformer T4: X1 = X2 = 0.30 pu, X0 = ∞
 Transmission line TL23: X, = X2 = 0.15 pu, X0 = 0.50 pu
 Transmission line TL35: X1 = X2 = 0.30 pu, X0 = 1.00 pu
 Transmission line TL57: X1 = X2 = 0.30 pu, X0 = 1.00 pu

 (a) Draw the corresponding positive-sequence network
 (b) Draw the corresponding negative-sequence network
 (c) Draw the corresponding zero-sequence network

u

a b

10 ft 20 ft

20 ft 20 ft

20 ft10 ft

c

w

FIGURE P5.2 System for Problem 22.

1 2
3 4

5 6
78

T1

T4

T3

T2G1

G2

TL23

13.8/34.5 kV

18.75 MVA

20 MVA

2.4/34.5 kV
5 MVA

34.5/2.4 kV
3 MVA

34.5/13.8 kV
15 MVA

5 MVA

TL57

TL35

FIGURE P5.3 System for Problem 27.



293

6 Analysis of Unbalanced Faults

6.1 INTRODUCTION

Most of the faults that occur on power systems are not the balanced (i.e., symmetrical) three-
phase faults but the unbalanced (i.e., unsymmetrical) faults, specifically the single line-to-ground 
(SLG) faults. For example, Reference [5] gives the typical frequency of occurrence for the three-
phase, SLG, line-to-line, and double line-to-ground (DLG) faults as 5%, 70%, 15%, and 10%, 
respectively.

In general, the three-phase fault is considered to be the most severe one. However, it is possible 
that the SLG fault may be more severe than the three-phase fault under two circumstances: (1) the 
generators involved in the fault have solidly grounded neutrals or low-impedance neutral imped-
ances and (2) it occurs on the wye-grounded side of delta–wye-grounded transformer banks. The 
line-to-line fault current is about 86.6% of the three-phase fault current.

Faults can be categorized as shunt faults (short circuits), series faults (open conductor), and 
simultaneous faults (having more than one fault occurring at the same time). Unbalanced faults can 
be easily solved by using the symmetrical components of an unbalanced system of currents or volt-
ages. Therefore, an unbalanced system can be converted to three fictitious networks: the positive-
sequence (the only one that has a driving voltage), the negative-sequence, and the zero-sequence 
networks interconnected to each other in a particular fashion depending on the fault type involved. 
In this book, only shunt faults are reviewed.

6.2 SHUNT FAULTS

The voltage to ground of phase a at the fault point F before the fault occurred is VF, and it is 
usually selected as 1.0∠0° pu. However, it is possible to have a VF value that is not 1.0∠0° pu. If 
so, Table 6.1 [8] gives formulas to calculate the fault currents and voltages at the fault point F 
and their corresponding symmetrical components for various types of faults. Note that, the posi-
tive-, negative-, and zero-sequence impedances are viewed from the fault point as Z1, Z2, and Z0, 
respectively. In the table, Zf is the fault impedance and Zeq is the equivalent impedance to replace 
the fault in the positive-sequence network. Also, note that the value of the impedance Zg is zero 
in Table 6.1.

6.2.1 Slg faUlt

In general, the SLG fault on a transmission system occurs when one conductor falls to ground or 
contacts the neutral wire. Figure 6.1a shows the general representation of an SLG fault at a fault 
point F with a fault impedance Zf.* Usually, the fault impedance Zf is ignored in fault studies. 
Figure 6.1b shows the interconnection of the resulting sequence networks. For the sake of simplicity 
in fault calculations, the faulted phase is usually assumed to be phase a, as shown in Figure 6.1b.

However, if the faulted phase in reality is other than phase a (e.g., phase b), the phases of the 
system can simply be relabeled (i.e., a, b, c becomes c, a, b) [4]. A second method involves the use 

* The fault impedance Zf may be thought of as the impedances in the arc (in the event of having a flashover between the 
line and a tower), the tower, and the tower footing.
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TABLE 6.1
Fault Currents and Voltages at Fault Point F and Their Corresponding Symmetrical 
Components for Various Types of Faults
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TABLE 6.1 (Continued)
Fault Currents and Voltages at Fault Point F and Their Corresponding Symmetrical 
Components for Various Types of Faults
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Source: Clarke, E., Circuit Analysis of A-C Power Systems, Vol. 1. General Electric Co., Schenectady, New York, 1960.
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FIGURE 6.1 SLG fault: (a) general representation; (b) interconnection of sequence networks.
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of the “generalized fault diagram” of Atabekov [4], further developed by Anderson [3]. From Figure 
6.1b, it can be observed that the zero-, positive-, and negative-sequence currents are equal to each 
other. Therefore,

 I I I
Z Z Z Za a a

f
0 1 2

0 1 2

1 0 0
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the fault current for phase a can be found as

 Iaf = Ia0 + Ia1 + Ia2

or

 Iaf = 3Ia0 = 3Ial = 3Ia2 (6.3)

From Figure 6.1a,

 Vaf = Zf Iaf (6.4)

Substituting Equation 6.3 into Equation 6.4, the voltage at faulted phase a can be expressed as

 Vaf = 3Zf la1 (6.5)

But,

 Vaf = Va0 + Va1 + Va2 (6.6)

Therefore,

 Va0 + Va1 + Va2 = 3Zf Ia1 (6.7)

which justifies the interconnection of sequence networks in series, as shown in Figure 6.1b.
Once the sequence currents are found, the zero-, positive-, and negative-sequence voltages can 

be found from
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 (6.8)

as

 Va0 = −Z0Ia0 (6.9)

 Va1 = 1.0 − Z1Ia1 (6.10)

 Va2 = −Z2Ia2 (6.11)
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In the event of having an SLG fault on phase b or c, the voltages related to the known phase a 
voltage components can be found from
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as

 Vbf = Va0 + a2 Va1 + aVa2 (6.13)

and

 Vcf = Va0 + aVa1 + a2 Va2 (6.14)

EXAMPLE 6.1

Consider the system described in Examples 5.7 and 5.8 and assume that there is an SLG fault, 
involving phase a, and that the fault impedance is 5 + j0 Ω. Also, assume that Z0 and Z2 are j0.56 
and j0.3619 Ω, respectively.

 (a) Show the interconnection of the corresponding equivalent sequence networks.
 (b) Determine the sequence and phase currents.
 (c) Determine the sequence and phase voltages.
 (d) Determine the line-to-line voltages.

Solution

 (a) Figure 6.2 shows the interconnection of the resulting equivalent sequence networks.
 (b) The impedance base on the 230-kV line is
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FIGURE 6.2 Interconnection of resultant equivalent sequence networks of Example 6.2.
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  Thus, the sequence currents and the phase currents are
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 (c) The sequence and phase voltages are
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 (d) The fine-to-line voltages at the fault point are
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V V Vcaf cf af= −

= ∠ °− ∠ °

= ∠

1.709 121.5 0.0479 26

1.2106

86.

1126.2 pu V°

EXAMPLE 6.2

Consider the system given in Figure 6.3a and assume that the given impedance values are based 
on the same megavolt-ampere value. The two three-phase transformer banks are made of three 
single-phase transformers. Assume that there is an SLG fault, involving phase a, at the middle of 
the transmission line TL23, as shown in the figure.

 (a) Draw the corresponding positive-, negative-, and zero-sequence networks, without reduc-
ing them, and their corresponding interconnections.

 (b) Determine the sequence currents at fault point F.
 (c) Determine the sequence currents at the terminals of generator G1.
 (d) Determine the phase currents at the terminals of generator G1.
 (e) Determine the sequence voltages at the terminals of generator G1.
 (f) Determine the phase voltages at the terminals of generator G1.
 (g) Repeat parts (c) through (f) for generator G2.

Solution

 (a) Figure 6.3b shows the corresponding sequence networks.
 (b) The sequence currents at fault point F are
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 (c) Therefore, the sequence current contributions of generator G1 can be found by symmetry as
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FIGURE 6.3 The system and the solution for Example 6.2.



301Analysis of Unbalanced Faults

 (d) The phase currents at the terminals of generator G1 are
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 (e) The sequence voltages at the terminals of generator G1 are
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 (f) Therefore, the phase voltages are
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 (g) Similarly, for generator G2, by symmetry,

 
I Ia G a

j

1 12

1
2

0 6563

,

.

= ×

= − pu A

 and

 
I Ia G a

j

2 22

1
2

0 6563

,

.

= ×

= − pu A

 and by inspection

 Ia G0 2
0, =

  However, since transformer T2 has wye–delta connections and the U.S. Standard termi-
nal markings provide that Va1(HV) leads Va1(LV) by 30° and Va2(HV) lags Va2(LV) by 30°, regardless 
of which side has the delta-connected windings, taking into account the 30° phase shifts,

 
Ia G1 2

30

0 6563 120

,

.

= ∠− −

= ∠− °

0.6563 90° °

pu A
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 and

 
Ia G2 2

0 6563 90 30
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, .

.

= ∠− °+ °

= ∠− ° pu A

  This is because generator G2 is on the low-voltage side of the transformer. Therefore,
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90
0

  The positive- and negative-sequence voltages on the G2 side are the same as on the G1 
side. Thus,

 Va1 = 0.8434∠0° pu V

 Va2 = 0.1641∠180° pu V

  Again, taking into account the 30° phase shifts,

 
Va1 30= ∠ − °

= ∠− °

0.8434 0°

0.8434 30 pu V

 
Va2 30= ∠ °+ °

= ∠ °

0.1641 180

0.1641 210 pu V

  Obviously

 Va0 = 0

  Therefore, the phase voltages at the terminals of generator G2 are
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pu V∠ °
∠ °















9

6.2.2 line-to-line faUlt

In general, a line-to-line (L-L) fault on a transmission system occurs when two conductors are short-
circuited.* Figure 6.4a shows the general representation of a line-to-line fault at fault point F with 
a fault impedance Zf. Figure 6.4b shows the interconnection of resulting sequence networks. It is 

* Note that I If f, ,.L L 3− = ×0 866 φ . Therefore, if the magnitude of the three-phase fault current is known, the magnitude of 
the line-to-line fault current can readily be found.
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assumed, for the sake of symmetry, that the line-to-line fault is between phases b and c. It can be 
observed from Figure 6.4a that

 Iaf = 0 (6.15)

 Ibf = −Icf (6.16)

 Vbc = Vb − Vc = Zf Ibf (6.17)

From Figure 6.4b, the sequence currents can be found as

 Ia0 = 0 (6.18)

 I I
Z Z Za a

f
1 2

1 0 0= − = ∠ °
+ +
.

1 2

 (6.19)

If Zf = 0,

 I I
Z Za a1 2
1 0 0= − = ∠ °

+
.

1 2

 (6.20)

a
b

c

F

Zf

Icf IbfIbfIaf –== 0

(a)

+

++ +

−−

−

−
V Z V V Z

0°

=

=

a0 a1 a20

0

0

0

a0 a1 a2

0N N N 1

F F F

Z

Z

1

1

f

2

2

2

I I I

(b)

1.0

FIGURE 6.4 Line-to-line fault: (a) general representation; (b) interconnection of sequence networks.
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Substituting Equations 6.18 and 6.19 into Equation 6.2, the fault currents for phases a and b can 
be found as

 I I Icf cf a= − = ∠− °3 901  (6.21)

Similarly, substituting Equations 6.18 and 6.19 into Equation 6.8, the sequence voltages can be 
found as

 Va0 = 0 (6.22)

 Va1 = 1.0 − Z1Ia1 (6.23)

 Va2 = −Z2Ia2 = Z2Ia1 (6.24)

Also, substituting Equations 6.22 through 6.24 into Equation 6.12,

 Vaf = Va1 + Va2 (6.25)

or

 Vaf = 1.0 + Ia1(Z2 – Z1) (6.26)

and

 Vbf = a2 Va1 + aVa2 (6.27)

or

 Vbf = a2 + Ia1(aZ2 – a2Z1) (6.28)

and

 Vcf = aVa1 + a2 Va2 (6.29)

or

 Vcf = a + Ia1(a2Z2 – aZ1) (6.30)

Thus, the line-to-line voltages can be expressed as

 Vab = Vaf – Vbf (6.31)

or

 V V Vab a a= ∠ °+ ∠− °3( )1 230 30  (6.32)

and

 Vbc = Vbf – Vcf (6.33)
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or

 V V Vbc a a= ∠− ° + ∠ °3( )1 290 90  (6.34)

and

 Vca = Vcf – Vaf (6.35)

or

 V V Vca a a= ∠ °+ ∠− °3 1501 2( )150  (6.36)

EXAMPLE 6.3

Repeat Example 6.1 assuming that there is a line-to-line fault, involving phases b and c, at bus 3.

Solution

 (a) Figure 6.5 shows the interconnection of the resulting equivalent sequence networks.
 (b) The sequence and the phase currents are

 Ia0 = 0

 

I I
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j j
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1 2
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=

=
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8
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FIGURE 6.5 Interconnection of resultant equivalent sequence networks of Example 6.3.
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 and
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 (c) The sequence and phase voltages are
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 (d) The line-to-line voltages at the fault point are
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. . pu V
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. . pu V
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6.2.3 dlg faUlt

In general, the DLG fault on a transmission system occurs when two conductors fall and are con-
nected through ground or when two conductors contact the neutral of a three-phase grounded system. 
Figure 6.6a shows the general representation of a DLG fault at a fault point F with a fault impedance 
Zf and the impedance from line to ground Zg (which can be equal to zero or infinity). Figure 6.6b 
shows the interconnection of resultant sequence networks. As before, it is assumed, for the sake of 
symmetry, that the DLG fault is between phases b and c. It can be observed from Figure 6.6a that

 Iaf = 0 (6.37)

 Vbf = (Zf + Zg)Ibf + ZgIcf (6.38)

 Vcf = (Zf + Zg)Icf + ZgIbf (6.39)
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cf
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=
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+

+
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I I I

0

00

0

0

f f f3

a

a 2aa

a

N N1 N

1

+

1

1

1

2

1.0 0°

(b)

Va2 Z2

g

FIGURE 6.6 DLG fault: (a) general representation; (b) interconnection of sequence networks.
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From Figure 6.6b, the positive-sequence currents can be found as

 
I

Z Z
Z Z Z Z Z

Z Z Z

a

f
f f g

f

1

1
2 0

2 0

1 0 0
3

= ∠ °

+ +
+ + +
+ +

.

( )
( )( )

( ) ( ++ +Z Zf g3 )
 (6.40a)
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Z Z
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Z Z Z Zf
f f g

f g

 (6.40b)

The negative- and zero-sequence currents can be found, by using current division, as

 I
Z Z Z

Z Z Z Z Z
Ia

f g

f f g
a2

0

2 0
1

3

3
= −

+ +
+ + + +













( )

( ) ( )
 (6.41)

and

 I
Z Z

Z Z Z Z Z
Ia

f

f f g
a0

2

2 0
13

= −
+

+ + + +












( )

( ) ( )
 (6.42)

or as an alternative method, since

 Iaf = 0 = Ia0 + Ia1 + Ia2

then if Ia1 and Ia2 are known,

 Ia0 = −(Ia1 + Ia2) (6.43)

Note that, in the event of having Zf = 0 and Zg = 0, the positive-, negative-, and zero-sequences 
can be expressed as

 
I

Z
Z Z
Z Z

a1

1
0 2

0 2

1 0 0= ∠ °

+ ×
+

.
 (6.44)

and by current division

 I
Z

Z Z
Ia a2

0

0 2
1= −

+








  (6.45)

 I
Z

Z Z
Ia a0

2

0 2
1= −

+








  (6.46)

Note that, the fault current for phase a is already known to be

 Iaf = 0
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the fault currents for phases a and b can be found by substituting Equations 6.40 through 6.42 into 
Equation 6.2 so that

 Ibf = Ia0 + a2Ia1 + aIa2 (6.47)

and

 Icf = Ia0 + aIa1 + a2Ia2 (6.48)

It can be shown that the total fault current flowing into the neutral is

 In = Ibf + Icf + 3Ia0 (6.49)

The sequence voltages can be found from Equation 6.8 as

 Va0 = −Z0Ia0 (6.50)

 Va1 = 1.0 − Z1Ia1 (6.51)

 Va2 = −Z2Ia2 (6.52)

Similarly, the phase voltages can be found from Equation 6.12 as

 Vaf = Va0 + Va1 + Va2 (6.53)

 Vbf = Va0 + a2 Va1 + aVa2 (6.54)

 Vcf = Va0 + aVa1 + a2Va2 (6.55)

or, alternatively, the phase voltages Vbf and Vcf can be determined from Equations 6.38 and 6.39. As 
before, the line-to-line voltages can be found from

 Vab = Vaf – Vbf (6.56)

 Vbc = Vbf – Vcf (6.57)

 Vca = Vcf – Vaf (6.58)

Note that, in the event of having Zf = 0 and Zg = 0, the sequence voltages become

 Va0 = Va1 = Va2 = 1.0 − Z1Ia1 (6.59)
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where the positive-sequence current is found by using Equation 6.44. Once the sequence voltages are 
determined from Equation 6.59, the negative- and zero-sequence currents can be determined from

 I
V
Za

a
2

2

2

= −  (6.60)

and

 I
V
Za

a
0

0

0

= −  (6.61)

Using the relationship given in Equation 6.59, the resultant phase voltages can be expressed as

 Vaf = Va0 + Va1 + Va2 = 3Va1 (6.62)

 Vbf = Vcf = 0 (6.63)

Therefore, the line-to-line voltages become

 Vabf = Vaf – Vbf = Vaf (6.64)

 Vbcf = Vbf – Vcf = 0 (6.65)

 Vcaf = Vcf − Vaf = −Vaf (6.66)

EXAMPLE 6.4

Repeat Example 6.1 assuming that there is a DLG fault with Zf = 5 Ω and Zg = 5 Ω, involving phases 
b and c, at bus 3.

Solution

 (a) Figure 6.7 shows the interconnection of the resulting equivalent sequence networks.
 (b) Since
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  and the phase currents are
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FIGURE 6.7 Interconnection of resultant equivalent sequence networks of Example 6.4.
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 (c) The sequence and phase voltages are
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 (d) The line-to-line voltages at the fault point are

 

V V Vabf af bf
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. .

. .
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= − +

= ∠ °

13279 632

13294 177 3 pu

0 0

Ω

6.2.4 SymmetriCal three-PhaSe faUltS

In general, the three-phase (3ϕ) fault is not an unbalanced (i.e., unsymmetrical) fault. Instead, the 
three-phase fault is a balanced (i.e., symmetrical) fault that could also be analyzed using symmetri-
cal components. Figure 6.8a shows the general representation of a balanced three-phase fault at a 
fault point F with impedances Zf and Zg. Figure 6.8b shows the lack of interconnection of resulting 
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sequence networks. Instead, the sequence networks are short-circuited over their own fault imped-
ances and are therefore isolated from each other. Since only the positive-sequence network is con-
sidered to have internal voltage source, the positive-, negative-, and zero-sequence currents can be 
expressed as

 Ia0 = 0 (6.67)

 Ia2 = 0 (6.68)

 I
Z Za

f
1

1

1.0 0= ∠ °
+

 (6.69)
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FIGURE 6.8 Three-phase fault: (a) general representation; (b) interconnection of sequence networks.
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If the fault impedance Zf is zero,

 I
Za1

1

1.0 0= ∠ °  (6.70)

Substituting Equations 6.67 and 6.68 into Equation 6.2,
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 (6.71)

from which

 I I
Z Zaf a

f

= = ∠ °
+1

1

1.0 0  (6.72)

 I a I
Z Zbf a

f

= = ∠ °
+

2
1

241.0 0

1

 (6.73)

 I aI
Z Zcf a

f

= = ∠ °
+1
121.0 0

1

 (6.74)

Since the sequence networks are short-circuited over their own fault impedances,

 Va0 = 0 (6.75)

 Val = Zf Ia1 (6.76)

 Va2 = 0 (6.77)

Therefore, substituting Equations 6.75 through 6.77 into Equation 6.12,
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 (6.78)

Thus,

 Vaf = Va1 = Zf Ia1 (6.79)

 Vbf = a2 Va1 = Zf Ia1∠240° (6.80)

 Vcf = aVa1 = Zf Ia1∠120° (6.81)
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Hence, the line-to-line voltages become

 V V V V a Z Iab af bf a f a= − = − = ∠ °1 1(1 ) 3 302  (6.82)

 V V V V a a Z Ibc bf cf a f a= − = − = ∠− °1 1( ) 3 902  (6.83)

 V V V V a Z Ica cf af a f a= − = − = ∠ °1 11 15( ) 3 0  (6.84)

Note that, in the event of having Zf = 0,

 I
Zaf =
∠ °1.0 0

1

 (6.85)

 I
Zbf =
∠ °1.0 0

1

24  (6.86)

 I
Zcf =
∠ °1.0 0

1

12
 (6.87)

and

 Vaf = 0 (6.88)

 Vbf = 0 (6.89)

 Vcf = 0 (6.90)

and, of course,

 Va0 = 0 (6.91)

 Va1 = 0 (6.92)

 Va2 = 0 (6.93)

EXAMPLE 6.5

Repeat Example 6.1 assuming that there is a symmetrical three-phase fault with Zf = 5 Ω and 
Zg = 10 Ω at bus 3. Let Z0 = j0.5 pu. Use ZB = 264.5 Ω.

Solution

 (a) Figure 6.9 shows the interconnection of the resulting equivalent sequence networks.
 (b) The sequence and phase currents are

 Ia0 = Ia2 = 0
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 (c) The sequence and phase voltages are
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FIGURE 6.9 Interconnection of sequence networks of Example 6.5.



317Analysis of Unbalanced Faults

 and

 

V

V

V
a a
a a

af

bf

cf



















=
















1 1 1
1
1

0
2

2

0.07720 85.9

0.0720 85.9
0.0720 154.

∠− °
















=
∠− °
∠

0

99
0.0720 34.1

pu V°
∠ °

















 (d) The line-to-line voltages at the fault point are
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6.2.5 UnSymmetriCal three-PhaSe faUltS

However, it is forseeable that not all three-phase faults are symmetrical. There are also unsym-
metrical faults, as shown in Figures 6.10–6.14. Figure 6.10 shows an unsymmetrical three-phase 
fault made up of a SLG fault and a line-to-line fault, both at the same fault point F. Figure 6.11 
shows an unsymmetrical three-phase fault with a fault impedance Zf connected between two lines. 
Figures 6.12 shows an unsymmetrical three-phase fault with a fault impedance on each phase 
where Zf1 ≠ Zf 2. Figure 6.13 shows an unsymmetrical three-phase fault to ground. Figure 6.14 
shows an unsymmetrical three-phase fault with delta-connected fault impedances where Zf 1 ≠ Zf 2. 
The derivation of the equations that are necessary to calculate fault currents has been left to the 
interested reader.
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6.3 GENERALIZED FAULT DIAGRAMS FOR SHUNT FAULTS

In the event that an SLG fault occurs on phase b or c instead of on phase a, the calculation of the 
fault current can be determined by using one of the following two methods. The first method is ana-
lytical and involves the use of Kron’s famous primitive network concept [5]. It will not be discussed 
in this book. However, the interested reader is urged to see an excellent review of the subject given 
by Anderson [3]. The second method involves the use of the generalized fault diagram of Atabekov 
[4], which in turn is based on Harder [6] and Hobson and Whitehead [7]. This method will be briefly 
reviewed in this section and later in Section 6.6. Again, the interested reader is highly recommended 
to see the fine review and modern application of this subject given by Anderson [3].

Figure 6.15 shows the generalized fault diagram for an SLG fault on any given phase. The result-
ing positive-, negative-, and zero-sequence networks are coupled by means of ideal transformers, or 
phase shifters, with complex turns ratios of 1, a, or a2. Note that, such setup provides the currents 
and voltages at the output of the ideal transformers and lead the currents and voltages at the input by 
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TABLE 6.2
Complex Turns Ratios of Phase Shifters for SLG and GLG Faults

SLG Fault on Phase DLG Fault on Phases

Phase Shift

n0 n1 n2

a b − c 1 1 1

b c − a 1 a2 a

c a − b 1 a a2
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phase angles of 0, 120°, or 240°, respectively, without changing their magnitudes. There is no need 
here to consider the ideal transformer as a physical apparatus but merely as a symbolic phase shifter 
with a phase shift of n = jejθ. The appropriate phase shifts for a given SLG fault can be obtained 
from Table 6.2. For Example, if the SLG fault is on phase b, then the proper phase shifts are n0 = 1, 
n1 = a2, and n2 = a.

Figure 6.16 shows the generalized fault diagram for a DLG fault involving any two phases. Again, 
the appropriate phase shifts for a given DLG fault can be obtained from Table 6.2. For example, if 
the DLG fault involves phases a and b, then the proper phase shifts are n0 = 1, n1 = a, and n2 = a2.

Example 6.6

Consider the system described in Example 6.1 and assume that the SLG fault involves phase b.

 (a) Draw the generalized fault diagram.
 (b) Determine the sequence currents.
 (c) Determine the phase currents.

Solution

 (a) Figure 6.17 shows the resulting generalized fault diagram.
 (b) Since

 Ia0 = a2Ia1 = aIa2

 then

 Ia = 0 and Ic = 0

  Thus, as before,
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 (c) Therefore,

 Ia = Ic = 0

 hence,
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Example 6.7

Consider the system described in Example 6.4 and assume that the DLG fault involves phases 
a and b.

 (a) Draw the generalized fault diagram.
 (b) Determine the sequence currents.
 (c) Determine the phase currents.

Solution

 (a) Figure 6.18 shows the resulting generalized fault diagram.
 (b) From Example 6.4
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 Ic ≜ 0 

  Also, as a check,
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6.4 SERIES FAULTS

In general, series (longitudinal) faults are due to an unbalanced series impedance condition 
of the lines. One or two broken lines, or an impedance inserted in one or two lines, may be 
considered as series faults. In practice, a series fault is encountered, for example, when line 
(or circuits) are controlled by circuit breakers (or by fuses) or any device that does not open all 
three phases; one or two phases of the line (or the circuit) may be open while the other phases 
or phase is closed.

Figure 6.19 shows a series fault due to one line (phase a) being open, which causes a series 
unbalance. In a series fault, contrary to a shunt fault, there are two fault points, F and Fʹ, one 
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FIGURE 6.19 One line open: (a) general representation; (b) connection of sequence networks.
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on either side of the unbalance. The series line impedances Z’s can take any values between 
zero and infinity (in this case, obviously, the line impedance between points F and Fʹ of phase 
a is infinity).

The sequence networks include the symmetrical portions of the system, looking back to the left 
of F and to the right of F .́ Since in series faults, there is no connection between lines or between 
line(s) and neutral, only the sequence voltages of Vaaʹ−0, Vaaʹ−1, and Vaaʹ−2 are of interest, not the 
sequence voltages of Va0, Va1, Va2, etc. (as it was the case with the shunt faults).

6.4.1 one line oPen

From Figure 6.19, it can be observed that the line impedance for the open-line conductor in phase a 
is infinity, whereas the line impedances for the other two phases have some finite values. Hence, the 
positive-, negative-, and zero-sequence currents can be expressed as

 I
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Z Z Z Z Z Z Z Z Za
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1 0 2 0 22

=
+ + + + + +( )( )/( )

 (6.94)

and by current division,
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and
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 (6.96)

or simply

 Ia0 = −(Ia1 + Ia2) (6.97)

6.4.2 two lineS oPen

If two lines are open as shown in Figure 6.20, then the line impedances for one line open (OLO) 
in phases b and c are infinity, whereas the line impedance of phase a has some finite value. Thus,

 Ib = Ic = 0 (6.98)

and

 Vaaʹ = ZIa (6.99)
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By inspection of Figure 6.20, the positive-, negative-, and zero-sequence currents can be 
expressed as
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6.5  DETERMINATION OF SEQUENCE NETWORK 
EQUIVALENTS FOR SERIES FAULTS

Since the series faults have two fault pints (i.e., F and Fʹ), contrary to the shunt faults having only 
one fault point, the direct application of Thévenin’s theorem is not possible. Instead, what is needed 
is a two-port Thévenin equivalent of the sequence networks as suggested by Anderson [3,8].

6.5.1 Brief review of two-Port theory

Figure 6.21 shows a general two-port network for which it can be written that
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where the open-circuit impedance parameters can be determined by leaving the ports open and 
expressed in terms of voltage and current as
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FIGURE 6.21 Application of two-port network theory for determining equivalent positive-sequence net-
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Alternatively, it can be observed that
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where the short-circuit admittance parameters can be determined (by short-circuiting the ports) 
from
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Figure 6.21b shows a general π-equivalent of a two-port network in terms of admittances. The 
YA, YB, and YC admittances can be found from

 YA = Y11 + Y12 (6.111)

 YB = Y22 + Y12 (6.112)

 YC = −Y12 (6.113)

6.5.2 eqUivalent Zero-SeqUenCe networkS

By comparing the zero-sequence network shown in Figure 6.19 with the general two-port network 
shown in Figure 6.21a, it can be observed that

 I1 = −Ia0 (6.114)
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 I2 = Ia0 (6.115)

 V1 = Va0 (6.116)

 V2 = Vaʹ0 (6.117)

Hence, substituting Equations 6.114 through 6.117 into Equation 6.106, it can be expressed for the 
Thévenin equivalent of the zero-sequence network that
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6.5.3 eqUivalent PoSitive- and negative-SeqUenCe networkS

Figure 6.16c shows the equivalent positive-sequence network as an active two-port network with 
internal sources. Thus, it can be expressed for the two-port Thévenin equivalent of the positive-
sequence network that

 
−










=












− −

− −

I

I

Y Y

Y Y

Va

a

a1

1

11 1 12 1

21 1 22 1

1

VV

I

I′












+










a

s

s1

1

2
 (6.119)

or, alternatively,
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where Is1, Vs1 and Is2, Vs2 represent internal sources 1 and 2, respectively. As before, the admittances 
YA, YB, and YC can be determined from

 YA = Y11−1 + Y12−1 (6.121)

 YB = Y22−1 + Y12−1 (6.122)

 YC = −Y12−1 (6.123)

The two-port Thévenin equivalent of the negative-sequence network would be the same as the 
one shown in Figure 6.16c but without the internal sources.

Anderson [3] shows that Equation 6.120 can be simplified as
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due to the fact that Ia1 leaves the network at fault point F and enters at fault point Fʹ due to external 
connection. This facilitates the voltage Va1 to be expressed in terms of the equivalent impedance Zs1 
and the current Ia1 to be expressed as it has been done for the shunt faults, where

 Va1 = VF − Z1Ia1 (6.125)

Therefore, it can be concluded that the port of the positive-sequence network are completely 
uncoupled and that the resulting uncoupled positive-sequence network can be shown as in Figure 
6.16d. The voltages Va1 and Vaʹ1 can be found from Equation 6.120 as
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where

 ∆y =
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or

 ∆y = −− − −Y Y Y11 1 22 1 12 1
2  (6.128)

EXAMPLE 6.8

Consider the system shown in Figure 6.22 and assume that there is a series fault at fault point A, 
which is located at the middle of the transmission line TLAB, as shown in the figure, and determine 
the following:

 (a) Admittance matrix associated with the positive-sequence network
 (b) Two-port Thévenin equivalent of the positive-sequence network
 (c) Two-port Thévenin equivalent of the negative-sequence network
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FIGURE 6.22 System diagram for Example 6.8.
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Solution

Figure 6.18 shows the steps that are necessary to determine the positive- and negative-sequence 
network equivalents. Figure 6.18a shows the impedance diagram of the system for the positive 
sequence. Figure 6.18b shows the resulting two-port equivalent with input and output currents 
and voltages.

 (a) To determine the elements of the admittance matrix Y, it is necessary to remove the internal 
voltage sources, shown in Figure 6.18b, by short-circuiting them. Then, with V2 = 0 (i.e., by 
short circuiting the terminals of the second port), apply V1 = 1.0∠0° pu and determine the 
parameter
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 (b) To find the source currents Is1 and Is2, short circuit both F and Fʹ to neutral and use the 
superposition theorem, so that
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 and
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  Figure 6.23c shows the resulting two-port Thévenin equivalent of the positive-sequence 
network. Figure 6.23d shows the corresponding coupled positive-sequence network.

 (c) Figure 6.23e shows the resulting two-port Thévenin equivalent of the negative-sequence 
network. Notice that it is the same as the one for the positive-sequence network but with-
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FIGURE 6.23 Steps in determining positive- and negative-sequence network equivalents for Example 6.8: 
(a) system diagram; (b) resulting two-port equivalent with input and output currents and voltages; (c) two-port 
Thévenin equivalent of positive-sequence network; (d) resulting coupled positive-sequence network; (e) two-
port Thévenin equivalent of negative-sequence network; (f) resulting coupled negative-sequence network.
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out its current sources. Figure 6.23f shows the corresponding coupled negative-sequence 
network.

EXAMPLE 6.9

Consider the solution of Example 6.8 and determine the following:

 (a) Uncoupled positive-sequence network
 (b) Uncoupled negative-sequence network

Solution

 (a) From Example 6.8,
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 Therefore,
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 (b) Figure 6.24b shows the corresponding uncoupled negative-sequence network.

6.6 GENERALIZED FAULT DIAGRAM FOR SERIES FAULTS

Figure 6.25 shows the generalized fault diagram for OLO involving any given phase. As before, the 
resulting positive-, negative-, and zero-sequence networks are coupled by means of ideal transform-
ers. The appropriate phase shifts for a given line can be obtained from Table 6.3. For example, if the 
open line is in phase b, then the proper phase shifts are n0 = 1, n1 = a2, and n2 = a.

Figure 6.26 shows the generalized fault diagram for a two-line-open (TLO) fault involving any 
two phases. Again, the appropriate phase shifts for a specific TLO fault can be obtained from Table 
6.3. For example, if the TLO fault involves phases b and c, then the proper phase shifts are n0 = 1, 
n1 = 1, and n2 = 1.

EXAMPLE 6.10

Assume that a given power system has two generators connected to each other over a transmis-
sion line and that there is a TLO series fault on the transmission line at some location involving 
phases a and b. Figure 6.27 shows the resulting two-port Thévenin equivalents of the sequence 
networks at fault points F and F .́ If the remaining line (i.e., line c) has a fault impedance of 0.1 pu, 
do the following:

 (a) Draw the generalized fault diagram.
 (b) Determine the positive-sequence current.
 (c) Determine the negative-sequence current.
 (d) Determine the negative-sequence current.
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FIGURE 6.24 Uncoupled sequence networks: (a) positive-sequence network; (b) negative-sequence network.
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 (e) Determine the line current for phase a.
 (f) Determine the line current for phase b.
 (g) Determine the line current for phase c.

Solution

 (a) Figure 6.28 shows the resulting generalized fault diagram.
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FIGURE 6.25 Generalized fault diagram for one line open.

TABLE 6.3
Complex Turns Ratios of Phase Shifters for OLO and TLO Faults

One Line Open Two Lines Open

Phase Shift

n0 n1 n2

a b − c 1 1 1

b c − a 1 a2 a

c a − b 1 a a2
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 (b) From Equation 6.100,
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 (c) From Figure 6.28,

 Ia0 = aIa1 = a2Ia2

  Therefore,
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 (d) From part (c),
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 (e) By definition,

 Ia ≜ 0

 but as a check,
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6.7 SYSTEM GROUNDING

A system neutral ground is connected to ground from the neutral point or points of a system or 
rotating machine or transformer. Thus, a grounded system is a system that has at least one neutral 
point that is intentionally grounded, either solidly or through a current-limiting device. For example, 
most transformer neutrals in transmission systems are solidly grounded.

However, generator neutrals are usually grounded through some type of current-limiting device 
to limit the ground fault current. Figure 6.29 shows various neutral grounding methods used with 
generators and resulting zero-sequence networks. Hence, the methods of grounding the system neu-
tral include

 1. Ungrounded
 2. Solidly grounded
 3. Resistance grounded
 4. Reactance grounded
 5. Peterson coil grounded
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Generator connection diagram Zero-sequence network diagram
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FIGURE 6.29 Various system (neutral) grounding methods used with generators and resulting zero-
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The last four methods above provide grounded neutrals, whereas the first provides an ungrounded 
(also called isolated or free) neutral system.

In an ungrounded system, there is no intentional connection between the neutral point or neutral 
points of the system and the ground, as shown in Figure 6.30a. The line conductors have distrib-
uted capacitances between one another (not shown in the figure) and to ground due to capacitive 
coupling.

Under balanced conditions (assuming a perfectly transposed line), each conductor has the same 
capacitance to ground. Thus, the charging current of each phase is the same in Figure 6.30b. Hence, 
the potential of the neutral is the same as the ground potential, as illustrated in Figure 6.30a. The 
charging currents Ia1, Ib1, and Ic1 lead their respective phase voltages by 90°. Thus,
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FIGURE 6.30 Representation of ungrounded system: (a) charging currents under normal condition, (b) pha-
sor diagram under normal condition, (c) charging currents during SLG fault, (d) resulting phasor diagram.
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where Xc is the capacitive reactance of the line to the ground. These phasor currents are in balance, 
as shown in Figure 6.30a.

Now assume that there is a line-to-ground fault involving phase a, as shown in Figure 6.30c. As 
a result of this SLG fault, the potential of phase a becomes equal to the ground potential, and hence 
no charging current flows in this phase. Therefore, the neutral point shifts from the ground poten-
tial position to the position shown in Figure 6.30d. It is also illustrated in Figure 6.31b. A charging 
current of three times the normal per-phase charging current flows in the faulted phase because the 
phase voltage of each of the two healthy phases increases by three times its normal phase voltage. 
Therefore,

 If = 3Ib1= 3Ic1 (6.130)

The insulation of all apparatus connected to the lines is subjected to this high voltage. If it exists 
for very short periods, the insulation may be adequate to withstand it. However, it will eventually 
cause the failure of insulation owing to a cumulative weakening action. For operating the protective 
devices, it is crucial that the magnitude of the current applied should be sufficient to operate them.

However, in the event of an SLG fault on an ungrounded neutral system, the resultant capacitive 
current is usually not large enough to actuate the protective devices. Furthermore, a current of such 
magnitude (over 4 or 5 A) flowing through the fault might be sufficient to maintain an arc in the ion-
ized part of the fault. It is possible that such a current may exist even after the SLG fault is cleared.

The phenomenon of persistent arc is called the arcing ground. Under such conditions, the system 
capacity will be charged and discharged in cyclic order, due to which high-frequency oscillations 
are superimposed on the system. These high-frequency oscillations produce surge voltages as high 
as six times the normal value that may damage the insulation at any point of the system.*

Neutral grounding is effective in reducing such transient voltage buildup from such intermittent 
ground faults by reducing neutral displacement from the ground potential and the destructiveness 
of any high-frequency voltage oscillations following each arc initiation or restrike. Because of these 
problems with ungrounded neutral systems, in most of the modern high-voltage systems, the neutral 
systems are grounded.

The advantages of neutral grounding include the following:

 1. Voltages of phases are restricted to the line-to-ground voltages since the neutral point is 
not shifted in this system.

 2. The ground relays can be used to protect against the ground faults.
 3. The high voltages caused by arcing grounds or transient SLG faults are eliminated.

* The condition necessary for producing these overvoltages require that the dielectric strength of the arc path build up at a 
higher rate, after extinction of the arc, than at the preceding extinction.
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FIGURE 6.31 Voltage diagrams of ungrounded system: (a) before SLG fault; (b) after SLG fault.
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 4. The overvoltages caused by lightning are easily eliminated contrary to the case of the iso-
lated neutral systems.

 5. The induced static charges do not cause any disturbance since they are conducted to ground 
immediately.

 6. It provides a reliable system.
 7. It provides a reduction in operating and maintenance expenses.

A power system is solidly (i.e., directly) grounded when a generator, power transformer, or 
grounding transformer neutral is connected directly to the ground, as shown in Figure 6.32a. When 
there is an SLG fault on any phase (e.g., phase a), the line-to-ground voltage of that phase becomes 
zero. However, the remaining two phases will still have the same voltages as before, since the neu-
tral point remains unshifted, as shown in Figure 6.32b. Note that, in this system, in addition to the 
charging currents, the power source also feeds the fault current If . To keep the system stable, solid 
grounding is usually used where the circuit impedance is high enough so that the fault current can 
be kept within limits.

The comparison of the magnitude of the SLG fault current with the system three-phase current 
determines how solidly the system should be grounded. The higher the ground fault current in 
relation to the three-phase current, the more solidly the system is grounded. Most equipment rated 
230 kV and above is designed to operate only on an effectively grounded system.*

As a rule of thumb, an effectively grounded system is one in which the ratio of the coefficient 
of grounding does not exceed 0.80. Here, the coefficient of grounding is defined as the ratio of the 
maximum sustained line-to-ground voltage during faults to the maximum operating line-to-line 
voltage. At higher voltage levels, insulation is more expensive and therefore, more economy can be 
achieved from the insulation reduction. However, solid grounding of a generator without external 
impedance may cause the SLG fault current from the generator to exceed the maximum three-phase 
fault current the generator can deliver and to exceed the short-circuit current for which its windings 
are braces. Thus, generators are usually grounded through a resistance, reactance, or Peterson coil 
to limit the fault current to a value that is less than three-phase fault currents.

In a resistance-grounded system, the system neutral is connected to ground through one or more 
resistors. A system that is properly grounded by resistance is not subject to destructive transient 
overvoltages. Resistance grounding reduces the arcing hazards and permits ground fault protection.

In a reactance grounded system, the system neutral is connected to ground through a reactor. 
Since the ground fault current that may flow in a reactance-grounded system is a function of the 
neutral reactance, the magnitude of the reactance in the neutral circuit determines how “solidly” the 
system is grounded. In fact, whether a system is solidly grounded or reactance grounded depends 
on the ratio of zero-sequence reactance X0 to positive-sequence reactance X1. Hence, a system is 
reactance grounded if the ratio X0/X1 is greater than 3.0. Otherwise, if the ratio is less than 3.0, the 
system is solidly grounded. The system neutral grounding using Peterson coils will be reviewed 
in Section 6.8. Characteristics of various methods of system neural grounding are summarized in 
Table 6.4 [9].

The best way to obtain the system neutral for grounding purposes is to use source transformers 
or generators with wye-connected windings. The neutral is then readily available.

If the system neutral is not available for some reason, for example, when an existing system is 
delta connected, the grounding can be done using a zigzag grounding transformer with no second-
ary winding or a wye–delta grounding transformer. In this case, the delta side must be closed to 
provide a path for zero-sequence current. The wye winding must be of the same voltage rating as 
the circuit that is to be grounded. On the other hand, the delta voltage rating can be selected at any 
standard voltage level.

* A system is defined as “effectively grounded” when R0 ≪ X1 and X0 ≪ 3X1, and such relationships exist at any point in 
the system for any condition of operation and for any amount of generator capacity.
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FIGURE 6.32 Representation of SLG fault on solidly grounded system: (a) solidly grounded system; 
(b) phasor diagram.

TABLE 6.4
System Characteristics with Various Grounding Methods

Ungrounded

Essentially Solid 
Grounding

Reactance 
Grounding 
High Value 

Reactor
Ground-Fault 
Neutralizer

Resistance 
Grounding 
Resistance

Low-Value 
Solid

Low-Value 
Reactor

Current for 
phase-to ground 
fault in percent 
of three-phase 
fault current

Less than 1% Varies, may 
be 100% or 

greater

Usually 
designed to 

produce 
25–100%

5–25% Nearly zero 
fault current

5–20%

Transient 
overvoltages

Very high Not 
excessive

Not 
excessive

Very high Not excessive Not excessive

Automatic 
segregation of 
faulty zone

No Yes Yes Yes No Yes

Lightning 
arresters

Ungrounded-
neutral type

Grounded-
neutral type

Grounded-
neutral type

Ungrounded-
neutral type

Ungrounded-
neutral type

Ungrounded-
neutral type

Remarks Not 
recommended 

owing to 
overvoltages and 
nonsegregation of 

fault

Generally 
used on 

systems (1) 
≤600 V and 
(2) >15 kV

Generally 
used on 

systems (1) 
≤600 V and 
(2) >15 kV

Not used due 
to excessive 
overvoltages

Best suited for 
high voltage 
overhead may 
be self-healing

Generally used 
on industrial 
systems of 
2.4–15 kV

Source: Beeman, D., ed., Industrial Power System Handbook. McGraw-Hill, New York, 1955.
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6.8 ELIMINATION OF SLG FAULT CURRENT BY USING PETERSON COILS

In the event that the reactance of a neutral reactor is increased until it is equal to the system capaci-
tance to ground, the system zero-sequence network is in parallel resonance for SLG faults. As a 
result, a fault current flows through the neutral reactor to ground. A current of approximately equal 
magnitude, and about 180° out of phase with the reactor current, flows through the system capaci-
tance to ground. These two currents neutralize each other, except for a small resistance component, 
as they flow through the fault. Such a reactor is called a ground fault neutralizer, or an arc suppres-
sion coil, or a Peterson coil. It is basically an iron core reactor that is adjustable by means of taps 
on the winding.

Resonant grounding is an effective means to clear both transient, due to lightning, small ani-
mals, or tree branches, and sustained SLG faults. Other advantages of Peterson coils include extin-
guishing arcs and reduction of voltage dips owing to SLG faults. The disadvantages of Peterson 
coils include the need for retuning after any network modification or line-switching operation, the 
need for the lines to be transposed, and the increase in corona and radio interference under DLG 
fault conditions.

EXAMPLE 6.11

Consider the subtransmission system shown in Figure 6.33. Assume that loads are connected to 
buses 2 and 3 and are supplied from bus 1 through 69-kV lines of TL12, TL13, and TL23. The line 
lengths are 5, 10, and 5 mi for lines TL12, TL13, and TL23, respectively. The lines are transposed 
and made of three 500-kcmil, 30/7-strand ACSR conductors and there are no ground wires. The 
geometric mean distance (GMD) between the three conductors and their images (i.e., Haa) is 
81.5 ft. The self-GMD of the overhead conductors as a composite group (i.e., Daa) is 1.658 ft. To 
reduce the SLG faults, a Peterson coil is to be installed between the neutral of the wye-connected 
secondary of the supply transformer T1 and ground. The transformer T1 has a leakage reactance of 
5% based on its 25-MVA rating. Do the following:

 (a) Determine the total zero-sequence capacitance and susceptance per phase of the system at 
60 Hz.

 (b) Draw the zero-sequence network of the system.
 (c) Determine the continues-current rating of the Peterson coil.
 (d) Determine the required reactance value for the Peterson coil.
 (e) Determine the inductance value of the Peterson coil.
 (f) Determine the continuous kVA rating for the Peterson coil.
 (g) Determine the continuous-voltage rating for the Peterson coil.

1

2

3
TL

TL

PC

TL

T

T

T

12

13

2

1 3

23

FIGURE 6.33 Subtransmission system for Example 6.11.
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Solution

 (a)

 

C
H Daa aa

0
29 842

29 842
81 5 1 658

7 661

=

=

=

.
ln( )

.
ln( . . )

.

/

/

66nF/mi

 Therefore,

 

b C0 0

2 8884

=

=

ω

µ. S/mi

and for the total system,

 

B b l0 0

2 8884 20

57 7671

=

= ×

=

.

. µS

 The total zero-sequence reactance is

 
X

Bc0
0

61 10
57 7671

17 310 8915

∑ = =

=

.

, . Ω

 and the total zero-sequence capacitance of the system is

 
C

B∑ = = ×

=

−

0

0
657 7671 10

377

0 1532

ω

µ

.

. F

 (b) The resulting zero-sequence network is shown in Figure 6.34.
 (c) Since the leakage reactance of transformer T1 is

 X1 = X2 = X0 = 0.05 pu

V

V

I

3
PC

F

X X

ΣX ΣX

N N N

X X

I Ia

a a

a a0 1 2= =

0

a 0 I a
10 F 1 F 21 1

0 1

0 0

c c

ΣX
2 c

+ −

+ −

V a
1

a 2 2

2

+ − aV a
2+ −

I

I

FIGURE 6.34 Interconnection of sequence networks for Example 6.11.
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 or since

 

Z
kV

B
B

B

=

=

=

2

269
25

190 44

MVA

. Ω

  To have a zero SLG current,

 Ia0 = Ia1 = Ia2 = 0

  Thus, it is required that

 Va0 = −Vf

 where

 
VF =

×

=

69 10

3

39 837 17

3

, . V

  Since X Xc1 1∑ �  and X Xc2 2∑ � , the zero-sequence current component flowing 

through the Peterson coil (PC) can be expressed as

 

I
V

V

a
a

j X X

j X X

0
0

0

0

3

3

( ) ( )

( )

PC
PC

F

PC

= −
+

=
+

 or

 
Ia j

j

0
39 837 17 0
17 310 8915

2 3013

( )
, .
, .

.

PC

A

= ∠ °

= −

  Therefore, the continuous-current rating for the Peterson coil is

 IPC = 3Ia0(PC) = 6.9038 A

 (d) Since

 3XPC + X0 = 17,310.8915 Ω

 where

 X0 = 9.522 Ω
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 therefore,

 
3 17 310 8915 9 522

17 301 3695

XPC = −

=

, . .

, . Ω

 and thus, the required reactance value for the Peterson coil is

 
XPC =

=

17 301 3695
3

5767 1232

, .

.

Ω

Ω

 (e) Hence, its inductance is

 

L
X

PC
PC

H

=

=

=

ω

5767 1232
377

15 2928

.

.

 (f) Its continuous kVA rating is

 

S I XPC PC PC

kVA

=

=

=

2

26 9030 5767 1232

274 88

( . ) ( . )

.

 (g) The voltage across the Peterson coil is

 

V I XPC PC PC

V

=

=

=

( . )( . )

, .

6 9030 5767 1232

39 815 07

 which is approximately equal to the line-to-neutral voltage.

6.9 SIX-PHASE SYSTEMS

The six-phase transmission lines are proposed because of their ability to increase power transfer 
over existing lines and reduce electrical environmental impacts. For example, in six-phase transmis-
sion lines, voltage gradients of the conductors are lower, which in turn reduces both audible noise 
and electrostatic effects without requiring additional insulation.

In multiphase transmission lines, if the line-to-ground voltage is fixed, then the line-to-line volt-
age decreases as the number of phases increases. Consequently, this enables the line-to-line insula-
tion distance to be reduced.

In such systems, the symmetrical components analysis can also be used to determine the unbal-
ance factors that are caused by the unsymmetrical tower-top configurations.
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6.9.1 aPPliCation of SymmetriCal ComPonentS

A set of unbalanced six-phase currents (or voltages) can be decomposed into six sets of balanced 
currents (or voltages) that are called the symmetrical components. Figure 6.35 shows the balanced 
voltage sequence sets of a six-phase system [17].

The first set, that is, the first-order positive sequence components, are equal in magnitude and 
have a 60° phase shift. They are arranged in abcdef phase sequence. The remaining sets are the first-
order negative sequence, the second-order positive sequence, the second-order negative sequence, 
the odd sequence, and finally the zero sequence components.

After denoting the phase sequence as abcdef, their sequence components can be expressed as
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e e e

V V V V V V V

V V V

1

0 1 2 0 2 1

0 1

−

+ + + − − −

+

= + + + + +
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 (6.131)

6.9.2 tranSformationS

By taking phase a as the reference phase as usual, the set of voltages given in Equation 6.131 can be 
expressed in matrix form as
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(6.132)

or in short-hand matrix notation,

 [Vϕ] = [T6][Vs] (6.133)

where
 [Vϕ] = the matrix of unbalanced phase voltages
 [Vs] = the matrix of balanced sequence voltages
 [T6] = the six-phase symmetrical transformation matrix

Similar to the definition of the a operator in three-phase systems, it is possible to define a six-
phase operator b as

 b = 1.0∠60° (6.134)
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or

 
b =

= +

exp( )

. .

j

j

π /3

0 5 0 866
 (6.135)

It can be shown that

 

b a= −

= − ∠ °

= − ∠ °

= ∠ °

2

21 1 0 120

1 0 240

1 0 60

( . )

( . )

.  

(6.136)

The relation between the sequence components and the unbalanced phase voltages can be expressed as

 [Vs] = [T6]−1[Vϕ] (6.137)
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FIGURE 6.35 Balanced voltage-sequence sets of a six-phase system. (From Gönen, T., Electric Power 
Transmission System Engineering, 2nd ed. CRC Press, Roca Baton, FL, 2009.)
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Similar equations can be written for the phase currents and their sequence components as

 [Iϕ] = [T6][Is] (6.138)

and

 [Is] = [T6]−1[Iϕ] (6.139)

The sequence impedance matrix [Zs] can be determined from the phase impedance matrix [Zϕ] 
by applying KVL. Hence,

 [Vϕ] = [Zϕ][Iϕ] (6.140)

and

 [Vs] = [Zs][Is] (6.141)

where
 [Zϕ] = phase impedance matrix of the line in 6 × 6
 [Zs] = sequence impedance matrix of the line in 6 × 6

After multiplying both sides of Equation 6.141 by [Zs]−1,

 

[ ] [ ] [ ]

[ ][ ]

I Z V

Y V

s s s

s s

=

=

−1

 
(6.142)

where [Ys] is the sequence admittance matrix.
Since the unbalanced factors are to be determined after having only the first-order positive 

sequence voltage applied, the above equation can be reexpressed as
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6.9.3 eleCtromagnetiC UnBalanCe faCtorS

For a six-phase transmission line, there are five electromagnetic sequence unbalanced factors. They 
are called zero, second-order positive, odd, second-order negative, and first-order negative sequence 
factors. Each of them is computed as the ratio of the corresponding current to the first-order positive 
sequence current. For example, the zero-sequence unbalanced factor is

 m
0

0

1

+
+

+

=
I

I
a

a

 (6.144a)
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The second-order positive unbalance factor is
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The odd unbalance factor is
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The second-order negative unbalance factor is
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The first-order negative unbalance factor is

 m
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As a result of the unsymmetrical configuration, circulating residual (i.e., zero sequence) currents 
will flow in the high-voltage system with solidly grounded neutrals. Such currents affect the proper 
operation of very sensitive elements in ground relays. In addition to the zero-sequence unbalance, 
negative-sequence charging currents are also produced. They are caused by the capacitive unbalances 
that will cause the currents to flow through the lines and windings of the transformers and rotating 
machines in the system, causing additional power losses in the rotating machines and transformers.

6.9.4 tranSPoSition on the Six-PhaSe lineS

The six-phase transmission lines can be transposed in complete transposition, cyclic transposition, 
and reciprocal transposition. In a complete transposition, every conductor assumes every possible 
position with respect to every other conductor over an equal length. Thus, the resultant impedance 
matrix for a complete transposition can be expressed as
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In a six-phase transmission line, it is difficult to achieve a complete transposition. Also, it is not 
of interest owing to the differences in the line-to-line voltages. Therefore, it is more efficient to 
implement cyclic transposition or reciprocal cyclic transposition. The impedance matrix for a cycli-
cally transposed line can be expressed as
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Similarly, the impedance matrix for a reciprocal cyclically transposed line can be given as
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where Zs is the self-impedance and Zm is the mutual impedance.

6.9.5 PhaSe arrangementS

The values of the electromagnetic and electrostatic unbalances will change by changing the phase con-
ductors. However, there is a phase configuration that has the minimum amount of electromagnetic unbal-
ances. The circulating current unbalances can become very large under some phasing arrangements.

6.9.6 overhead groUnd wireS

Overhead ground wires are installed to protect the transmission lines against lightning. However, 
the overhead ground wires affect both the self and mutual impedances. The resistances of the self 
and mutual impedances increase slightly while their reactance decrease significantly. The overhead 
ground wires can increase or decrease some or all of the unbalances depending on the type and size 
of the configuration. Kron reduction can be used to compare the equivalent impedance matrix for 
the transmission lines.

6.9.7 doUBle-CirCUit tranSmiSSion lineS

The voltage equation of a double-circuit line is given by
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where V V I Ickt ckt ckt ckt1 2 1 2∑ ∑, , ,and  are the phase voltages and currents, respectively. Each 

of them is a column vector of size 6 × 1. Each [Z] impedance matrix has dimensions of 6 × 6. 
The above matrix is solved for the currents, in order to express the unbalance factors in terms of 
sequence currents. Hence,
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(6.153)

where [Yline] is the admittance matrix of the line having a size 12 × 12.
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To determine the sequence admittance matrix of the line, the appropriate transformation matrix 
needs to be defined as
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Premultiplying Equation 6.153 by the transformation matrix [T12] and postmultiplying by [T12]−1 
and also inserting the unity matrix of [T12]−1[T12] = [U] into the right-hand side of the equation,
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where V V I Iseq seq seq seq1 2 1 2∑ ∑, , , and  are the sequence voltage drops and currents for the first and 

second circuits, respectively. The sequence admittance matrix is

 [Yseq] = [T12][Yline][T12]−1 (6.156)

The unbalance factors are to be determined with only the first-order positive sequence voltage 
applied. There are two different unbalances, that is, the net-through and the net-circulating unbal-
ances. The sequence matrix is found by expanding the above equation to the full 12 × 12 matrix as
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The net-through unbalance factors are defined as
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where
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The net-circulating unbalances are defined as
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PROBLEMS

 1. Consider the system shown in Figure P6.1. Assume that the following data are given based 
on 20 MVA and the line-to-line base voltages as shown in Figure P6.1.
Generator G1: Xl = 0.25 pu, X2 = 0.15 pu, X0 = 0.05 pu
Generator G2: Xl = 0.90 pu, X2 = 0.60 pu, X0 = 0.05 pu
Transformer T1: Xl = X2 = X0 = 0.10 pu
Transformer T2: Xl = X2 = 0.10 pu, X0 = ∞

18.75 MVA

13.8/34.5 kV
20 MVA 34.5/13.8 kV

15 MVA

TL23

TL
35

TL57

T3

5
78

6

G2

G1

5 MVA

2.4/34.5 kV
5 MVA

34.5/2.4 kV
3 MVA

T1
T2

T4

1 2
3 4

FIGURE P6.1 Eight-bus system for Problem 1.
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Transformer T3: Xl = X2 = X0 = 0.50 pu
Transformer T4: Xl = X2 = 0.30 pu, X0 = ∞
Transmission line TL23: Xl = X2 = 0.15 pu, X0 = 0.50 pu
Transmission line TL35: Xl = X2 = 0.30 pu, X0 = l.00 pu
Transmission line TL57: Xl = X2 = 0.30 pu, X0 = 1.00 pu

 (a) Draw the corresponding positive-sequence network.
 (b) Draw the corresponding negative-sequence network.
 (c) Draw the corresponding zero-sequence network.
 2. Use the system and its data from Problem 7 (Chapter 4) and assume an SLG fault at bus 4. 

Assume that Zf is j0.l pu based on 50 MVA. Determine the fault current in per units and 
amperes.

 3. Consider the system given in Problem 7 (Chapter 4) and assume that there is a line-to-line 
fault at bus 3 involving phases b and c. Determine the fault currents for both phases in per 
units and amperes.

 4. Consider the system given in Problem 7 (Chapter 4) and assume that there is a DLG fault 
at bus 2, involving phases b and c. Assume that Zf is j0.l pu and Zg is j0.2 pu (where Zg is 
the neutral-to-ground impedance) both based on 50 MVA.

 5. Consider the system given in Example 4.1 and determine the following:
 (a) Line-to-ground fault (Also, find the ratio of this line-to-ground fault current to the 

three-phase fault current found in Example 4.1.)
 (b) Line-to-line fault (Also, find the ratio of this line-to-line fault current to the previously 

calculated three-phase fault current).
 (c) DLG fault
 6. Repeat Problem 5 assuming that the fault is located on bus 2.
 7. Repeat Problem 5 assuming that the fault is located on bus 3.
 8. Consider the system shown in Figure P6.8a Assume that loads, line capacitance, and 

transformer-magnetizing currents are neglected and that the following data is given 
based on 20 MVA and the line-to-line voltages as shown in Figure P6.2a. Do not neglect 
the resistance of the transmission line TL23. The prefault positive-sequence voltage at 
bus 3 is Van = 1.0∠0° pu, as shown in Figure P6.2b.
Generator: X1 = 0.20 pu, X2 = 0.10 pu, X0 = 0.05 pu
Transformer T1: X1 = X2 = 0.05 pu, X0 = X1 (looking into high-voltage side)

TL

1
1

2 3 4

Load

10/20 kV 20/4 kV

20 kV
G

T 2T
23

(a)

b

a
n

c
(b)

30°
0°

30°
30°
30°

FIGURE P6.2 System for Problem 8.
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Transformer T2: X1 = X2 = 0.05 pu, X0 = ∞ (looking into high-voltage side)
Transmission line: Z1 = Z2 = 0.2 + j0.2 pu, Z0 = 0.6 + j0.6 pu

  Assume that there is a bolted (i.e., with zero fault impedance) line-to-line fault on 
phases b and c at bus 3 and determine the following:

 (a) Fault current Ibf in per units and amperes
 (b) Phase voltages Va, Vb, and Vc at bus 2 in per units and kilovolts
 (c) Line-to-line voltages Vab, Vbc, and Vca at bus 2 in kilovolts
 (d) Generator line currents Ia, Ib, and Ic

  Given: per-unit positive-sequence currents on the low-voltage side of the transformer bank 
lag positive-sequence currents on the high-voltage side by 30° and similarly for negative-
sequence currents excepting that the low-voltage currents lead the high-voltage by 30°.

 9. Consider Figure P6.3 and assume that the generator ratings are 2.40/4.16Y kV, 15 MW 
(3ϕ), 18.75 MVA (3ϕ), 80% power factor, 2 poles, 3600 rpm. The generator reactances are 
X1 = X2 = 0.10 pu and X0 = 0.05 pu, all based on generator ratings. Note that, the given value 
of Xl is subtransient reactance X ,̋ one of several different positive-sequence reactances of 
a synchronous machine. The subtransient reactance corresponds to the initial symmetrical 
fault current (the transient dc component not included) that occurs before demagnetizing 
armature magnetomotive force begins to weaken the net field excitation. If manufactured 
in accordance with U.S. standards, the coils of a synchronous generator will withstand 
the mechanical forces that accompany a three-phase fault current, but not more. Assume 
that this generator is to supply a four-wire, wye-connected distribution. Therefore, the 
neutral grounding reactor Xn should have the smallest possible reactance. Consider both 
SLG and DLG faults. Assume the prefault positive-sequence internal voltage of phase a is 
2500∠0°or 1.042∠0° pu and determine the following:

 (a) Specify Xn in ohms and in per units.
 (b) Specify the minimum allowable momentary symmetrical current rating of the reactor 

in amperes.
 (c) Find the initial symmetrical voltage across the reactor, Vn, when a bolted SLG fault 

occurs on the oil circuit breaker terminal in volts.
 10. Consider the system shown in Figure P6.4 and the following data:

Generator G: Xl, = X2 = 0.10 pu and X0 = 0.05 pu based on its ratings
Motor: Xl = X2 = 0.10 pu and X0 = 0.05 pu based on its ratings
Transformer T1: Xl = X2 = X0 = 0.05 pu based on its ratings
Transformer T2: Xl = X2 = X0 = 0.10 pu based on its ratings
Transmission line TL23: Xl = X2 = X0 = 0.09 pu based on 25 MVA
Assume that bus 2 is faulted and determine the faulted phase currents.

 (a) Determine the three-phase fault.
 (b) Determine the line-to-ground fault involving phase a.

a

b

c

n

+

−
V

X
n

n

n

Field

OCB

FIGURE P6.3 Generator system for Problem 9.
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 (c) Use the results of part (a) and calculate the line-to-neutral phase voltages at the fault 
point.

 11. Consider the system given in Problem 10 and assume a line-to-line fault, involving phases 
b and c, at bus 2 and determine the faulted phase currents.

 12. Consider the system shown in Figure P6.5 and assume that the associated data is given in 
Table P6.1 and is based on a 100-MVA base and referred to nominal system voltages.

  Assume that there is a three-phase fault at bus 6. Ignore the prefault currents and deter-
mine the following:

 (a) Fault current in per units at faulted bus 6
 (b) Fault current in per units in transmission line TL25

 13. Use the results of Problem 12 and calculate the line-to-neutral phase voltages at the faulted 
bus 6.

 14. Repeat Problem 12 assuming a line-to-ground fault, with Zf = 0 pu, at bus 6.
 15. Use the results of Problem 14 and calculate the line-to-neutral phase voltages at the follow-

ing buses:
 (a) Bus 6
 (b) Bus 2
 16. Repeat Problem 12 assuming a line-to-line fault at bus 6.
 17. Repeat Problem 12 assuming a DLG fault, with Zf = 0 and Zg = 0, at bus 6.

1 2 3 4

G M

69/7.2 kV
20 MVA20 MVA

10/69 kV

10 kV
25 MVA

7.2 kV
10 MVA

69 kV
TL23

T T21

FIGURE P6.4 Transmission system for Problem 10.
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FIGURE P6.5 Transmission system for Problem 12.
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 18. Consider the system shown in Figure P6.6 and data given in Table P6.2. Assume that there 
is a fault at bus 2. After drawing the corresponding sequence networks, reduce them to 
their Thévenin equivalents “looking in” at bus 2 for

 (a) Positive-sequence network
 (b) Negative-sequence network
 (c) Zero-sequence network
 19. Use the solution of Problem 18 and calculate the fault currents for the following faults and 

draw the corresponding interconnected sequence networks.
 (a) SLG fault at bus 2 assuming that the faulted phase is phase a
 (b) DLG fault at bus 2 involving phases b and c
 (c) Three-phase fault at bus 2
 20. Use the solution of Problem 18 and calculate the fault currents for the following faults and 

draw the corresponding interconnected sequence networks and calculate the fault currents, 
assuming that

 (a) SLG fault at bus 2 involves phase b
 (b) DLG fault at bus 2 involves phases c and a

TABLE P6.1
Data for Problem 6.12

Network Component X1 (pu) X2 (pu) X0 (pu)

G1 0.35 0.35 0.09

G2 0.35 0.35 0.09

TI 0.10 0.10 0.10

T2 0.10 0.10 0.10

T3 0.05 0.05 0.05

TL42 0.45 0.45 1.80

TL25 0.35 0.35 1.15

TL45 0.35 0.35 1.15

1 2

TL
1.0 0° pu V

12
G1 G2

T2T1 1.0 0° pu V

FIGURE P6.6 Transmission system for Problem 18.

TABLE P6.2
Table for Problem 18

Network 
Component Base MVA X1 (pu) X2 (pu) X0 (pu)

G1 100 0.2 0.15 0.05

G2 100 0.3 0.2 0.05

T1 100 0.2 0.2 0.2

T2 100 0.15 0.15 0.15

TL12 100 0.6 0.6 0.9
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 21. Repeat parts (a) and (b) of Problem 19 assuming that
 (a) SLG fault at bus 2 involves phase c
 (b) DLG fault at bus 2 involves phases a and b
 22. Repeat Example 6.6 assuming that the fault impedance is zero.
 23. Repeat Example 6.6 assuming that the fault involves phase c.
 24. Repeat Example 6.7 assuming that the Zf and Zg, are zero.
 25. Repeat Example 6.7 assuming that the fault involves phases c and a.
 26. Consider the system shown in Figure P6.7 and data given in Table P6.3. Assume that there 

is an SLG fault at bus 3. Do the following:
 (a) Determine the Thévenin equivalent positive-sequence impedance.
 (b) Determine the Thévenin equivalent negative-sequence impedance.
 (c) Determine the Thévenin equivalent zero-sequence impedance.
 (d) Determine the positive-, negative-, and zero-sequence currents.
 (e) Determine the phase currents in per units and amperes.
 (f) Determine the positive-, negative-, and zero-sequence voltages.
 (g) Determine the phase voltages in per units and kilovolts.
 (h) Determine the line-to-line voltages in per units and kilovolts.
 (i) Draw a voltage phasor diagram using before-the-fault line-to-neutral and line-to-line 

voltage values.
 (j) Draw a voltage phasor diagram using the resultant after-the-fault line-to-neutral and 

line-to-line voltage values.

1

1

2

G

G

G

T2T1

3 4

2

3

j0.01 pu

j0.03 pu

0.02 pu

FIGURE P6.7 Transmission system for Problem 26.

TABLE P6.3
Table for Problem 26

Network 
Component Base MVA

Voltage Rating 
(kV) X1 (pu) X2 (pu) X0 (pu)

G1 100 13.8 0.15 0.15 0.05

G2 100 13.8 0.15 0.15 0.05

G3 100 13.8 0.15 0.15 0.05

T1 100 13.8/115 0.20 0.20 0.20

T2 100 115/13.8 0.18 0.18 0.18

TL23 100 115 0.30 0.30 0.90
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 27. Consider the system shown in Figure P6.8 and assume that the following data on the same 
base are given:
Generator G1: Xl = 0.15 pu, X2 = 0.10 pu, X0 = 0.05 pu
Generator G2: Xl = 0.30 pu, X2 = 0.20 pu, X0 = 0.10 pu
Transformer TI: Xl = X2 = X0 = 0.10 pu
Transformer T2: Xl = X2 = X0 = 0.15 pu
Transmission line TLI2: Xl = X2 = 0.30 pu, X0 = 0.60 pu
Transmission line TL23: Xl = X2 = 0.30 pu, X0 = 0.60 pu

  Assume that fault point A is located at the middle of the top transmission line, as shown 
in the figure, and determine the fault current(s) in per units for the following faults:

 (a) SLG fault (involving phase a)
 (b) DLG fault (involving phases b and c)
 (c) Three-phase fault
 28. Repeat Problem 27 assuming that the fault point is n and is located at the beginning of the 

bottom line.
 29. Consider the system shown in Figure P6.9 and assume that the following data on the same 

base are given:
Generator G1: Xl = 0.15 pu, X2 = 0.10 pu, X0 = 0.05 pu
Generator G2: Xl = 0.15 pu, X2 = 0.10 pu, X0 = 0.05 pu
Transformer T1: Xl = X2 = X0 = 0.10 pu
Transformer T2: Xl = X2 = X0 = 0.15 pu
Transmission lines: Xl = X2 = 0.30 pu, X0 = 0.60 (all three are identical)

  Assume that the fault point A is located at the middle of the bottom line, as shown in the 
figure, and determine the fault current(s) in per units for the following faults:

 (a) SLG fault (involving phase a)
 (b) SLG fault (involving phases b and c)
 (c) DLG fault (involving phases b and c)
 (d) Three-phase fault
 30. Repeat Problem 29 assuming that the faulted point is B and is located at the end of the bot-

tom line.
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FIGURE P6.8 Tarnsmission system for Problem 27.
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FIGURE P6.9 Transmission system for Problem 29.
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 31. Consider the system shown in Figure P6.10 and its data given in Table P6.4. Assume that 
there is an SLG fault involving phase a at fault point F.

 (a) Draw the corresponding equivalent positive-sequence network.
 (b) Draw the corresponding equivalent negative-sequence network.
 (c) Draw the corresponding equivalent zero-sequence network.
 32. Use the results of Problem 31 and determine the interior sequence currents flowing in each 

of the four transmission lines.
 (a) Positive-sequence currents
 (b) Negative-sequence currents
 (c) Zero-sequence currents

1
2

3

TL
1

3

12

TL13 TL34

20 mi

TL24

40 mi

30 mi 50 mi

G

G

G

T

F

2

4

T

T

T

4

1

3

Load

2

FIGURE P6.10 Four-bus system for Problem 31.

TABLE P6.4
Table for Problem 31

Network 
Component Base MVA Base kV(L–L) X1 (pu) X2 (pu) X0 (pu)

G1 100 230 0.15 0.15

G2 100 230 0.20 0.20

G3 100 230 0.25 0.25

T1 100 230 0.10 0.10 0.10

T2 100 230 0.09 0.09 0.09

T3 100 230 0.08 0.08 0.08

T4 100 230 0.11 0.11 0.11

TL12 100 230 0.10 0.10 0.36

TL13 100 230 0.20 0.20 0.60

TL24 100 230 0.35 0.35 1.05

TL34 100 230 0.40 0.40 1.20
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 33. Use the results of Problem 32 and determine the interior phase currents in each of the four 
transmission lines.

 (a) Phase a currents
 (b) Phase b currents
 (c) Phase c currents
 34. Use the results of Problems 32 and 33 and draw a three-line diagram of the given system. 

Show the phase and sequence currents on it.
 (a) Determine the SLG fault current.
 (b) Is the fault current equal to the sum of the zero-sequence currents (i.e., I I(SLG)f a=∑3 0)?

 35. Repeat Example 6.9 assuming that there is a series fault at the fault point B of the bottom 
line (i.e., TL′AB).

 36. Repeat Example 6.10 using the results of Problem 35.
 37. Consider the system given in Example 6.8 and determine the following:
 (a) Admittance matrix associated with zero-sequence network
 (b) Two-port Thévenin equivalent of zero-sequence network
 38. Use the results of Problem 37 and determine the uncoupled zero-sequence network.
 39. Consider the system shown in Figure P6.11 and assume that the equivalent of a large sys-

tem is shown with two buses of interest and two interconnecting lines. Assume that one 
conductor of the top line becomes open.

 (a) Draw the corresponding positive-, negative-, and zero-sequence networks, without 
reducing them, and their interconnections.

 (b) Determine the uncoupled positive-sequence Thévenin equivalent.
 (c) Determine the uncoupled negative-sequence Thévenin equivalent.
 (d) Determine the uncoupled zero-sequence Thévenin equivalent.
 (e) Using the uncoupled sequence equivalents found in parts (b) through (d), repeat part (a).
 40. Repeat Example 6.10 assuming an OLO fault involving phase a and Z = j0.l pu.
 41. Use the solutions of Example 6.9 and Problem 38, and assume that the series fault is an 

OLO fault on phase b, Z = j0.1 pu.
 (a) Draw the generalized fault diagram.
 (b) Determine the positive-sequence current.
 (c) Determine the negative-sequence current.
 (d) Determine the zero-sequence current.
 (e) Determine the line current for phase a.
 (f) Determine the line current for phase b.
 (g) Determine the line current for phase c.
 42. Repeat Problem 41 assuming that the open line is phase c.
 43. Repeat Problem 41 assuming that there is a TLO series fault involving phases c and a.
 44. Consider the OLO series fault representation given in Figure 6.19. Assume that there is a 

Zf impedance between the fault points F and Fʹ instead of being open and that the imped-
ances (Z’s) shown on lines b and c are zero. Redraw Figure 6.19 to reflect these changes 
and mathematically verify the resulting interconnection of the sequence networks.

×

2

Z Z Z pu

pu

= =

=

= j0.61 2

2

0
Z Z Z pu= = = j0.71 2 0Z Z pu= = j0.31 2

Z Z Z pu= = = j0.81 2 0

Z pu= j0.50

Y

E 1.0 0°pu=1E 1.2 0°

1

FIGURE P6.11 Transmission system for Problem 39.
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 45. Consider Figure 6.19 and assume that there is no OLO series fault on phase a but the previ-
ous fault points F and Fʹ are short-circuited with a line impedance Z of zero. However, the 
line impedances (Z’s) on phases b and c are not zero. Redraw Figure 6.19 to reflect these 
changes and mathematically verify the resulting interconnection of the sequence networks.

 46. Consider Figure 6.19 and assume that, between the points F and F ,́ phases a, b, and c have 
the impedances Zfʹ, Z, and Z, respectively. Redraw Figure 6.19 to reflect these changes and 
mathematically verify the resulting interconnection of the sequence networks.

 47. Use the result of Problem 6.19c and assume that the prefault load currents in line TL12 
where Ia0 = Ia2 = 0 and Ia1 = 0.6∠−30° pu.

 48. Assume that there is an OLO fault and an SLG fault with fault impedance Zf both on phase 
a at a given fault point.

 (a) Determine the general representation diagram of the simultaneous fault.
 (b) Show the interconnection of sequence networks.
 (c) Mathematically verify the interconnection drawn in part (b).
 49. Consider Figure 6.35a and c and verify Equation 6.130.
 50. Repeat Example 6.11 assuming that all three lines of the transmission system have ground 

wires. The self-GMD of ground wires, Dgg, is 0.03125 ft. The GMD between phase con-
ductors and ground wires, Dag, is 13.0628 ft. The GMD between ground wires and their 
images, Hgg, is 104 ft. The GMD between phase conductors and images of ground wires, 
Hag, is 92.8102 ft.
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7 System Protection

7.1  INTRODUCTION

A power system can be thought of as a chain, the links of which are the generators, the power 
transformers, the switchgear, the transmission lines, the distribution circuits, and the utilization 
apparatus. The failure of any link destroys the capacity of the chain to perform the function for 
which it was intended.

The continuity of the chain can be secured by providing alternate links. For example, the trans-
mission lines, being exposed to the natural elements, are much more vulnerable to faults than the 
power transformers and switchgear. Therefore, alternate transmission lines may be economically 
justified, whereas alternates for the power transformers and the switchgear would not.

Note that, switchgear is a general term covering switching or interrupting devices and their 
combination with associated control, instrumentation, metering, protective, and regulating devices 
as well as assemblies of these devices with associated interconnections, accessories, and supporting 
structures. In power systems, the switchgears are usually located in generating plant switchyards, 
transmission substations, bulk power substations, and distribution substations, as shown in Figures 
7.1 through 7.4.

Figure 7.5 shows a typical 345-kV single-circuit transmission line with steel tower structure and 
bundled conductors. The transmission lines between the electrical power systems of separate utility 
companies are known as interconnections or tie lines. They provide the links for the exchange of 
electric power, contributing to increased efficiency and higher continuity of service. The advantages 
of interconnections include (1) economical interchange, (2) sharing of generation reserves, (3) utili-
zation of large and more efficient generation units, (4) sharing large investments required by nuclear 
power plants, and (5) system support during emergencies.

Thus, it is required that interconnections have high capacity and therefore operate at voltages of 
230 kV and up. Most commonly, 345 and 500 kV are used, with the trend to higher voltages and 
in some cases to high-voltage direct current (dc). It is required that these interconnections must be 
highly reliable. Therefore, their design and protection are developed with utmost precaution. For 
example, high-speed tripping is essential for all internal faults, and it is crucial that the link be 
maintained during external faults and system disturbances.

In general, the protection must provide coverage for most contingencies than might be justified in 
other system areas. High-speed simultaneous tripping of all terminals for all line or internal faults 
(1) minimizes line damage, (2) improves transient stability of the power systems, and (3) permits 
high-speed reclosing. In general, less than 10% of all faults are permanent.

Therefore, immediate reclosing and restoration of the line can improve transient stability and 
continue the advantage of energy interchange for over 90% of the faults if there are other intercon-
nections between the two systems. This would require that the protective relays of each terminal 
communicate with each other to determine if the fault is internal or external. This is known as pilot 
relaying, and it requires a channel between the terminals.

On high-voltage lines, a single instantaneous reclosure is used and is usually within 12 cycles 
depending on the time necessary to dissipate the ionized air at the fault. Reclosing limits the phase 
separation of synchronous machines while the breaker is open, and therefore reduces the power oscil-
lation that follows only the faulted phase so that power is never completely cut off. On low- voltage 
lines, the reclosure operation is usually repeated three times at intervals of between 15 and 20 s.
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FIGURE 7.1 Callaway nuclear power plant switchyard. (Courtesy of Union Electric Company.)

FIGURE 7.2 Typical 345/138-kV transmission bulk-power station. (Courtesy of Union Electric Company.)
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FIGURE 7.3 Typical 138/34.5-kV bulk power substation. (Courtesy of Union Electric Company.)

FIGURE 7.4 Typical 34.5/4.16-kV distribution substation. (Courtesy of Union Electric Company.)
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In the event that the breaker reopens after the third reclosure, the relay equipment locks it open, 
and it becomes necessary to reclose by hand. Figures 7.6 and 7.7 show typical automatic circuit 
reclosures. Figure 7.8 shows a typical three-phase oil circuit breaker (CB).

The task of protective relays is operate the correct CBs so as to disconnect only the faulty appa-
ratus from the system as fast as possible, thus minimizing the interruption and damage that can 
be caused by a sustained fault may include (1) damage to the equipment causing destruction and 
fire, (2) explosions in equipment containing insulating oil, (3) overheating of system equipment, 
(4) causing undervoltages or overvoltages in the vicinity of the fault in the system, (5) blocking 
power flow, (6) causing reduction in stability margins, (7) causing improper operation of equipment 

 

FIGURE 7.6 Typical three-phase automatic circuit recloser. (Courtesy of Union Electric Company.)

FIGURE 7.5 Typical 345-kV single-circuit transmission line with steel-tower structure and bundled conduc-
tor. (Courtesy of Union Electric Company.)
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due to system margins, and (8) causing the system to become unbalanced and “break up” (i.e., loss 
synchronism) by an event known as cascading.

7.2  BASIC DEFINITIONS AND STANDARD DEVICE NUMBERS

Auxiliary relay. A relay that operates in response to the opening or closing of its operating 
circuit to assist another relay in the performance of its function. It may be instantaneous 
or may have a time lag, and may operate within large limits of the characteristic quantity.

Blocking. Preventing the relay from tripping, either due to its own characteristic or to an 
additional relay.

Burden. The loading imposed by the circuits of the relay on the energizing input power 
source or sources. In other words, the relay burden is the power required to operate the 
relay. The relay burden is usually given as volt-amperes (VA) at current transformer (CT)–
rated current or impedance at rated current. Therefore, in a sense, the term burden, like the 
term load, is not precisely defined and can mean current, power (volt-amperes for ac and 
watts for dc), or impedance, depending on context.

FIGURE 7.7 Typical three-phase installed recloser. (Courtesy of Union Electric Company.)

FIGURE 7.8 Typical oil circuit breaker. (Courtesy of McGraw-Edison.)
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Characteristic angle. The phase angle at which the performance of the relay is declared. It is 
usually the angle at which maximum sensitivity occurs.

Characteristic quantity. The quantity, the value of which characterizes the operation of 
the relay, for example, current for an overcurrent relay, voltage for a voltage relay, phase 
angle for a directional relay, time for an independent time delay relay, and impedance for 
an impedance relay. Some relays have a calibrated response to one or more quantities.

Characteristics (of a relay in steady state). The locus of the pickup or reset when drawn on 
a graph. In some relays, the two curves are coincident and become the locus, of balance 
or zero torque.

Dependent time-delay relay. A time-delay relay in which the time delay varies with the 
value of the energizing quantity.

Dropout or reset. A relay drops out when it moves from the energized position to the un -
energized position.

Energizing quantity. The electrical quantity, that is, current or voltage either alone or in 
combination with other electrical quantities required for the functioning of the relay.

Independent time-delay relay. A time-delay relay in which the time delay is independent of 
the energizing quantity.

Instantaneous relay. A relay that operates and resets with no intentional time delay.
Inverse time-delay relay. A dependent time-delay relay having an operating time that is an 

inverse function of the electrical characteristic quantity.
Inverse time-delay relay with definite minimum. A relay in which the time delay varies 

inversely with the characteristic quantity up to a certain value, after which the time delay 
becomes substantially independent.

Knee-point emf. That sinusoidal electromotive force (EMF) applied to the secondary ter-
minals of a CT, which, when increased by 10%, causes the exciting current to increase by 
50%.

Overshoot time. The time during which stored operating energy dissipated after the charac-
teristic quantity has been suddenly restored from a specified value to the value it had at the 
initial position of the relay.

Pickup. A relay is said to pick up when it changes from the unenergized position to the ener-
gized position (by closing its contacts).

Pilot channel. A means of interconnection between relaying points for the purpose of 
protection.

Protective gear. The apparatus, including protective relays, transformers, and auxiliary 
equipment, for use in a protective system.

Protective relay. An electrical device designed to initiate isolation of a part of an electrical 
system, or to operate an alarm signal in the case of a fault or other abnormal condition.

Protective scheme. The coordinated arrangements for the protection of a power system. It 
may include several protective systems.

Protective system. A combination of protective gears designed to secure, under predeter-
mined conditions, usually abnormal, the disconnection of an element of a power system, or 
to give an alarm signal, or both.

Reach. A distance relay operates whenever the impedance seen by the relay is less than a 
prescribed value. This impedance or the corresponding distance is known as the reach of 
the relay.

Resetting value. The maximum value of the energizing quantity that is insufficient to hold 
the relay contacts closed after operation.

Setting. The actual value of the energizing or characteristic quantity at which the relay is 
designed to operate under given conditions. Such values are usually marked on the relay 
and may be expressed as direct values, percentages of rated values, or multiples.
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Stability. The quality whereby a protective system remains inoperative under all conditions 
other than those for which it is specifically designed to operate. For example, a protective 
system is said to be stable when it will restrain from tripping for a large external fault cur-
rent due to a fault occurring outside the protected zone.

Time-delay relay. A relay having an international delaying device. The various circuit devices 
including relays have been given identifying numbers sometimes with appropriate suffix 
letters for use on schematic and writing diagrams. A selected list of the standard device 
numbers are given in Table 7.1

Underreach. The tendency of the relay to restraint at impedances larger than its setting. In 
other words, it is due to error in relay measurement resulting in wrong operation.

Unit or element. A self-contained relay unit that in conjunction with one or more other relay 
units performs a complex relay function, for example, a directional unit combined with an 
overcurrent unit gives a directional overcurrent relay.

TABLE 7.1
Standard Device Numbers

Device No. Definition

2 Time-delay starting, or closing, relay

21 Distance relay

25 Synchronizing, or synchronism-check, device

27 Undervoltage relay

30 Annunciator relay

32 Directional power relay

37 Undercurrent or underpower relay

46 Reverse-phase or phase balance current relay

49 Machine, or transformer, thermal relay

50 Instantaneous overcurrent relay

51 ac time overcurrent relay

52 ac circuit breakers

55 Power factor relay

59 Overvoltage relay

60 Voltage balance relay

61 Current balance relay

64 Ground fault protective relay

67 ac directional overcurrent relay

68 Blocking relay

76 dc overcurrent relay

78 Phase-angle-measuring, or out-of-step, protective relay

79 ac reclosing relay

81 Frequency relay

83 Automatic selective control, or transfer, relay

85 Carrier, or pilot-wire, receiver relay

86 Locking-out relay

87 Differential protective relay

92 Voltage and power directional relay
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7.3  FACTORS AFFECTING PROTECTIVE SYSTEM DESIGN

There are numerous factors affecting the design of a protective system. In general, they can be 
 classified as

 1. Economics in terms of initial investment and life-cycle costs, including the operating and 
maintenance costs.

 2. Compliance with operating practices of the utility industry in terms of standards and 
accepted practices to permit efficient system operation and flexibility for the future.

 3. Taking into account past experiences in terms of previous and anticipated problems within 
the system.

 4. Available measures of faults or troubles in terms of fault magnitudes and location of CTs 
and voltage transformers (VTs).

Of course, there are many other factors affecting the selection of a protective system. Some of 
them are shown in Figure 7.9 [1].

The basic information necessary for developing a protective system may be summarized as 
(1) system configuration in terms of a one-line diagram; (2) present system protection scheme (if 
there is any) and associated problems; (3) existing operating practices and standards; (4) degree of 
protection necessary; (5) impedance data of the lines and transformers; (6) possible future expan-
sion considerations; (7) fault study in terms of minimum and maximum fault currents; (8) ratios and 
locations of CTs; (9) ratios, locations, and connections of potential transformers; and (10) minimum 
and maximum system loads.

7.4  DESIGN CRITERIA FOR PROTECTIVE SYSTEMS

The design criteria for a protective system are

 1. Reliability. It is a measure of the degree that the protective system will function properly 
in terms of both dependability (i.e., performing correctly when required) and security 
(i.e., avoiding unnecessary operation).

 2. Selectivity (or Discrimination). The quality whereby a protective system distinguishes 
between those conditions for which it is intended to operate and those for which it must not 
operate. In other words, the selectivity of a protective system is its ability to recognize a 
fault and trip a minimum number of CBs to clear the fault. A well-designed protective sys-
tem should provide maximum continuity of service with minimum system disconnection.

 3. Speed. It is the ability of the protective system to disconnect a faulty system element as 
quickly as possible with minimum fault time and equipment damage. Therefore, a protec-
tive relay must operate at the required speed. It should neither be too slow, which may 
result in damage to the equipment, nor should it be too fast, which may result in unde-
sired operation during transient faults. The speed of operation also has direct effect on the 
general stability of the power system. The shorter the time for which a fault is allowed to 
persist on the system, the more load can be transferred between given points on the power 
system without loss of synchronism. Figure 7.10 shows the curves that represent the power 
that can be transmitted as a function of fault-clearing time for various types of faults. 
Obviously, a fast fault-clearing time t1 permits a higher power transfer than a longer clear-
ing time t2. Currently, the fault-clearing times on bulk power systems are in the tl region 
(about three cycles on a 60-Hz base), and thus, power transfers are almost at a maximum. 
Also, it can be observed that the most severe fault is the three-phase fault, and the least 
severe fault is the line-to-ground fault in terms of transmission of power.
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 4. Simplicity. It is the sign of a good design in terms of minimum equipment and circuitry. 
However, the simplest protective system may not always be the most economical one even 
though it may be the most reliable one owing to fewer elements that can malfunction.

 5. Economics. It dictates to achieve the maximum protection possible at minimum cost. It is 
possible to design a very reliable protective system but at a very high cost. Therefore, high 
reliability should not be pursued as an end in itself, regardless of cost, but should rather be 
balanced against economy, taking all factors into account.

Protection is not needed when the system is operating normally. It is only needed when the 
system is not operating normally. Therefore, in that sense, protection is a form of insurance against 
any failures of the system. Its premium is its capital and maintenance costs, and its return is the pos-
sible prevention of loss of system stability and the minimization of any possible damages. The cost 
of protection is generally extremely small compared with the cost of equipment protected. The art 
of protective relaying is constantly changing and advancing. However, the basic principles of relay 
operation and application remain the same. Thus, the purpose of this chapter is to review these fun-
damental principles and then show their applications to the protection of particular system elements. 
However, the emphasis will be on the transmission system.

7.5  PRIMARY AND BACKUP PROTECTION

Protection is the art or science of continuously monitoring the power system and detecting the 
presence of a fault and initiating the correct tripping of the CBs. However, the CBs alone are not 
sufficient to clear faults. They must be supplemented by protective relays.

The relays are required to detect the existence of faults and, if one does exist, to determine which 
breakers should be opened to clear it. Therefore, a protective system includes CTs, VTs, and protec-
tive relays with their associated wiring [known as the alternating current (ac) part of the system] and 
the relay contacts that close a circuit from the station battery to the CB’s trip coil (known as the dc 
part of the system and is supplied by the station’s batteries).

In general, all protective relays have two positions: (1) the normal position, usually with their 
contact circuit open, and (2) the fault position, usually with their contact circuit closed. Figure 7.11 
shows the basic connections of a protective relay. Note that, after the breaker has tripped, its auxil-
iary switch (indicated by S in the figure) opens the highly inductive trip coil circuit and the relay can 
reset when deenergized by the opening of the breaker.

A relay has to be sufficiently sensitive to operate under minimum fault conditions for a fault within 
its own zone while remaining stable under maximum load or through fault conditions. Therefore, 
a relay should be able to differentiate a fault current from an overload current. For example, in the 
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FIGURE 7.10 Typical values of power that can be transmitted as function of fault clearance time.
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event that a transformer is protected, the relay should not operate for the inrush of magnetizing 
current (known as inrush current), which may be at a magnitude of five to seven times the full load 
current. Similarly, the possible power swings that may take place in interconnected systems should 
also be ignored by the relay.

As shown in Figure 7.12, to be adequately protected with minimum interruptions, a power sys-
tem can be divided into protective zones for (1) generators (or generator-transformer), (2) transform-
ers, (3) buses, (4) transmission lines, and (5) motors. Note that, each protective zone has its own 
protective relays for detecting the existence of a fault in that zone and its own CBs for disconnecting 
that zone from the rest of the system.

Thus, a protected zone can be defined as the portion of a power system protected by a given pro-
tective system or a part of that protective system. In a well-designed primary protective system, any 
failure occurring within a given zone should cause the “tripping” (i.e., opening) of all CBs within 
that zone and only those breakers.

Therefore, primary protection can be defined as the protective system that is normally expected 
to operate in response to a fault in the protected zone. As shown in Figure 7.12, each zone is over-
lapped in order to prevent the possibility of unprotected (blind) areas. The principle of overlapping 
protection around a CB by means of CT connections has been illustrated in Figures 7.12 and 7.13. 
Figure 7.13a and b show the connections for “dead-tank” and “live-tank” breakers, respectively. 
Both type connections are commonly used in extra-high-voltage (EHV) transmission systems.

Any fault that exists between the CTs will operate both zone 1 and zone 2 relays and trip all CBs 
in the two zones. For example, if a fault occurs at fault point F1 circuit breakers B8 and B7 should be 
opened. If a fault occurs at fault point F2, circuit breakers B5, B7, and B8 should be opened.

For the possible event of failure of the primary protection, for example, due to malfunctioning 
of a primary relay or a CB’s failure to open when needed, a backup protection must be provided to 
remove the fault part from the system. Therefore, backup protection can be defined as the protec-
tive system intended to supplement the primary protection in case the latter should be ineffective or 
to deal with faults in those parts of the power system that are not readily included in the operating 
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(a) (b)
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FIGURE 7.13 Principle of overlapping protection around circuit breaker.
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zones of the primary protection. The necessary “backup relaying” can be located on another ele-
ment of the power system, possibly the next adjacent station. This will avoid the simultaneous fail-
ure of both the primary and backup relaying.

When so located, this type of relaying is called the remote backup relaying. The remote backup 
is slow and usually disconnects greater portion of the power system than is necessary to remove 
the faulty part. For example, if circuit breaker B8 should fail to open for a fault at the fault point F2, 
circuit breaker B10 should be opened instead. In any case, the opening of the backup breaker(s) must 
be delayed long enough to give the proper breakers a chance to open first.

In general, backup protection is provided for possible failures in the primary relaying system and 
CBs. The causes of a relay failure may include failure of the relay itself, failure of auxiliary devices, 
loss of dc control supply, and failure in CTs or VTs and their circuits. On the other hand, the causes 
of a CB failure may include failure of the main contacts to interrupt, mechanical failure of the trip-
ping mechanism, open- or short-circuit trip coil, and loss of dc supply.

Thus, any backup protection must provide both relay backup as well as CB backup. In general, 
there are three kinds of backup relays: those that trip the same CB if the main relay fails (relay 
backup); those that open the next nearest CBs on the same bus, if one of the local breakers fails to 
open (CB backup); and those that operate from the next station, in the direction toward the source, 
to back up both the relays and CBs (remote backup).

If faster backup relaying is necessary, the backup relaying may be located in the same location as 
the primary relaying to provide “local backup.” Therefore, in local backup relaying, fault is cleared 
locally in the same station where it has taken place.

Today, systems are increasingly becoming complex as a result of larger numbers of interconnec-
tion of more and more generating stations, an increasing number of fault current paths, and greater 
line loadings. Although it may be possible to increase the sensitivity or reach settings of remote 
relays so that they can recognize the faults with in-feed, there may be cases where such settings are 
infeasible due to required sensitivity or reach can cause the relay to operate on load currents or on 
less important synchronizing power swings.

Thus, the local backup relaying can effectively be used at such troublesome locations. However, 
the local backup relaying should be as completely separated from the primary relaying as is possible.

As said before, the remote backup is inherently slow. For example, when distance relays are used 
for line protection in the previous example, backup clearing times for faults near circuit breaker B8 
will usually be somewhere between 0.25 and 0.5 s, whereas the clearing times for faults near circuit 
breaker B10 will be between 1 and 3 s.

When backup is provided with time overcurrent relays, the backup clearing times will usually be 
greater. The delay time that is necessary to coordinate the primary and the backup protection sys-
tem is called the coordination time delay. Today, due to the complexity involved, the coordination 
of protective relays, especially for the interconnected systems, are done by using various computer 
programs that are available in the utility industry.

7.6  RELAYS

As defined previously, a protective relay is an electrical device designed to initiate isolation of a 
part of an electric system, or to operate an alarm signal, in the case of a fault or other abnormal 
condition. Basically, a protective relay consists of an operating element and a set of contacts. The 
operating element receives input from the instrument transformers in the form of currents, voltages, 
or a combination of currents and voltages (e.g., impedance and power).

The relay may respond to (1) a change in magnitude in the input quantity, (2) the phase angle 
between two quantities, (3) the sum (or difference) of two quantities, or (4) the ratio of the quanti-
ties. In any case, the relay performs a measuring (or comparison) operation based on the input and 
translates the result into a motion of contacts. Therefore, for example, the output state of an electro-
mechanical relay is either “trip” (with its contacts closed) or “block or block to trip” (with its contacts 
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open). When they close, the contacts either actuate a warning signal or complete the trip circuit of a 
CB, which in turn isolates the faulty part by interrupting the flow of current into that part.

In general, protective relays can be classified by their constructions, functions, or applications. 
By construction, they can be either electromechanical or solid-state (or static) types. In general, the 
electromechanical relays are robust, inexpensive, and relatively immune to the harsh environment 
of a substation. However, they require regular maintenance by skilled personnel. Furthermore, their 
design is somewhat limited in terms of available characteristics, tap settings, and burden capability.

On the other hand, solid-state relays consist of analog circuits in addition to logic gates and are capable 
of producing any desired relay characteristics. Therefore, today, solid-state relays have been primarily 
used in areas where the application of conventional methods is difficult or impossible (e.g., high-voltage 
or EHV transmission line protection by phase comparison). The relays using transistors for phase or 
amplitude comparison can be made smaller, cheaper, faster, and more reliable than electro mechanical 
relays. They can be made shock-proof and require very little maintenance. Furthermore, their great 
sensitivity allows smaller CTs to be used and more sophisticated characteristics to be obtained.

Contrary to electromechanical relays, solid-state relays provide switching action, without any 
physical motion of any contacts, by changing its state from nonconducting to conducting or vice 
versa. Electromechanical relays can be classified as magnetic attraction, magnetic induction, 
D’Arsonval, and thermal units. The most widely used types of magnetic attraction relays include 
plunger (solenoid), clapper, and polar.

The plunger type of construction consists of a cylindrical coil with an external magnetic struc-
ture and a center plunger (armature), as shown in Figure 7.14a. When the current or voltage applied 
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FIGURE 7.14 Various types of magnetic attraction relays: (a) plunger type; (b) clapper type; (c) polar-type unit with 
balanced air gaps; (d) polar-type unit with unbalanced air gaps. (Courtesy of Westinghouse Electric Corporation.)
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to the coil is more than the pickup value, the plunger moves upward to operate a set of contacts. The 
force required to move the plunger is proportional to the square of the current in the coil. Plunger 
relays are instantaneous with typical operating times of 5–50 ms, with the longer times occurring 
near the threshold values of pickup. The plunger-type relay shown in Figure 7.14a is used as a high 
drop-out instantaneous overcurrent relay.

The clapper type (also called the hinged armature type) of construction consists of a U-shaped 
magnetic frame with a movable armature across the open end. The armature is hinged at one 
side and spring restrained at the other, as shown in Figure 7.14b. When the electrical coil is 
energized, the armature meets a fixed contact, opening or closing a set of contacts with a torque 
proportional to the square of the coil current. The pickup and drop-out values of clapper relays 
are less accurate than those of plunger relays. They are basically used as auxiliary and “go/
no-go” relays. The unit shown in the figure operates as an instantaneous overcurrent or instan-
taneous trip unit.

Polar-type relays operate from a dc applied to a coil wound around the hinged armature in the 
center of the magnetic structure. A permanent magnet across the structure polarizes the armature 
gap poles, as shown in Figure 7.14c and d. Two nonmagnetic spacers located at the rear of the 
magnetic frame are bridged by two adjustable magnetic shunts. This arrangement facilitates the 
magnetic flux paths to be adjusted for pickup and contact action. With balanced air gaps, as shown 
in Figure 7.14c, the flux paths are indicated and the armature floats in the center with the coil 
deenergized.

On the other hand, with the gaps unbalanced, as shown in Figure 7.14d, some of the flux is 
shunted through the armature. Therefore, the resulting polarization holds the armature against one 
pole with the coil deenergized. Current in the coil magnetizes the armature either north or south, 
increasing or decreasing any prior polarization of the armature. This polarization can be fast or 
gradual depending on design and adjustments. The left gap adjustment, shown in Figure 7.14d, con-
trols the pickup value; the right gap adjustment controls the reset current value.

The magnetic-induction-type relays can be classified into two basic types: induction disk and 
cylinder units. The induction disk unit consists of a metallic disk of copper or aluminum that rotates 
between the pole faces of an electromagnet. It operates by the torque derived from the interaction of 
fluxes produced by an electromagnet with those from induced currents in the plane of the rotatable 
disk. The induction unit shown in Figure 7.15a has three poles on one side of the disk and a common 
magnetic keeper on the opposite side. The main coil is on the center leg. Current I in the main coil 
produces flux Φ, which passes through the air gap and disk to the keeper. Flux Φ is divided into ΦL 
through the left-hand leg and ΦR through the right-hand leg. A short-circuit lagging coil on the left 
leg causes ΦL to lag both ΦR and Φ, producing a split-phase motor action. Flux ΦL induces voltages 
Vs, and current Is flows, basically in phase, in the shorted lag coil. Flux ΦT is the total flux produced 
by the main coil current I. The three fluxes cross the air gap and induce eddy currents in the disk. 
As a result, these eddy currents set up counter fluxes, and the interaction of the two sets of fluxes 
produces the torque that rotates the disk. The induction disk unit is always used as a time-delay unit 
due to the inertia of the moving disk [2].

The cylinder-type magnetic induction relay consists of a metallic cylinder with one end closed 
with a cup, which rotates in an annular air gap between the pole faces of electromagnets and a 
central core. Since its operation is similar to that of an induction motor with salient poles for the 
stator windings, it is also called the induction cup-type unit. Figure 7.15b shows the basic unit used 
for relays that has an inner steel core at the center of the square electromagnet, with a thin-walled 
aluminum cylinder rotating in the air gap. Cylinder travel is limited to a few degrees by the contact 
and the associated stops, and a spiral spring provides reset torque. Operating torque is a function of 
the product of the two operating quantities and the cosine of the angle between them. The torque 
can be expressed as

 T = kcI1I2 cos (θ12 – Φ) – ks (7.1)
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where 
kc = design constant
Φ = design constant
I1 = current flowing through coil 1
I2 = current flowing through coil 2
ks = restraining spring torque

Since the rotating parts of the induction cup unit are of low inertia, it is capable of high-speed opera-
tion. Therefore, it can be used for functions requiring instantaneous operation. The multiplicity of 
poles also permits measurement of more than one electrical quantity.

Figure 7.15c shows the D’Arsonval unit, which has a magnetic structure and an inner permanent 
magnet form a two-pole cylindrical core. A moving coil loop in the air gap is energized by dc, which 
reacts with the air gap flux to produce rotational torque. The thermal unit consists of two layers of 
different metals welded together to form a bimetallic strip or coil that has one end fixed and the 
other end free. As the temperature changes, the different coefficients of thermal expansion of the 
two metals cause the free end of the coil or strip to move, operating a contact structure for relay 
applications.

Relays of this type are mostly used for overload protection. Figure 7.16 shows an electromagnetic-
attraction balanced-beam-type relay unit. It is an overcurrent type of current-balanced relay unit. 
It is a special type of clapper construction. The beam (armature) is attracted by electromagnets that 
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(c) D’Arsonval type. (Courtesy of Westinghouse Electric Corporation.)
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are operated by the appropriate parameters, usually two currents or a current and a voltage. A slight 
mechanical bias is built into the unit by having a control spring in order to keep the contacts open, 
except when operation is required. Some units have a separate armature at the end of the beam that 
is drawn into the fixed-position operating coil when current flows into the coil.

Also, various contacts and spring arrangements are possible. The resetting value of a balanced-
beam unit is low compared with its operating value because the magnetic gap is small under one 
pole in the normal position and large under the other. However, in the operating position, this is 
reversed. The force at each end of the beam is proportional to the square of the gap flux, as in the 
attracted armature relay.

The gap flux is proportional to the current and decreases inversely approximately as the square 
of the total air gap length in the magnetic circuit. Another commonly used structure is an induction-
type relay having two overcurrent elements acting in opposition on a rotor. In the event that the 
negative-torque effect on the control spring is ignored, the torque equation of either type can be 
expressed as

 T k I k Ia a b b= −2 2  (7.2)

where ka and kb are design constants. When the relay is on the threshold of operating, the net torque 
becomes zero, and therefore,

 k I k Ia a b b
2 2=  

Thus, the operating characteristic can be expressed as
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where K is a constant. If the operating quantities are taken as voltage V and current I, then the pulls 
on the armatures by the electromagnets are equal to kaV 2 and kbI 2, and therefore the condition for 
the operation (closing its contacts) of the unit is

 kaV 2 > kbI 2 (7.4)
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FIGURE 7.16 Balanced-beam relay unit.
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indicating that the relay will operate when the impedance it “sees” is less than a predetermined 
value.

The solid-state relays (or static relays) are extremely fast in their operation because they have no 
moving parts and have very quick response times. Today, the static relays are very reliable primarily 
due to high-reliability performance of modern silicon planar transistors. Appropriate circuits are 
designed to make detection involving phase angles, current and voltage magnitudes, timing, and 
others. Figure 7.17 illustrates how a static relay could measure the phase angle between a voltage 
and a current. The voltage and current sine waves, shown in Figures 7.17a and 7.14b, are supplied to 
separate squaring amplifiers whose function is to convert the sine wave to a square wave that is zero 
during the negative half-cycle, as shown in Figure 7.17c and d.

These square waves are commonly called “blocks” and can be supplied to a comparator circuit 
in such a way that an output is received only when both signals are present. The duration of their 
overlap or the duration of the comparator output, shown in Figure 7.17e, is the complement of the 
phase angle between the current and voltage.

For example, to receive an output when the voltage lags or leads current by 90°, the half-cycle 
current and voltage blocks must overlap or be coincident for 120°. Figure 7.17e shows the duration 
of overlap or comparator output for the case where the current leads the voltage by 90°. In actual 
practice, it is usually the complement of the angle that is measured.
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FIGURE 7.17 Typical waveforms used in static relay-measuring operations.
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The logic circuits used in the static relays can be classified into (1) fault-sensing and data- 
processing logic units; (2) amplification logic units; and (3) auxiliary logic units. The first type of 
logic circuits use comparators to detect faults. Magnitude comparators (i.e., comparison logic units) 
are employed to detect both instantaneous and time overcurrent faults. As an example, Figure 7.18a 
shows the dements used in a single-phase definite time overcurrent relay.

Note that, an ac is converted to a proportional direct voltage and compared with a fixed dc level. 
When it exceeds the reference level, a timer is initiated. After the set time delay, the second-level 
detector operates to activate the output element. The input circuit consists of CT, the secondary cur-
rent of which is rectified and supplied into a resistive shunt. The current setting of the relay can be 
changed by means of taps on the CT or by varying the value of the secondary shunt.

A time-delay setting call be achieved by changing the resistance value in the resistor– capacitor 
(RC) delay circuit with a calibrated potentiometer. Instantaneous operation above a set level is 
obtained by by-passing the time-delay element to a second-level detector. The circuit of a simplified 
level detector is shown in Figure 7.18b. It includes an output stage driving the coil of an attracted 
armature relay. Note that, all transistors are biased off until the input voltage exceeds that at the 
emitter of TR1, set by potentiometer chain R1 and R2. When this voltage is exceeded, both transis-
tors turn on, and the output relay is activated. This circuit has the advantages of drawing no cur-
rent when in the nonoperated stage and giving a dropout level of almost 100% of the pickup level. 
Timing can be performed by connecting an RC time-delay network, shown dashed in Figure 7.18b, 
at the input to the second-level detector monitoring the voltage across the capacitor.

A variable reference magnitude comparator is used for ground distance relays. A phase angle 
comparator gives an output when the phase angle between two quantities exceeds the pickup level. 
These logic circuits are used in phase, distance, and directional relays for high-voltage and EHV 
transmission line protection. Figure 7.19 shows a sophisticated system that uses distance functions 
to provide protection for faults of all types.

The basic system provides a standard step distance relaying scheme, or it can be used with a 
communication channel to provide the most commonly used pilot relaying schemes. The main mea-
suring function is controlled by phase selectors (often called starters) that select the faulted phase or 
phase pair to which the measuring function must be connected during a fault. Three phase selectors 
are provided, each connected on a per-phase basis.
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Typically, the measuring function would be set with a zone 1 reach, and tripping would be initiated 
in zone 1 one time following the operation of the phase selectors provided the fault fell within the reach 
of the main measuring function. The phase selectors also start zone timing functions that extend the 
reach of the main measuring function as time progresses to provide stepped distance protection.

Up to three zones of protection are thus provided via this single measuring function. A fourth 
zone can be connected to initiate tripping through the phase selector. Figure 7.20 shows the main 
measuring function of the system. There can be up to eight distance measuring functions in the SLS 
1000: three phase selectors; the main measuring function; a permissive zone measuring function 
for use in pilot schemes and out-of-step detection; and three blocking functions, which are required 
only in blocking-type schemes or when an additional zone of time-delayed protection is required.

In this system, the phase selectors must perform the following functions:

 1. Detect the presence of a fault on the portion of the system to which they are applied.
 2. Identify the faulted phase during single line-to-ground faults.
 3. Identify the faulted phases during multiphase faults.
 4. Initiate zone timing to extend the reach of the main measuring function.
 5. Operate correctly during and immediately following the open-pole period following a 

single-pole trip when such tripping is employed.
 6. Not operate on load current. Provisions are included to make the function lenticular when 

load is of concern.
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If there were no load current in the system, or if fault currents were always above load current, 
the simplest type of phase selector would be an overcurrent function. Unfortunately, in many 
cases, fault currents are less than load current, thus precluding the use of overcurrent functions. 
For this reason, distance-type function are preferred and usually employed. The distance func-
tion used in this system is a variation of a positive-sequence polarized mho ground distance 
function.*

7.7  SEQUENCE FILTERS

Sequence filters (also known as sequence networks) are used in a three-phase system to measure 
(and therefore to indicate the presence of) symmetrical components of current and voltage. In a per-
fectly balanced power system, as mentioned in Chapter 5, there are no zero- and negative-sequence 
current and voltage quantities, but only positive-sequence quantities exist. Therefore, for exam-
ple, the presence of a zero-sequence current usually indicates a ground fault on the system, but it 
could also be due to unbalanced leakage currents over the surface of contaminated insulators or to 
unbalanced line-to-ground charging currents. Zero-sequence voltage is used to polarize directional 
ground fault relays.

As said before, positive-sequence power flows toward the fault; negative- and zero-sequence 
power flows away from the fault, since the fault is the source of negative- and zero-sequence voltage. 
Thus, negative-sequence current does not occur in a balanced load and, when present on a faulted 
line, always flows away from the fault.

Negative-sequence currents cause excessive heating of alternator rotors. The need for a 
response to three-phase faults means that sensitivity to the positive-sequence component is also 
required. It is necessary to proportion these two quantities so as to ensure that no system condi-
tion occurring in practice gives rise to a “blind spot” similar to those possible with summation 
transformers.

Positive-sequence voltage is sometimes used to operate the automatic voltage regulator control-
ling the excitation of an ac generator. In summary, currents and voltages may be separated from the 
corresponding line currents and voltages by segregating networks called filters and are used for car-
rying out the necessary protective operations (e.g., the activation of relays, control of transmitters, 
and receivers). In this section, a few of the many available filters will be discussed.†

The simplest sequence filters are the zero-sequence filters, as shown in Figure 7.21. Figure 
7.21a shows a zero-sequence current filter that consists of three CT secondaries connected in 
parallel. Note that, the capital and lowercase subscripts are used for primary (system) and second-
ary (relaying) quantities, respectively. The CTs basically act as current sources so that the filter 
output is

 Ia + Ib + Ic = 3Ia0 (7.7)

Similarly, Figure 7.21b shows a zero-sequence voltage filter made up of three potential trans-
formers connected in series with the primary in grounded wye. The potential transformers act as 
voltage sources so that the filter output is

 Va + Vb + Vc = 3Va0 (7.8)

The current polarity markings on all transformers are important. In the event of having a minus 
sign error, there will not be any zero-sequence current or voltages, neither in magnitude nor in 
phase.

* The interested reader should see Reference 3 for the detailed information about this system.
† The interested reader should read References 2 and 4 and especially Reference 5 for further information about filters.
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Figure 7.22 shows two composite sequence current filters. Figure 7.22a shows a positive- and 
zero-sequence filter consisting of three coupled inductors with mutual reactance Xm and self-
impedance Zs and two external resistors R1 and R0 Therefore, the open-circuit voltage can be 
expressed as

 VF = IaR1 + InR0 + jXm (Ic – Ib) (7.9)
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FIGURE 7.21 Zero sequence filters: (a) current filter; (b) voltage filter.
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where

 In = Ia + Ib + Ic (7.10)

Thus, it can be expressed in terms of the sequence currents as

 V I I IF a m a m aR R R X R X= +( ) + −( ) + +( )1 0 0 1 1 1 23 3 3  (7.11)

Changing the values of R1, R0, and Xm and modifying the connections by interchanging Ib and 
Ic in the circuit can produce different output characteristics. For example, when R1 is selected as 
X Rm = 1 3 and substituted into Equation 7.11, the result becomes

 VF = (R1 + 3R0) Ia0 + 2R1Ia1 (7.12)

Thus, a relay connected to the output terminals will react to zero- and positive-sequence currents.
Figure 7.22b shows a similar sequence network that can be used as a positive- or negative-

sequence current filter. The open-circuit voltage can be expressed as

 V I I I I IF a m c b b c

R
jX

R=






+ −( ) − +( )2
3 3

1 1  (7.13)

which can be reexpressed in terms of the sequence currents as

 V I IF m a m aR X R X= −( ) + +( )1 1 1 23 3  (7.14)

Therefore, if R1 is selected such that X Rm = 1 3 and substituted into Equation 7.14, the result 
becomes

 VF = 2R1Ia2 (7.15)

Thus, a relay connected to the output terminals will react to a negative-sequence current. On the 
other hand, current Ib and Ic can be interchanged so that

 V I IF m a m aR X R X= +( ) + −( )1 1 1 23 3  (7.16)

Furthermore, if R1 is selected such that X Rm = 1 3, before, the result becomes

 VF = 2R1Ia1 (7.17)

Hence, a relay connected to the output terminals will respond to positive-sequence current.

7.8  INSTRUMENT TRANSFORMERS

Instrument transformers are used both to provide safety for the operator and equipment from high 
voltage and to permit proper insulation levels and current-carrying capacity in relays, meters, and 
other instruments. In the United States, the standard instruments and relays are rated at 5 A and/or 
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120 V, 60 Hz. The basic instrument transformers are of two types: CTs and VTs (formerly called 
potential transformers).

In either case, the external load applied to the secondary of an instrument transformer is referred 
to as its “burden.” The term burden usually describes the impedance connected to the transformer 
secondary winding but may specify the volt-amperes supplied to the load. For example, a trans-
former supplying 5 A to a resistive burden of 0.5 Ω may also be said to have a burden of 12.5 VA 
at 5 A.

7.8.1  CUrrent tranSformerS

Current transformers can be constructed in various ways. For example, a CT may have two separate 
windings on a magnetic steel core, similar to that of the potential transformers. However, it differs 
in that the primary winding consists of a few turns of heavy wire capable of carrying the full-load 
current, whereas the secondary winding consists of many turns of smaller wire with a current-
carrying capacity of from 5 to 20 A, depending on the design. It is called a wound-type current 
transformer owing to its wound primary coil.

Another very common type of construction is the so-called window-, through-, or donut-type 
CT in which the core has an opening through which the conductor carrying the primary-load cur-
rent is passed. This bushing-type current transformer is made up of an annular-shaped core with 
secondary winding. It may be built into various types of apparatus such as CBs, power transformers, 
generators, or switchgear, the core being arranged to encircle an insulating bushing through which 
a power conductor passes.

A CT ratio is selected on the basis of the continuous-current ratings of the connected apparatus 
(e.g., relays, measuring instruments, and auxiliary CTs) and of the secondary winding of the CT 
itself. It is usually selected so that the secondary current is about 5 A at maximum primary-load 
current. If delta-connected CTs are used, the factor of 3 must be taken into account. Some of the 
standard CT ratios are 50:5, 100:5, 150:5, 200:5, 250:5, 300:5, 400:5, 450:5, 500:5, 600:5, 800:5, 
900:, 1000:5, and 1200:5.

When CTs are interconnected, the relative polarities of primary and secondary terminals become 
important. Figure 7.21a shows a wye connection of CTs. Figure 7.23 shows two possible connections 
for delta-connected CTs. The output currents of the delta connection shown in Figure 7.23a can be 
expressed as

 Ia – Ib = (1 – a2)Ia1 + (1 – a)Ia2 (7.18)

(a) (b)

A
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I a
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I b
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–

I a
I c

–
I b

I b
–

I c
I c

–
I b

Ib

Ic
Ic
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B

C
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B

C

FIGURE 7.23 Delta connections of CTs.
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 Ib – Ic = (a2 – a)Ia1 + (a – a2)Ia2 (7.19)

 Ic – Ia = (a – 1)Ia1 + (a2 – 1)Ia2 (7.20)

Similarly, the output currents of the delta connection in Figure 7.23b can be expressed as

 Ia – Ic = (1 – a)Ia1 + (1 – a2)Ia2 (7.21)

 Ib – Ia = (a2 – 1)Ia1 + (a – 1)Ia2 (7.22)

 Ic – Ib = (a2 – a)Ia1 + (a – a2)Ia2 (7.23)

which shows that the connection shown in Figure 7.23b is merely the reverse of the connection 
shown in Figure 7.23a.

Also, note that the zero-sequence currents are not present in the output circuits; they merely cir-
culate in the delta connection. In the event that there is a three-phase fault, only positive-sequence 
currents will exist. Therefore, the output currents of the delta connection given by Equations 7.18 
through 7.20 can be reexpressed as

 Ia – Ib = (1 – a2)Ia1 (7.24)

 Ib – Ic = (a2 – a)Ia1 (7.25)

 Ic – Ia = (a – 1)Ia1 (7.26)

In the event that there is a line-to-line fault involving phases b and c, the same output currents 
can be reexpressed as

 Ia – Ib = (a – a2)Ia1 (7.27)

 Ib – Ic = (a2 – a)Ia1 (7.28)

 Ic – Ia = (a – a2)Ia1 (7.29)

since Ia2 = – Ia1 Similarly, in the event that there is a line-to-ground fault involving phase a, the same 
output currents can be expressed as

 Ia – Ib = 3Ia1 (7.30)

 Ib – Ic = 0 (7.31)

 Ic – Ia = – 3Ia1 (7.32)

since

 Ia1 = Ia2

Figure 7.24 shows the equivalent circuit of an ideal CT. Note that, the primary-side impedance 
Zp has been neglected since it does not affect the perfectly transformed current Is (which is equal to 
NpIp/Ns) or the voltage across Xe, where Xe is the transformer excitation reactance referred to as the 
secondary and is saturable.

The term Zs is the transformer leakage reactance referred to as the secondary, ZB is the con-
nected external impedance (or burden) in terms of secondary leads, relay, instruments, etc., and IL 



399System Protection

is the maximum secondary current and can be estimated by dividing the known maximum fault 
current by the selected current by the selected CT ratio. Therefore, it can be shown that

 I Is
p

s
p

N

N
=






 (7.33)

 V Vs
s

p
p

N
N

=






 (7.34)

 IL = Is – Ie (7.35)

 Vs = IL (Zs + ZB) (7.36)

By substituting Equation 7.33 into Equation 7.35 and in turn substituting the resulting equation 
into Equation 7.36,

 V Z Z I Is s B
p

s
p e

N

N
= +( ) 





−













 (7.37)

The relationship between Vs and Ie is not a linear one owing to the saturation of the CT core. 
Therefore, CTs have ratio errors. The deviation of IL from Ie is called the CT error and can be 
expressed as a percentage,

 CT error = − ×I I
I

s L

s

100  (7.38)

or using the excitation current Ie,

 CT error = ×I
I

e

s

100  (7.39)

The CT error can be very high if the impedance burden is too large. However, the CT error 
can be reduced to an acceptable level by choosing the CT properly with respect to the burden. The 
acceptable CT error* can be determined by calculation for some types and by testing for other 
types. Therefore, the performance of a CT can be estimated by (1) the formula method, (2) the CT 

* Note that, the CT error consists of separate ratio and phase angle errors, and that the latter is important in revenue- 
metering installations.

Np Ip Is 
Zs 

Vs 
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–

+

–

+

–

Xe
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VL ZB

IL

Vp 

: Ns

FIGURE 7.24 Equivalent circuit of ideal CT.
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saturation curve method, and (3) the ANSI transformer relaying accuracy class method. Here, only 
the first two methods will be discussed.

7.8.1.1  Method 1. The Formula Method
This method is based on the known values of the maximum core flux density. For example, it is 
known that the silicon steels used in transformers saturate from 1.2013 to 1.9375 T (with an aver-
age value of 1.55 T), with newer units having the greater values. In this method, the secondary rms 
voltage Vs is first determined in volts from Equation 7.36, and it is substituted into the following 
equation to determine the maximum care flux density:

 Vs = 4.44f × A × Ns × βm V (7.40)

where
f = frequency in hertz
A = cross-sectional area of iron core in square meters
Ns = number of turns in secondary winding
βm = maximum core flux density in teslas

If the calculated value of the maximum core flux density βm does not exceed its known value, it 
can be assumed that the error in the secondary current (and therefore the CT error) due to saturation 
is not significant.

EXAMPLE 7.1

Assume that a CT has a rated current ratio of 500: 5 A, Zs = 0.242 Ω, and ZB = 0.351 Ω. The core 
area is 3 in.2 (or 1.9356 × 10–3 m2). The CT must operate at a maximum primary current of 10,000 A. 
If the core is built in silicon steel, determine whether the CT will saturate.

Solution

The turns ratio is 500/5 = 100. In the event that the CT does not saturate, the maximum secondary 
current is

 IL = =10 000
100

100
,

A
 

From Equation 7.36, the secondary rms voltage is

 

V I Z Zs L s B= +( )
= +( )
=

100 0 242 0 351

59 2991

. .

. V  

From Equation 7.40,

 59.2991 = (4.44 × 60) (1.9356 × 10–3) (100) βm

Then,

βm = 1.15 T

Since 1.15 T is less than even the lower limit of 1.2013 T, the CT will not saturate.
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7.8.1.2  Method 2. The Saturation Curve Method
In this method, the excitation current Ie for a given value of secondary voltage Vs is determined from 
a saturation curve. Figure 7.25 shows various saturation curves for a multiratio bushing-type CT. 
Such curves are developed by applying rms voltage to the CT secondary while measuring the rms 
currents, with the primary-side open-circuited.

EXAMPLE 7.2

Consider Example 7.1 and determine the CT error using the saturation curve method.

Solution

In Example 7.1, the secondary rms voltage Vs has been determined to be 59.2991 V. Therefore, the 
corresponding excitation current Ie can be found from Figure 7.25 as 0.1 A. Since Is ≅ IL = 100 A, 
the CT error is

Sec exciting amps, Ie

Notes:
1.  Above the line: voltage for given
     exciting current will not be less than
     95% of curve value.
2.  Below line: exciting current for
     given voltage will not exceed curve
     value by more than 25%. 
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FIGURE 7.25 Saturation curves for multiratio bushing-type CT with an ANSI accuracy classification of 
C100. (From Westinghouse Electric Corporation, Applied Protective Relaying. Relay-Instrument Division, 
WEC, Newark, NJ, 1976.)
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CT error = ×
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7.8.2  voltage tranSformerS

Voltage transformers are connected across the points at which the voltage is to be measured. 
Therefore, they are similar to small power transformers, differing only in details of design that 
control ratio accuracy over the specified range of output. In general, a very high accuracy is not 
demanded from VTs in the protection system applications. Therefore, a VT can be represented as 
an ideal transformer so that

 V Vs
s

p
p

N
N

=
 

The rated output of a VT seldom exceeds a few hundred volt-amperes. The secondary voltage of 
a VT is usually 120 V line to line or 69.3 V line to neutral.

For certain low-voltage applications, the secondary voltage of a VT may be 115 V line to line or 
66.4 V line to neutral. Some of the standard voltage ratios are 1:1, 2:1, 2.5:1, 4:1, 5:1, 20:1, 40:1, 60:1, 
100:1, 200:1, 300:1, 400:1, 600:1, 800:1, 1000:1, 2000:1, 3000:1, and 4500:1.

A VT must be insulated to withstand overvoltages, including impulse voltages, of a level equal 
to the withstand value of the switchgear with which it is associated and the high-voltage system. 
VTs designed for medium-voltage circuits have dry-type insulation, but for high-voltage and EHV 
systems oil-immersed units are general.

At higher voltages, their cost may become the prohibiting factor. Therefore, for voltage at high-
voltage and EHV levels, capacitor voltage transformers (CVTs) are used instead. Figure 7.26 shows 

(a) (b)

High-voltage
conductor

Bushing
Bushing

Capacitor
units

Tap

Tap

Ground
Auxiliary
capacitor

Bushing ground
shield

Capacitance
tap shield

FIGURE 7.26 Capacitor voltage transformers: (a) coupling-capacitor voltage divider; (b) capacitance- 
bushing voltage divider. (Mason, C. R.: The Art and Science of Protective Relaying. 1956. Copyright Wiley-
VCH Verlag GmbH & Co. KGaA. Reproduced with permission.)
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two different types of CVTs. The coupling-capacitor voltage divider shown in Figure 7.26a is made 
up of a series stack of capacitors with the secondary tap taken from the last unit, which is called 
the auxiliary capacitor [6]. The capacitance-bushing voltage divider shown in Figure 7.26b uses 
capacitance coupling of a specially constructed bushing of a CB or power transformer. As shown in 
Figure 7.26b, a particular level of the bushing is tapped for a secondary voltage. Figure 7.27 shows 
the equivalent circuit of a CVT. The inductance L may be a separate unit or it may be included in 
the form of a leakage reactance in the transformer T. The tuning inductance L is adjusted so that the 
burden voltage VB is in phase with the line-to-neutral system voltage Vs between the phase A con-
ductor and the ground. Therefore,

 X
X X
X XL

C C

C C

= ×
+

1 2

1 2

 (7.41)

in series resonance. Values of C1 and C2 are so chosen that a major part of the voltage drops across 
C1 (i.e., C1 ≪ C2 so that ωL ≅ 1/ωC2). At normal frequency, when C and L are in resonance and 
therefore cancel each other, the circuit acts in the same way as in a conventional VT. At the other 
frequencies, however, a reactive component exists that modifies the errors.

In general, however, VTs are far more accurate than the CTs. The VTs are usually connected 
in wye–wye, delta–delta, or delta–wye as required by the specific application. The open-delta 
connection can be used in some applications. Obviously, it is less expensive since it requires 
only two VTs.

Figure 7.28 shows various VT connections. Figure 7.29a shows a typical application of VTs on 
the low-voltage side of a wye–delta-connected power transformer in order to supply voltage to dis-
tance relays. Figure 7.29b shows a VT connection used for distance and ground relays. Note that, the 
wye-broken delta auxiliary VTs shown in Figure 7.29b are used to provide zero-sequence polarizing 
voltage for directional ground relays.

7.9  R–X DIAGRAM

The characteristics of a relay (e.g., a distance relay) and a system can be graphically represented 
in terms of only two variables (i.e., R and X or |Z| and θ), rather than the three variables (i.e., V, I, 
and θ) [7]. The R–X diagram is also called the impedance diagram (or the Z-plane or simply the 
complex plane).
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–

FIGURE 7.27 Equivalent circuit of capacitor voltage transformer.
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The complex variable Z is determined by dividing the rms magnitude of voltage by the rms mag-
nitude of current. The resulting Z can be expressed in rectangular or polar form as

 Z = R + jX = |Z| ejθ

where the values of R and X represent the coordinates of a point on the R–X diagram which, as 
shown in Figure 7.30, was originally given by a combination of the three variables, V, I, and θ. The 
values of R and X can be positive or negative, whereas Z must always be positive. Any negative 
values of Z must be neglected since they have no significance.

In addition to the plot of the operating characteristic of a given relay, the system conditions 
affecting the operation of this relay can be superimposed on the same R–X diagram so that the 
response of the relay can be determined. To achieve this relay operation, the system characteristic 
has to be within the operating region of the relay characteristic.

For example, if the relay involved is a distance relay, the signs of R and X are positive, accord-
ing to the convention, when real power and lagging reactive power flow are in the tripping 

A
B

C

A
B

C

A
B

C

(a) (b)

(c)

a b c

a b c

a b c

FIGURE 7.28 Various VT connections: (a) wye–wye connection; (b) delta–wye connection; (c) open–delta 
connection.
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direction of the relay under balanced three-phase conditions, as shown in Figure 7.31. Table 7.2 
gives the conventional signs of R and X depending on the power flow direction in the example 
system. Note that, the superimposed system and relay characteristics have to be in terms of the 
same phase quantities and the same scale. The quantities are usually given in per units even 
through they can also be in actual ohms. When ohms are used, both system and relay charac-
teristics have to be in terms of the same phase quantities and the same scale. The quantities are 
usually given in per units even though they can also be in actual ohms. When ohms are used, 

A

B

C

A
B

C

Power
transformers

VTs

(a)

(b)

a b c

a
b
c

Auxiliary VTs

To ground
relays

To distance
relays

FIGURE 7.29 Typical VT applications: (a) used at low-voltage side of wye–delta connected power trans-
former for use with distance relays; (b) used for distance and ground relays.
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FIGURE 7.30 R–X diagram.
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V2
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V I
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FIGURE 7.31 Example system for illustrating convention for relating relay and system characteristics on 
R–X diagram.

TABLE 7.2
Conventional Signs of R and X

Condition Sign of R Sign of X

Real power from bus 1 toward bus 2 +

Real power from bus 2 toward bus 1 –

Lagging reactive power from bus 1 toward bus 2 +

Lagging reactive power from bus 2 toward bus 1 –

Leading reactive power from bus 1 toward bus 2 –

Leading reactive power from bus 2 toward bus 1 +



407System Protection

both system and relay characteristics have to be on either a primary or a secondary basis using 
the following relationship:

 Secondary ohms primary ohms)
CT ratio
VT ratio

=



(



 (7.42)

In the event that a short transmission line has a series impedance of ZL and negligible shunt 
admittance, the sending-end voltage VS can be expressed in terms of the line voltage drop and the 
receiving-end voltage VR as

 VS = IZL + VR 

Therefore, the sending-end impedance ZS can be expressed in terms of the receiving-end imped-
ance ZR and the line impedance ZL as

 ZS = ZL + ZR (7.43)

where

 

Z
V
I

Z
V
I

S
S

R
R

=

=
 

The receiving-end load impedance can also be expressed as

 ZR = RR + jXR

where

 R
P

P Q
R =

×
+

V
2

2 2
 (7.44)

 X
Q

P Q
R =

×
+

V
2

2 2
 (7.45)

EXAMPLE 7.3

Assume that a short transmission line has the receiving-end load SR and voltage magnitude |VR| 
of 2.5 + j0.9 and 1.0 in per units, respectively. If the line series impedance |ZL| is 0.1 + j0.25 per 
unit, determine the following:

 (a) Receiving-end impedance ZR

 (b) Sending-end impedance ZS

 (c) Impedance diagram shown in R−X diagram
 (d) Power angle δ
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Solution

 (a) From Equations 7.44 and 7.45,
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 (b) From Equation 7.43,
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 (c) The impedance diagram is shown in Figure 7.32.
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FIGURE 7.32 The R–X diagram for Example 7.2.
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 (d) The power angle is

 
δ δ θ= −
= −
=

S R

39 7 19 8
19 9

. .

.
° °
°  

7.10  RELAYS AS COMPARATORS

In general, the task of a relay is to detect the change between normal and faulted conditions and send 
a signal when a fault occurs. The relay achieves this task by measuring different functions of applied 
quantities and by making a comparison between two or more different inputs, or simply comparing 
one measured quantity with a standard (or predetermined) value. Therefore, the relay intelligence 
itself is a “comparator.”

There are various types of comparators. The two most common types of comparators involve the 
use of amplitude and phase comparison. The amplitude and phase relation depends on the system 
conditions and for a predetermined value of this relation, indicative of a particular type and location 
of fault, the relay operates. With the exception of certain relay types (e.g., overcurrent relays), where 
only one electrical quantity overcomes a mechanical quantity such as the restraint from a spring, it 
is usual to compare two electrical quantities.

7.11  DUALITY BETWEEN PHASE AND AMPLITUDE COMPARATORS

Consider two phasor quantities A and B such that*

 A = |A|ejθ = Ap + jAq (7.46)

 B = |B|ejΦ = Bp + jBq (7.47)

and assume that they are the input signals of an amplitude comparator and the relay operates when

 |A| > |B|

If the input signals are altered to |A + B| and |A – B| so that the relay operates when

 |A + B| > |A – B|

then it acts as a phase comparator, as shown in Figure 7.33. This is due to the fact that both A and B 
must have the same polarity in order to satisfy the equation and to operate the relay.

Similarly, a phase comparator with inputs A and B operates when A and B have the same direc-
tional sense or polarity. Therefore, in the event that these inputs are altered to |A + B| and |A – B|, as 
shown in Figure 7.34, then the relay acts as an amplitude comparator when |A + B| and |A – B| have 
the same directional sense, that is, |A| > |B|. Thus, in the event that the input quantities are altered 
to the sum and difference of the original two input quantities, an amplitude comparator can be used 
as a phase comparator or vice versa.

* Note that, these are not the A and B of the ABCD transmission line constants.
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7.12  COMPLEX PLANES

Consider the two phasor quantities given by

 A = |A|ejθ = Ap + jAq (7.46)

 B = |B|ejΦ = Bp + jBq (7.47)

from which

 
A
B

A
B

A
B

= − + −cos ( ) sin( )i jθ θΦ Φ  (7.48)

If B is taken as the reference phasor, then
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A
B

A
B

= +cos sinθ θj  (7.49)

or in terms of the real and imaginary (or quadrature) components

 
A
B

A
B

A
B

= +
p q

j  (7.50)

If phasors A and B represent voltage and current, respectively, then the real and imaginary com-
ponents of A/B symbolize resistance R and reactance X. Therefore, as already discussed in Section 
7.9, it can be plotted in the Z-plane. Thus, the resultant diagram is called the impedance diagram. 
Similarly, if phasor B/A is plotted, its real and imaginary components represent conductance G and 
susceptance B. Thus, phasor B/A can be plotted in the Y-plane. Therefore, the resultant diagram is 
called the admittance diagram.

(a) (b) (c)
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A + B A – B A A + BA – B A A + B

FIGURE 7.33 Phase comparison using an amplitude comparator: (a) when |A + B| < |A – B|, Φ – θ	>	90°; 
(b) when |A + B| = |A – B|, Φ – θ	=	90°; (c) when |A + B| > |A – B|, Φ – θ	>	90°.
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FIGURE 7.34 Amplitude comparison using phase comparator: (a) when |A| < |B|, δ	> 90°; (b) when |A| < |B|, 
δ = 90°; (c) when |A| > |B|, δ	< 90°.
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On the other hand, if phasors A and B both represent currents or voltages, then the real and 
imaginary components of A/B and B/A symbolize quantities that are defined by Warrington [8,9] 
as the “alpha” and “beta” quantities, respectively. Therefore,
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 (7.51)

Thus, such phasor can be plotted in the α-plane and the resultant diagram is called the alpha 
diagram. Similarly,
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 (7.52)

Therefore, such phasor can be plotted in the β-plane, and the resultant diagram is called the beta diagram.
In general, the operating characteristic of a relay is plotted on a polar graph whose ordinates are 

the real and imaginary components of A/B or B/A, where A and B are the two quantities compared 
by the comparator.

The equations representing such operating characteristics are of the second-order type and there-
fore represent circles, sectors of circles, or straight lines.

Thus, the operating characteristics represent the threshold (or boundary) of operation where the 
comparator has zero input; therefore, the output is positive (tripping) on one side of the characteris-
tic and negative (blocking) on the other side.

In the event that the relay characteristic is a circle passing through the origin when plotted on 
the α-plane, as shown in Figure 7.35a, it becomes a straight line outside the origin when plotted on 

(a) (b)
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–0 0

FIGURE 7.35 Typical relay-operating characteristic: (a) plotted on α-plane, (b) plotted on β-plane.
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the β-plane, as shown in Figure 7.35b. The opposite of this is also true. Furthermore, if the circular 
characteristics are not going through the origin, they are orthogonal in the two planes.

7.13  GENERAL EQUATION OF COMPARATORS

To develop the general equation of comparators, assume that the logic configuration of a relay 
is made up of two weighted summers and a comparator, as shown in Figure 7.36a. Assume 
also, that S1 and S2 are the two input signals such that when the phase relationship or amplitude 
relationship complies with predetermined threshold conditions, tripping is initiated. Let the two 
input signals be

 S1 = k1A + k2B (7.53)

 S2 = k3A + k4B (7.54)

where k1, k2, k3, and k4 are design constants. Alternatively,

 S1 = (k1 |A| cos θ + k2 |B| cos Φ) + j(k1 |A| sin θ + k2 |B| sin Φ) (7.55)

 S2 = (k3 |A| cos θ + k4 |B| cos Φ) + j(k3 |A| sin θ + k4 |B| sin Φ) (7.56)

Figure 7.36b shows the phasor diagram. Both S1 and S2 are input to the comparator, which pro-
duces a trip (operate) signal whenever |S1| > |S2| in an amplitude comparison mode.

Reference axis

(a)

(b)

Trip
signalComparator

+

+
+

+

S1

S1S2

S2

A

B

Φ

Φ

θ

k4B

k2B

k1A

k3A

FIGURE 7.36 General comparator representation: (a) block diagram; (b) phasor diagram.
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7.14  AMPLITUDE COMPARATOR

The trip signal is produced for an amplitude comparator when |S2| > |S1|. Therefore, their moduli 
will be equal at the threshold of operation, that is, |S1| = |S2| for any phase angle between them (the 
locus of which represents the relay-tripping characteristic). Thus, at the threshold of operation

 (k1 |A| cos θ + k2 |B| cos Φ)2 + (k1 |A| sin θ + k2 |B| sin Φ)2 =  
 (k3 |A| cos θ + k4 |B| cos Φ)2 + (k3 |A| sin θ + k4 |B| sin Φ)2 (7.57)

Rearranging the terms,

 k k k k k k k k1
2

3
2 2

1 2 3 4 2
2

4
2 2

2−( ) + − − + −( ) =A A B B( ) cos( )Φ θ 00  (7.58)
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 (7.59)

which can be reexpressed as

 ββ ββ ββ ββ
2

0 0
2 22+ − + =cos( )Φ θ r  (7.60)

where
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 ββ ββ0
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2
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−
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k k
e jθ  (7.62)
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k k k k

k k
= −

−
1 4 2 3

2
2

4
2  (7.63)

Equation 7.60 represents the equation of a circle of radius r, and center located at β0 on the 
β-plane, as shown in Figure 7.37, having |β0| cos θ and j|β0| sin θ as coordinates represented by βp 
and jβq.

Similarly, it is possible to express Equation 7.58 in terms of the alpha quantities so that

 |α|2 + 2|α||α0| cos (Φ – θ) + |α0|2 = r2 (7.64)

where

 αα�
A
B

e j( )θ−Φ  (7.65)
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 αα0
1 2 3 4

1
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3
2

= −
−

k k k k

k k
 (7.66)

 r
k k k k

k k
= −

−
1 4 2 3

1
2

3
2  (7.67)

Equation 7.64 represents the equation of a circle of radius r and center located at α0 on the 
α-plane, as shown in Figure 7.38, having |α0| cos θ and j|α0| sin θ as coordinates represented by αp 
and jαq.

7.15  PHASE COMPARATOR

The trip signal is produced for a phase comparator when the product of the two signals S1 and 
S2 is positive. The signals S1 and S2 are given by Equations 7.55 and 7.56, respectively, as before. 
Therefore, they can be expressed as

 S1 1
1= S e jθ  (7.68)

 S2 2
2= S e jθ  (7.69)

0
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βq

βp

|β|
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r

FIGURE 7.37 Threshold characteristics of comparator plotted in β-plane.
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αq
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FIGURE 7.38 Threshold characteristics of comparator plotted in α-plane.
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The product of S1 and S2 is maximum when the two phasors are in phase. Therefore, at the 
threshold of operation

	 θ1 – θ2 = ±90° (7.70)

by taking the tangent of both sides

 tan (θ1 – θ2) = ±∞ (7.71)

or

 
tan tan

tan tan
θ θ

θ θ
1 2

1 21
−

+
= ±∞  (7.72)

which is true when

 1 + tan θ1 tan θ2 = 0 (7.73)

or

 tan
tan

θ
θ1

2

1=  (7.74)

The quantities tan θ1 and tan θ2 can be determined from Equations 7.55 and 7.56, respectively, as
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Substituting Equations 7.75 and 7.76 into Equation 7.74,
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or
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which can be reexpressed as

 ββ ββ ββ ββ
2

0 0
2 22− − + =cos( )Φ θ r  (7.80)

where

 ββ0
1 4 2 3

2 42
= − +k k k k

k k
 (7.81)

 r
k k k k

k k
= +1 4 2 3

2 42
 (7.82)

Equation 7.80 represents the equation of a circle of radius r and center located at β0 on the 
β-plane, having |β0| cos θ and j|β0| sin θ as coordinates represented by βp and j|βq|.

Similarly, it is possible to express the equation in terms of the alpha quantities so that

 αα αα αα αα
2

0 0

2 22− − + =cos( )Φ θ r  (7.83)

where

 αα0
1 4 2 3

1 32
= − +k k k k

k k
 (7.84)

 r
k k k k

k k
= +1 4 2 3

1 42
 (7.85)

Equation 7.83 represents the equation of a circle of radius r and center located at α0 on the 
α-plane having |α0| cos θ and j|α0| sin θ as coordinates represented by αp and jαq.

Table 7.3 gives the values of r and β0 for amplitude and phase comparators for the β-plane. 
Similarly, Table 7.4 gives the values of rand α0 for amplitude and phase comparators for the α-plane. 
The electromagnetic relays that operate inherently as amplitude comparators include balanced 
beam, hinged armature, plunger, and induction disk relays with shaded pole-driving magnets.

TABLE 7.3
Values of r and β0 for Amplitude and Phase Comparators 
on β-Plane

Quantity Amplitude Comparator Phase Comparator

r
k k k k

k k
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2
2

4
2
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−

k k k k
k k
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−

β0 k k k k

k k
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4
2

− − +k k k k
k k

1 4 2 3
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On the other hand, the electromagnetic relays that operate inherently as phase comparators 
include induction cup, induction dynamometer, and induction magnets. The solid-state relays are 
capable of producing any desired relay characteristics using phase or amplitude comparison.

EXAMPLE 7.4

Assume that an amplitude comparator has a threshold characteristic whose center and radius are 
given by Equations 7.62 and 7.63. Determine the properties of this characteristic for the following 
values of the constants.

 (a) When k1 = k3

 (b) When k1 ≠ k3

 (c) When k1 = k3 and k2 = –k4

Solution

 (a) From Equations 7.63 and 7.62, the radius of the circle and the location of its center can be 
found as
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  Thus, the circle passes through the origin in the β-plane.

TABLE 7.4
Values of r and α0 for Amplitude and Phase Comparators 
on α-Plane

Quantity Amplitude Comparator Phase Comparators

r
k k k k

k k
1 4 2 3

1
2

3
2

−
−

k k k k
k k

1 4 2 3

1 32
−

α0 k k k k

k k
1 2 3 4

1
2

3
2

−
−

− +k k k k
k k

1 4 2 3

1 32



418 Modern Power System Analysis

 (b) However, when k1 ≠ k3, the circle is obviously offset.
 (c) When k1 = k3 and k2 = –k4,
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  Therefore, the characteristic is a straight line passing through the origin, that is, a direc-
tional characteristic.

7.16  GENERAL EQUATION OF RELAYS

In most relays, at least one of the design constants k1, k2, k3, and k4 is zero and two of them are often 
equal. Hence, the practical case becomes relatively simple. For example, if there are no more than 
two quantities involved, it can be shown that the operation of most relays can be predicted by the use 
of the following general relay (torque) equations:

 T = ka|A|2 – kb|B|2 + kc|A||B| cos (Φ – θ) – ks (7.86)

where
ka, kb, kc = scalar constants
ks = adjustable spring constant representing mechanical restraining torque
|A|, |B| = two electrical quantities being compared
Φ = phase angle between A and B
θ =  relay characteristic angle (value of maximum torque in electromagnetic relay or maximum 

output in static relay)

At the threshold of operation under steady-state conditions,

 ka|A|2 – kb|B|2 + kc|A||B| cos (Φ – θ) – ks = 0 (7.87)

It represents all the circular and straight-line characteristics that can be obtained from any two-
input relay. If the two quantities are current I and voltage V then

 ka|I|2 – kb|V|2 + kc|I||V| cos (Φ – θ) – ks = 0 (7.88)

Here, the current winding produces a torque ka|I|2 and the potential winding a torque kb|V|2, 
whereas the torque due to interaction of current and potential windings will be VI cos (Φ – θ).
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In single-quantity relays, ks is a constant and is used as a level indicator. Whereas in relays using 
two input quantities, its value is reduced to zero. Therefore, setting ks = 0 and dividing Equation 
7.88 by kb|I|2,
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If kc = 1,
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adding |1/2kb|2 on both sides of the equation,

 
V
I

V
I

2 2 2 2
1

2
1

2
− − + = +cos( )Φ θ

k k
k
k kb b

a

b b

 (7.91)

It represents a circle on the R–X complex plane (polar diagram) having |V/I| cos Φ and j|V/I| 
sin Φ as coordinates, as shown in Figure 7.39. The radius of the circle is

 r
k k

k
a b

b

=
+1 4

2
 (7.92)

and its center is located at 1/2 kb from the origin at an angle θ from the reference axis.

7.17  DISTANCE RELAYS

A distance relay responds to input quantities as a function of the electrical circuit distance between 
the relay location and the point of faults. Since the impedance of a transmission line is proportional 
to its length, for distance measurement it is suitable to employ a distance relay that is capable of 
measuring the impedance of a line up to a given point.

It is designed to operate only for faults taking place between the relay location and the selected 
point. Thus, it discriminates the faults that may take place between different line sections by com-
paring the current and voltage of the power system to determine whether a fault exists within or 
outside its operating zone.

0

X

θ
R

2kb

2kb
r =

c = 1

1 + 4kakb

FIGURE 7.39 Characteristics of two-input relay.
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Consider the transmission line shown in Figure 7.40 and assume that a balanced-beam-type dis-
tance relay (indicated in the figure by its standard device number, 21) is located at bus R and receives 
a secondary current equal to the primary fault current and a secondary voltage equal to the product of 
the fault current and the impedance of the line up to the fault point F (i.e., VF = IFZF). Since the relay 
is designed so that its operating torque is proportional to the current and its restraining torque is pro-
portional to the voltage, then in conformity with the relative number of ampere turns applied to each 
coil, there is a definite ratio at which the two torques are equal (called the balance point of the relay).

Thus, any increase in the current coil ampere turns without an associated increase in the voltage 
coil ampere turns causes the relay to become unbalanced. Hence, below a given ratio of voltage to 
current, the operating torque is greater than the restraining torque and the relay closes its contacts. 
On the other hand, above a given ratio of voltage to current, the restraining torque is larger than the 
operating torque, the relay restrains, and the contacts stay open.

The ohmic setting of such relays can be adjusted by altering the relationship of the ampere turns 
of the operating coil to those of the restraint coil, making it possible to select a setting suitable 
for the length of the line to be protected. The locus of points where the operating and restraining 
torques are equal is the threshold characteristic.

It depends on the ratio of voltage to current and the phase angle between them, and it may be 
plotted on an R–X diagram. If the locus of power system impedances such as those of faults, power 
swings, and loads are plotted on the same diagram, the relay performance under such system dis-
turbances can be observed.

Figure 7.41a shows a single-line diagram of a three-phase system. Assume that there is a fault at 
the end of the line so that it can be represented by a simple impedance loop to which a voltage V has 

(a)

(b)

Source Line

R

R
VS

ZS ZLIR

VR

VR  =  VL
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–

FIGURE 7.41 Power system arrangement to study relationship between source-to-line ratio and relay voltage.
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ZS

IF

ZF

ZL
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21
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FIGURE 7.40 Representation of line section between two buses.
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been applied, as shown in Figure 7.41b. The voltage V may be either a wye or a delta open-circuit 
voltage of the power system, depending on the fault type. The distance relay is located at the point 
R, and the current IR and voltage and voltage VR are applied to it. The impedances ZS and ZL are the 
source and line impedances, respectively, due to their positions with respect to the relay location. 
It is interesting to note that the source impedance ZS is a measure of the fault level at the relaying 
point. If the fault involves ground, the ZS is also affected by the method of system grounding behind 
at the relaying point. If the fault involves ground, the ZS is also affected by the method of system 
grounding behind the relaying point.

The line impedance ZL is a measure of the impedance of the protection section. Thus, the voltage 
VR applied to the relay is equal to IRZL for a fault at the reach point. Thus,

 VR = IRZL (7.93)

but
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Figure 7.41b illustrates this relationship between the relay voltage VR and the ratio ZS/ZL. It is 
applicable for all types of short circuits.

However, for phase faults, the voltage V is the line-to-line voltage and ZS/ZL is the ratio of the 
positive-sequence source impedance to the positive-sequence line impedance. Therefore,
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1

11 1/
L L( )  (7.97)

On the other hand, for ground faults, the voltage V is the line-to-neutral voltage and ZS/ZL is a 
composite ratio taking into account the positive-, negative-, and zero-sequence impedances. Thus,

 V
Z Z

VR
S L

= ( ) +












−
1

1/
L N( )  (7.98)

where

 ZS = ZS1 + ZS2 + ZS0 (7.99)

 ZL = ZL1 + ZL2 + Zl0 (7.100)
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It is interesting to note that, under normal circumstances, the relay measures a greater impedance 
than that of the line because it also measures the impedance of the load that is connected to the 
line. In the event that having a solid fault, the fault causes the load to be short-circuited, the relay 
measures only the impedance of the line.

On the other hand, in the event that the fault is not a solid fault (e.g., an arcing fault), its imped-
ance, which is in parallel with that of the load and the lines to the load, is added to that of the faulted 
line section. Thus, the fault appears to be more far off than it actually is. Also, it shrinks the reach 
of the relay.

Hence, partly for this reason, and partly because the relay cannot be built with a hundred percent 
accuracy, a second distance-measuring unit is used to provide protection for the far end of the line 
near the next bus. Also, a third unit is typically used to provide backup protection for the first two 
units in the next line section, as shown in Figure 7.42.

The term distance is used for a family of relays that respond to a ratio of voltage to current and 
therefore to impedance or a component of impedance. The distance relays are classified according 
to their polar characteristics, the number of inputs they have, and the method by which the com-
parison is made. The common types compare two input quantities in either magnitude or phase to 
obtain characteristics that are either straight lines or circles when plotted on an R–X diagram. The 
basic distance relay types are (1) impedance, (2) reactance, (3) admittance (or mho), (4) offset mho 
(or modified impedance), and (5) ohm relays.

7.17.1  imPedanCe relay

Consider an amplitude comparator (e.g., balanced beam structure), and assume that it is at the 
threshold of operation so that Equation 7.58 is applicable. Therefore,

 k k k k k k k k1
2

3
2 2

1 2 3 4 2
2

4
2 2

2−( ) + − − + −( ) =A A B B( ) cos( )Φ θ 00  (7.58)

if the constants are so adjusted so that the input signals are

 S1 = k1V (7.101)

 S2 = k4V (7.102)
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FIGURE 7.42 Operating time versus impedance for impedance-type distance relay.
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that is, k2 = k3 = 0 , A = V, and B = I. Substituting Equations 7.101 and 7.102 into Equation 7.58

 k k1
2 2

4
2 2

V I=
 

or

 
V
I

= =k
k

k4

1

constant  (7.103)

that is,

 Z = constant k (7.104)

Therefore, the impedance relay does not consider the phase angle between the current and the 
voltage applied to it.

Because of this, its impedance characteristic when plotted on an R–X diagram is a circle with its 
center at the origin of the coordinates and of radius equal to its setting in ohms, as shown in Figure 
7.43b. The relay operates for all impedance values that are less than its setting, that is, for all points 
within the cross-hatched circle. It restrains for all points outside the circle. The relay, shown in 
Figure 7.43, is located on bus A and is nondirectional, that is, it operates for all faults along the vec-
tor AB and also for all faults behind the bus A up to an impedance AC. Note that, the line ABC rep-
resents the angle by which the fault current lags the driving voltage and that A is the relaying point.

The characteristic shown in Figure 7.43 indicates that the relay is not directional. To make the 
relay nonresponsive to bus and line faults behind it, directional control is essential. This can be 
achieved by the addition of a directional unit. Figure 7.44 shows a typical per-phase arrangement for 
a three-zone distance relay with directional unit used for transmission line protection [10].

The impedance characteristic of the directional relay is a straight line on the R–X diagram. The 
combined characteristic of the directional and impedance relays is the cross-hatched semicircle 
shown in Figure 7.45. The three impedance units are labeled Z1, Z2, and Z3.

The associated regions are called zones of protection. It is usually a standard practice to set the 
zone 1 relay for about 80% reach (to cover 80% of the line impedance) and instantaneous operation. 
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FIGURE 7.43 Characteristics of impedance relay.
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FIGURE 7.45 Operating and time-delay characteristics of impedance-type distance relay with directional 
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FIGURE 7.44 Typical per-phase arrangement for three-zone distance relay with directional unit. (Gross, 
C. A.: Power System Analysis. 1979. Copyright Wiley-VCH Verlag GmbH & Co. KGaA. Reproduced with 
permission.)
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Thus, the resulting shortened zone 1 is called as an underreaching zone. The zones 2 and 3 relay 
units are typically set for longer reaches and time delays. For example, the reach of the zone 2 relay 
extends beyond the line terminal well into the lines connected to the remote bus. Therefore, it is 
called as an overreaching zone. Typically, the zone 2 relay is set for 120% reach and operates at a 
time delay T2 of 12–18 cycles.

At any event, it should be long enough to provide selectivity with the slowest of (1) line relays of 
adjoining line sections, (2) bus differential relays of the bus at the other end of the line, or (3) trans-
former differential relays of transformers on the bus at the other end of the line. On the other hand, 
the zone 3 relay provides backup protection for faults in adjoining line sections. Therefore, its reach 
should extend beyond the end of the longest adjoining line section under the conditions that cause 
the maximum amount of underreach, namely, arcs and intermediate current sources. Typically, the 
zone 3 relay is set for 250% reach on transmission lines and operates at a time delay T3 of 60 cyc1es.*

In Figure 7.45, Φ is the angle of maximum torque of directional unit, and θ is the line impedance 
angle. This origin represents the relay location. If there is a metallic (or solid) fault in the tripping direc-
tion, the impedance lies on the line impedance locus indicated by this angle θ. The Z1 and Z2 units 
provide the primary protection for a given transmission line section, whereas Z2 and Z3 provide backup 
protection for adjoining buses and line sections. The disadvantages of the impedance relays are

 1. It is nondirectional. Therefore, it will see faults both in front of and behind the relaying 
point. Thus, it requires a directional unit to provide it with correct discrimination.

 2. It is affected by arc resistance during arcing faults on the protected line.
 3. It is highly sensitive to power swings, due to the large area covered by its impedance circle.

If the impedance relays operate owing to the changes in line-to-line voltages (known as delta 
voltages, e.g., Vb – Vc) and the difference between line currents (known as delta currents, e.g., 
Ib – Ic), they are called phase relays. Figure 7.46b shows such “phase” arrangement, which is also 
called the delta connection. The phase relays can detect

 Z
V
Iab

ab

ab

=
 

or

 Z
V
Ibc

bc

bc

=
 

or

 Z
V
Ica

ca

ca

=
 

where the delta voltages must be determined from

 V V Vab an bn= −( )1

3  

* In certain applications such as at EHV levels, it may be extremely difficult to coordinate the zone 3 relay with the zone 
2 relays of the neighboring lines. Because of the difficulty, the remote backup protection using the zone 3 units are often 
neglected.
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FIGURE 7.46 Distance relay connections: (a) ground relay connections; (b) phase relay connections. (Gross, C. A.: 
Power System Analysis. 1979. Copyright Wiley-VCH Verlag GmbH & Co. KGaA. Reproduced with permission.)
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 V V Vab an bn= −( )1

3  

 V V Vab an bn= −( )1

3  

and the delta currents must be determined from

 I I Iab a b= −( )1

3  

 I I Iab a b= −( )1

3  

 I I Ica c a= −( )1

3  

Thus, the phase relays operate properly on three-phase faults, all line-to-line faults, and double 
line-to-ground faults. However, they do not operate properly on single line-to-ground faults. For 
such faults, three additional relays, which use line-to-neutral voltages, line currents, and the zero-
sequence currents, are needed. These relays are called ground relays. Figure 7.46a shows such 
“ground” arrangement, which is also called wye connection. The ground relays can detect

 Z
V
Ia

a

a

=
 

or

 Z
V
Ib

b

b

=
 

or

 Z
V
Ic

c

c

=
 

where the wye values are readily available from the fault studies using symmetrical components. 
The ground relays operate properly not only on single line-to-ground faults but also on double 
line-to-ground faults and three-phase faults. However, they do not operate properly on line-to-line 
faults.

7.17.2  reaCtanCe relay

Consider a phase comparator (e.g., the induction cylinder or double-induction-loop structure), and 
assume that it is at the threshold of operation so that Equation 7.78 is applicable. Therefore,
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 k k k k k k k k1 3

2

2 4

2

1 4 2 3 0A B A B+ + + − =( ) cos( )Φ θ  (7.78)

if the input signals are

 S1 = –kaV + kbI∠Φ – θ (7.105)

 S2 = kbI∠Φ – θ (7.106)

that is, k1 = –ka, k2 = k4 = kb∠Φ, k3 = 0, A = V, and B = V. Substituting Equations 7.105 and 7.106 into 
Equation 7.78,

 k k kb a b
2 2

0I I V= − − =cos( )Φ θ  (7.107)

or

 Z cos( )Φ− =θ k
k

b

a

 (7.108)

If Φ = π
2

, then

 Zsinθ = k
k

b

a

 (7.109)

or

 X
k
k

kb

a

= = constant  (7.110)

that is,

 X = constant k

Thus, the characteristic of this relay on the R–X diagram is represented by a straight line paral-
lel to the horizontal axis R, as shown in Figure 7.47a. Note that, the resistance component of the 
impedance does not affect the operation of the relay and that the relay reacts only to the reactance 
component. Thus, the relay operates for any point below for the operating characteristic (regardless 

of whether its location is above or below the R axis). If Φ ≠ π
2

 in Equation 7.108, then the straight-

line characteristic will not be parallel to the R axis. Such a relay is called the angle-impedance 
relay.

A reactance relay is not affected by the presence of a fault arc resistance since it responds only 
to the reactive component of the system impedance. However, when fault arc resistance is of such 
a high value that load and fault current magnitudes are of the same order, the reach of the relay is 
altered by the value of the load and its power factor and may either overreach or underreach.
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Thus, to provide directional response and to prevent operation under normal-load conditions, a 
voltage-restraining unit (e.g., mho relay) is added to the relay. Such a modified reactance relay is 
called the starting relay. Figure 7.47b shows such a combination of mho and reactance characteris-
tic. Figure 7.47c shows the application of a reactance relay for zone protection. In this figure, 0 is the 
relay location, OA is the first line section, AB is the second line section, BC is the third line section, 
and θ is the line impedance angle.

7.17.3  admittanCe (mho) relay

Consider a phase comparator and assume that it is at the threshold of operation so that Equation 7.78 
is applicable. Therefore,

 k k k k k k k k1 3

2

2 4

2

1 4 2 3 0A B A B+ + + − =( ) cos( )Φ θ  (7.78)

if the input signals are

 S1 = –kaV + kbI ∠ Φ – θ (7.111)

 S2 = kaV (7.112)

(a) (b)

(c)

X X

X

X

A

B

C

R

0

0

0R R

Reactance
characteristic Protected

line

Mho starter
characteristic

X  =

Protected line

Zone 3

Zone 2

Zone 1

θ

θ

kb

X3

X2

X1

ka

FIGURE 7.47 Characteristic of reactance relay: (a) on R–X plane; (b) combination of mho and reactance 
characteristics; (c) application for zone protection.
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that is, k1 = –ka, k2 = kb∠Φ, k3 = ka, k4 = 0, A = V, and B = I. A = V and B = V. Substituting Equations 
7.111 and 7.112 into Equation 7.78,

 − + − =k k ka a b
2 2

0V V I cos( )Φ θ  (7.113)

or

 
I
V

cos( )Φ− =θ k
k

a

b

 (7.114)

or

 Y cos( )Φ− =θ k
k

a

b

 (7.115)

This represents the admittance (mho) relay characteristic. If it is plotted on the R–X diagram, 
it is a circle passing through the origin, as shown in Figure 7.48a. If it is plotted on the admittance 
(i.e., the G–B) diagram, it is a straight line, as shown in Figure 7.48b. The circle passing through the 
origin makes the relay inherently directional.

Thus, with such a characteristic, the relay measures distances in one direction only. Thus, it does 
not require a separate distance unit. The reach point setting of a mho relay changes with the fault angle 
owing to the fact that the impedance measurement is not constant for all angles. The fault angle is 
therefore dependent on the relative value of R and X. If there is an arcing fault condition, the value of R 
will increase by the amount of the resistance of arc Rarc causing the fault angle to change. This, in turn, 
causes the relay to underreach if it has a characteristic angle that is equal to the line angle.

Hence, it is good practice to set the relay with its characteristic angle leading the line angle, so 
that an arc resistance can be taken into account without causing any underreach, as is illustrated 
in Figure 7.48c. The approximate value of arc resistance arc can be determined from the empirical 
formula derived by Warrington [8].

 R
I

arc =
8750

1 4

�
.

Ω
 

where
ℓ = length of the arc in still air in feet
I = current in arc in amperes

(a) (b) (c)

X XB

G

A R

B
B'

RarcZL

D

0

0

R

θ

θ

θ
Φkb

ka

ka
kb

FIGURE 7.48 Characteristic of mho relay: (a) on R–X plane; (b) on G–B plane; (c) reduction of relay reach 
by fault (arc) resistance.
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The length of the arc is initially equal to conductor spacing in the event of line-to-line faults and 
the distance from conductor to tower in case of line-to-ground faults. With cross wind, when there is 
a time delay in fault clearance such as zones 2 and 3, the arc is extended considerably, and therefore 
its resistance is increased. Thus, especially for zones 2 and 3, high-velocity winds may cause the 
relay to underreach seriously. Such arc resistance can be determined from Equation 4.3.

The effect of the arc resistance is most significant on short lines and with fault currents less than 2000 
A during off-peak hours. It is not significant on long-transmission lines, which have overhead ground 
wires and steel towers. However, it is very significant on long-transmission lines built with wooden poles 
and without ground wires. Figure 7.49 shows the application of a mho relay for zone protection.

It is interesting to note that the critical arc location is just short of the point on a line at which a 
distance relay’s operation changes from high-speed to intermediate time or from intermediate time 
to backup time. In other words, an arc within the high-speed zone (i.e., zone 1) will cause the relay 
to operate in intermediate time (i.e., zone 2); an arc within the intermediate zone will cause the relay 
operate in backup time (i.e., zone 3); or an arc within the backup zone will prevent relay operation 
altogether.

If a fault takes place within the instantaneous operation zone (i.e., zone 1), the distance relay will 
operate instantaneously before the arc can stretch significantly and therefore increase its resistance. 
Thus, the important thing is the initial amount of arc resistance.

7.17.4  offSet mho (modified imPedanCe) relay

Assume that the input signals to a phase comparator are given as

 +S1 = –kaV + k2I∠Φ – θ (7.116)

 S2 = –kaV + k4I∠Φ – θ (7.117)

that is k1 = –ka, k2 = k2∠Φ, k3 = ka, k4 = k4∠Φ, A = V, and B = I. Substituting Equations 7.116 and 
7.117 into Equation 7.78,

 − + + −( ) − =k V k k I k k k VIa a
2 2

2 4
2

2 4 0cos( )Φ θ  (7.118)

X

Y3
Y2

Y1

Line impedance
locus

0 R

FIGURE 7.49 Operating characteristic of three-zone mho relay.
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dividing by I2,

 − + + −( ) − =k Z k k k Z k ka a
2 2

2 4 2 4 0cos( )Φ θ  (7.119)

since Z2 = R2 + X2 and dividing by −ka
2,

 R X
k k

k

k k
k

R X
a a

2 2 2 4
2

2 4 0+ − − − + =( cos sin )Φ Φ  (7.120)

 R
k k

k
X

k k

ka a

−
−( )










+ −

−( )






2 4

2

2 4

2 2

cos sinΦ Φ





≤ +









2

2 4

2

2
k k

ka
 (7.121)

Thus, the characteristic of this relay on the R–X diagram is represented by a circle with its center 
located at (k2 – k4)/2ka∠Φ and of radius equal to (k2 + k4)/2ka, as shown in Figure 7.50a. Under close-
up fault conditions, when the voltage applied to a mho relay is at or near zero, the relay may fail to 
operate unless a “current bias” is introduced into the voltage circuit. Hence, the mho characteristic 
is shifted to encircle the origin, as shown in Figure 7.50a.

The offset mho unit is used in conjunction with mho measuring units as a fault detector 
and third-zone measuring unit. Thus, with the backward reach arranged to extend into the bus 
zone, the offset mho unit will provide backup for bus faults, as shown in Figure 7.50b. However, 
this cannot be provided in conjunction with reactance measuring units since they will operate 
instantaneously for bus faults causing the discrimination between primary protection zones to 
disappear.

XX

k4
ka

Line impedance
locus

0

Φ

Φ

k2
ka

Φ

R

R

(a) (b)

Bus
zone

FIGURE 7.50 Offset mho characteristic: (a) typical characteristic; (b) application for zone backup protection.
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7.17.5  ohm relay

The ohm relay characteristic is represented by Equation 7.108, and it is a straight line when plotted on 
the R–X diagram. Thus, a reactance relay is a special case of an ohm relay. It is also called the angle 
impedance relay and is used as a “blinder” to prevent distance relays from tripping on very severe power 
swings on long lines to avoid cascade tripping. During severe power swing conditions from which the 
system is not likely to recover, normal service can be provided only if the swinging sources are separated.

To minimize the system disturbance, an out-of-step tripping scheme having ohm units is used. The 
scheme usually has two ohm units, the characteristics of which are arranged to be parallel to and on 
either side of the line impedance vector, as shown in Figure 7.51. As the impedance changes during a 
power swing, the point representing the impedance moves along the power swing locus, entering into 
the zone between the two blinders provided by the ohm units O1 and O2, after which the ohm units oper-
ate. Since no condition other than power swing can cause the impedance vector to move in this way, the 
scheme operates only during power swings and not during other disturbances (e.g., faults).

EXAMPLE 7.5

Consider the one-line diagram of a 345-kV transmission line shown in Figure 7.52a. The equiva-
lent systems behind buses A and B are represented by the equivalent system impedances in series 
with constant bus voltages, respectively. Assume that power flow direction is from bus A to bus 
B. Consider the directional distance relay located at A whose forward direction is in the direc-
tion from bus A to bus B. Assume that zone-type distance relays have two units, namely, three 
phase and phase to phase. Thus, for three-phase faults, the mho characteristic is directional and 
only operates for faults in the forward direction on line AB. For line-to-line faults (i.e., a–b, b–c, 
and c–a), the phase-to-phase unit operates. Also, assume that all double line-to-ground faults are 
protected by an overlap of the two distance units. All other line-to-ground faults are protected by 
ground distance relays and are not included in this example. Consider only zones 1 and 2 protec-
tion for the distance relay located at bus A and do the following:

 (a) Draw the locus of the line impedance ZL on the R−X diagram.
 (b) Draw the two-zone mho characteristics on the R−X diagram for the three-phase units.
 (c) Draw the two-zone characteristics on the R−X diagram for the phase-to-phase units.
 (d) Indicate the approximate vicinity for the possible location of the normal operation point for 

power flow from bus A to bus B.

X

0

Locus of
power swing

R

Blinders

Line impedance

Mho unit

O1
O2

FIGURE 7.51 Use of ohm relay units as blinders to narrow angular range in which tripping can occur dur-
ing swings.
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Solution

The solution is shown in Figure 7.52b.

EXAMPLE 7.6

Assume that Figure 7.52a is the one-line diagram of a 138-kV subtransmission line with a line 
impedance of 0.2 + j0.7 pu. Consider the directional distance (mho) relay located at A whose 
forward direction is in the direction from bus A to bus B. Assume that there is a line-to-line fault 
at the fault point F, which is located at 0.7 pu distance away from bus A. The magnitude of the 
fault current is 1.2 pu. Assume that the line spacing of 10.3 ft is equal to the arc length. The base 
quantities for power, voltage, current, and impedance are given as 100 MVA, 138 kV, 418.4 A, 
and 190.4 Ω, respectively. Consider only zones 1 and 2 protection and determine the following:

 (a) Value of arc resistance at fault point in ohms and per units
 (b) Value of line impedance including the arc resistance
 (c) Line impedance angle without and with arc resistance
 (d) Graphically, whether relay will clear the fault instantaneously

Solution

 (a) Since the current in the arc is 1.2 pu
 or

 

I = ×
=

1 2 418 4
502 08
. .

. A  

(a)

(b)

A 0.2 0.4 0.6 R

X Line impedance
locus

Phase-to-phase
units

�ree-phase
units

0.6

0.4

0.2

B

Normal operating point
(for power flowing from A to B)

Zone 2

Zone 1
0.8ZL

1.2ZL

VA VB

ZBZA ZL = 0.18 + j0.46 pu
A

A B

F

B

FIGURE 7.52 Typical application of distance relays for protection of transmission line: (a) system one-line 
diagram; (b) distance relays of A looking toward B.



435System Protection

 the arc resistance can be found from Equation 4.2 as

 

R
Iarc

or

=

= ×

=

8750

8750 10 3
502 08

14 92 0

1 4

1 4

�
.

.

.
.

. .Ω 00784 pu
 

 (b) The impedance seen by the relay is

 
ZL R j

j

+ = + +
= +

arc

pu

( . . ) . .

. .

0 2 0 7 0 7 0 0784

0 2184 0 49
 

 (c) The line impedance angle without the arc resistance is

 tan
.
.

.− 




=1 0 49

0 14
74 05°

 

 and with the arc resistance is

 tan
.

.
.− 




=1 0 49

0 2184
65 98°

 

 (d) Figure 7.53 shows that even after the addition of the arc resistance, the fault point F moved 
to point F’, which is still within zone 1. Therefore, the fault will be cleared instantaneously.

A 0.1 0.2 0.3 0.4 0.5 R

74.05°

65.98°
0.1

0.2
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0.7

0.8
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F F´

0.8ZL

1.2ZL

Line impedance
locus

Zone 2

Zone 1Rarc

X

FIGURE 7.53 Graphical determination of fault clearance.
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EXAMPLE 7.7

Consider a transmission line TL12 protected by the directional distant relays R12 and R21, as shown 
in Figure 7.54a. Determine the following:

 (a) Zones of protection for relay R12

 (b) Coordination of distance relays R12 and R23 in terms of operating time versus impedance

Solution

 (a) The zone of protection for relay R12 is shown in Figure 7.54b.
 (b) The coordination of the distance relays R12 and R23 in terms of operating time versus imped-

ance is illustrated in Figure 7.54c. Note that, zone 3 provides backup protection for the 
neighboring protection system.
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2
3

(a)

(b)

(c)
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TL12 TL23
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TL12 TL23
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T1

Z1 Z2 Z3

R23

R23
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Zone 2

Zone 3

1 2 3

O
pe

ra
tin

g 
tim

e

FIGURE 7.54 Transmission system for Example 7.7.
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EXAMPLE 7.8

Consider the 230-kV transmission system shown in Figure 7.54a. Assume that the positive-
sequence impedances of the lines TL12 and TL23 are 2 + j20 and 2.5 + j25 Ω, respectively. If the 
maximum peak load supplied by the line TL12 is 100 MVA with a lagging power factor of 0.9, 
design a three-zone distance-relaying system for the R12 impedance relay by determining the 
following:

 (a) Maximum load current
 (b) CT ratio
 (c) VT ratio
 (d) Impedance measured by relay
 (e) Load impedance based on secondary ohms
 (f) Zone 1 setting of relay R12

 (g) Zone 2 setting of relay R12

 (h) Zone 3 setting of relay R12

Solution

 (a) The maximum load current is

 
Imax

A

= ×
×( )

=

100 10

3 230 10
251 02

6

3

.  

 (b) Therefore, the CT ratio is 250:5, which gives about 5 A in the secondary winding under the 
maximum loading.

 (c) Since the system voltage to neutral is 230 3 132 79/ kV( ) = .  and selecting a secondary 
voltage of 69 V line to neutral, the VT ratio is calculated as

 
132 79 10

69
1924 5

1

3. .× =
 

 (f) The impedance measured by the relay is

 
V

I
Zp

p

/

/ line

1924 5

50
0 026

.
.=

 

  Therefore, the impedances of lines TL12 and TL23 as seen by the relay are approximately 
0.052 + j0.5196 and 0.065 + j0.6495 Ω, respectively.

 (g) The load impedance based on secondary ohms is

 
Zload /

= ( ) +

= +

69
251 02 5 250

0 9 0 4359

12 37 5 99
.

( . . )

. .

j

j ΩΩ (secondary)
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 (h) The zone 1 setting of relay R12 is

 
Zr j

j

= +
= +

0 80 0 052 0 5196

0 0416 0 4157

. ( . . )

. . (secondΩ aary)
 

 (i) The zone 2 setting of relay R12 is

 
Zr j

j

= +
= +

1 20 0 052 0 5196

0 0624 0 6235

. ( . . )

. . (secondΩ aary)
 

 (j) Since the zone 3 setting must reach beyond the longest line connected to bus 2, it is

 
Zr j j

j

= + + +
= +

0 052 0 5196 1 20 0 065 0 6495

0 130 1 2

. . . ( . . )

. . 999 (secondary)Ω
 

EXAMPLE 7.9

Assume that the R12 relay of Example 7.8 is a mho relay and that the relay characteristic angle may 
be either 30° or 45°. If the 30° characteristic angle is used, the relay ohmic settings can be deter-
mined by dividing the required zone reach impedance, in secondary ohms, by cos(θ − 30°), where 
θ is the line angle. Use the 30° characteristic angle and determine the following:

 (a) Zone 1 setting of mho relay R12

 (b) Zone 2 setting of mho relay R12

 (c) Zone 3 setting of mho relay R12

Solution

 (a) From Example 7.8, the required zone 1 setting was

 
Zr j= +

= ∠
0 0416 0 4157

0 4178 84 3

. .

. . ° Ω (secondary)
 

  Therefore,

 
mho relay zone setting1

0 4178
84 30 30

=
−

=

.
cos( . )° °
00 7157. (secondary)Ω

 

 (b) The required zone 2 setting was

 
Zr j= +

= ∠
0 0624 0 6235

0 6266 84 3

. .

. . ° Ω (secondary)
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  Thus,

 
mho relay zone setting2

0 6266
84 30 30

=
−

=

.
cos( . )° °
11 0734. (secondary)Ω

 

 (c) The required zone 3 setting was

 
Zr j= +

= ∠
0 130 1 299

1 3055 84 3

. .

. . ° Ω (secondary)
 

  Therefore,

 
mho relay zone setting3

1 3055
84 3 30

2

=
−

=

.
cos( . )° °
..2364 (secondary)Ω

 

 that is, 312.5% of the zone 1 setting.

7.18  OVERCURRENT RELAYS

Lines are protected by overcurrent, distance, or pilot relays, depending on the requirements. 
Overcurrent relaying is the simplest and cheapest, the most difficult to apply, and the quickest to 
require readjustment or even “overload” protection, which normally utilizes relays that operate in a 
time related in some degree to the thermal capability of the plant to be protected.

On the other hand, overcurrent protection is directed totally to the clearance of faults, even 
though with the settings usually adopted some degree of overload protection is achieved. Therefore, 
the maximum load currents must be known to determine whether the ratio of the minimum fault 
current to maximum load current is high enough to enable simple overcurrent-operated relays to be 
used successfully. Figure 7.55a shows the operating characteristic of a time overcurrent relay.

(a) (b)

Im(I)

Re(I)0 0
Restrains

Operates
T1

Ip IpIf

T2

T3

T1

T2

T3

Directional-unit
characteristic

Maximum
torque

angle of
directional

unit

FIGURE 7.55 Operating characteristics of time-overcurrent relays: (a) time-overcurrent relay; (b) direc-
tional time-overcurrent relay.
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If the magnitude of the fault current If is greater than the relay pickup current Ip, the relay oper-
ates. Otherwise, it restrains, that is, does not operate. The pickup current is the current to just cause 
the disk to move and close the associated contact and it is adjusted by current coil taps. Note that, 
the phase angle of the fault current If can be anywhere between 0° and 360° due to the fact that the 
reference phasor is arbitrary. In Figure 7.55a, the circles represent the time settings, where time T3 
is earlier than time T2 and T1, and time T2 is earlier than time T1.

The time settings are adjusted by time dial or lever by moving the contact position when the 
relay is reset, and it changes the time of operation at a given tap and current magnitude. Figure 7.56 
shows a typical time-overcurrent relay. When fault current can flow in both directions through the 
relay location, it is necessary to make the response of the relay directional by the addition or direc-
tional control units. The directional unit is basically a power-measuring device in which the system 
voltage is used as a reference for establishing the relative direction or phase of the fault  current. 
Figure 7.55b shows the operating characteristics of such a directional time-overcurrent relay.

There are two basic forms of overcurrent relays: the instantaneous type and the time-delay type. 
The instantaneous overcurrent relay is designed to operate with no intentional time delay when the 
current exceeds the relay setting. The time of operation of such relays is anywhere between 0.016 
and 0.1 s. The time-overcurrent relay has an operating characteristic such that its operating time 
changes inversely as the current flowing in the relay. Figure 7.57 [11] shows the three most often 
used time-overcurrent characteristics: inverse, very inverse, and extremely inverse, as well as the 
instaneous time curve. Figure 7.58 shows a comparison of co-type curve shapes. Both the instane-
ous and the time-delay-type overcurrent relays and are inherently nonselective, that is, they can 
detect fault conditions not only in their own protected apparatus but also in nearby apparatus.

Thus, in practice, the required selectivity between overcurrent relays protecting different system 
components has to be achieved on the basis of sensitivity, or operating time, or a combination of 
both.

Figure 7.56 shows a typical IAC time-overcurrent relay. Figure 7.57 shows the three most often 
used time–current characteristics of overcurrent relays: inverse, very inverse, and extremely inverse, 

Target
coil taps

Target and
seal-in unit
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Time-overcurrent
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Instantaneous
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calibration plate
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unit pickup
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Current tap block

Time dialSliding
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FIGURE 7.56 Typical IAC time-overcurrent relay. (Courtesy of General Electric Company.)
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as well as the instantaneous time curve.* Figure 7.58 shows a comparison of CO-type curve shapes. 
Both the instantaneous and the time-type overcurrent relays are inherently nonselective, that is, they 
can detect fault conditions not only in their own protected apparatus but also in nearby apparatus.

Thus, in practice, the required selectivity between overcurrent relays protecting different system 
components has to be achieved on the basis of sensitivity, or operating time, or a combination of 
both. Figures 7.59 and 7.60 show the time–current curves of types CO-7 and CO-8 overcurrent 
relays, respectively. Figure 7.61 shows the time–current curves of an IAC overcurrent relay. As 
said before, the pickup setting Ip of a relay can be adjusted by using the taps on its current (input) 
winding. For example, the relay CO-7 (its time–current characteristics shown in Figure 7.59) has 
current-tap settings (CTSs) of 4, 5, 6, 7, 8, 10, and 12 A.

The time–current curves are usually given with multiples of pickup amperes as the abscissa 
and operating time as the ordinate. Here, the multiples of pickup amperes is the ratio of relay fault 
current to pickup current, that is, (|If| ∶ |Ip|). The time–current curves can be shifted up or down by 
an adjustment called the time dial setting (TDS). Note that, in Figure 7.59, the fastest and slowest 
operations of the relay can be obtained by the TDSs of 1/2 and 11, respectively.

* Note that Figure 7.57 may be misleading since the pickup current ordinarily needed for the instantaneous trip unit in 
several multiples of the current needed for the time-delay unit.
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Even though the TDSs are given in integers, the intermediate values can be obtained by interpo-
lating between the given discrete curves. At low values of operating current, the shape of the curve 
is determined by the effect of the restraining force of the control springs, whereas at high values the 
effect of saturation dominates in induction overcurrent relays. Thus, a different TDS is achieved by 
varying the travel of the disk or cup required to close the contacts of the relay.

All time-delay overcurrent induction relays will start to move and will eventually close their con-
tacts on current equal to their current-tap (pickup) setting, assuming that they are in good operating 
condition and free from dust, etc. However, because of the manufacturing tolerances allowed and 
the low operating torque available from such small currents, it is desirable to select a CTS such that 
the relay will not be expected to give accurate time–current performance below approximately 1.5 
multiples of minimum pickup. In general, overcurrent relays are used to protect subtransmission 
lines and distribution circuits since faults in such circuits do not usually affect the system stability 
and, therefore, do not dictate the use of high-speed relaying.

Occasionally, they are used on transmission lines for primary ground fault protection where 
distance relays are employed and for ground backup protection on most lines having pilot relaying 
for primary protection. However, as the demand increases for faster fault-clearing times, distance 
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relaying for ground fault primary and backup protection of transmission lines is slowly replacing 
overcurrent relaying. Even though the application of overcurrent relaying on radial circuits is rela-
tively simple, its application on the loop and/or interconnected circuits becomes most difficult since 
it requires readjustment as the system configuration changes. Furthermore, overcurrent relays can-
not discriminate between load and fault current, and therefore, when they are used for phase fault 
protection, they are only applicable when the minimum fault current is larger than the maximum 
full-load current. Figure 7.62 shows the connections for a ground overcurrent relay together with 
phase overcurrent relays. It is usually the practice to use a set of two or three overcurrent relays for 
protection against phase-to-phase faults and a separate overcurrent relay for single line-to-ground 
faults. Figure 7.63 shows various ways to connect ground relays with respect to phase relays, indi-
cated by the standard devices numbers 64 and 51, respectively.

Under balanced or no-fault conditions, ideally there will be no current flowing through the 
ground relay.* The relay operations are coordinated with respect to each other in order to provide 
the desired selectivity and cause the least service interruption while isolating the fault. This proce-
dure is called relay coordination. The basic rules of thumb of relay coordination are

 1. Whenever possible, relays with the same operating characteristics are to be used in series 
with each other.

 2. The relay farthest from the source must have current settings equal to or less than the relays 
behind it, that is, the primary current that is necessary to operate the relay in front is always 
equal to or less than the primary current necessary to operate the relay behind it.

 3. The relay settings are first selected to provide the shortest operating times at maximum 
fault current levels and then checked to determine whether they are satisfactory at mini-
mum fault current levels.

Among the various possible methods to achieve correct relay coordination are (1) discrimi-
nation by time that is, time grading; (2) discrimination by current, that is, current grading; and 
(3) discrimination by both time and current, that is, time–current grading.

In the time grading method, the selectivity is achieved on the basis of the time operation of the 
relays. The time of operation of the relays at various locations is so adjusted that the relay farthest 
from the source will have minimum time of operation, and as it is approached toward the source, 
the operating time increases. The basic disadvantage of this method is that the longest fault clear-
ance time takes place for faults in the section closest to the source where the faults are most severe.

The current grading method is based on the fact that the fault current along the length of the 
protected circuit decreases as the distance from the source to the fault location increases. Therefore, 
the relays controlling the various CBs are set to operate at properly tapered values such that only 
the relay nearest to the fault trips its breaker. However, in practice, it is difficult to determine the 
magnitude of the current accurately and also the accuracy of the relays under transient conditions 
will probably suffer. Furthermore, the relay cannot differentiate between faults that are very close 
to each other (e.g., on each side of a bus) because the difference in the current would be extremely 
small. Because of the aforementioned difficulties involved, usually a combination of the two grad-
ings (i.e., time–current grading) is used.

In the time–current grading method, the time–current grading is achieved with the help of relays 
that have inverse time-overcurrent relay characteristics. With this characteristic, the time of opera-
tion is inversely proportional to the fault current level and the actual characteristic is a function of 
both time and current settings of the relay. Figures 7.59 through 7.61 show some typical inverse-time 
relay characteristics. Hence, there are basic adjustable settings on all inverse-time relays: the CTSs 

* Sometimes, in practice, there is trouble with the residual ground relay connections of Figures 7.62 and 7.63. For example, 
false ground tripping sometimes occurs because of unequal CT ratios, transients, harmonics, etc., if a sensitive ground 
relay pickup is attempted.
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and the TDSs. Thus, the pickup current is determined by adjusting the CTSs. Note that, the pickup 
current is the current that causes the relay to operate and close the contact. To determine the CDS 
settings, the maximum fault current that can flow at each relay location on the given system has to 
be calculated.

A three-phase fault under maximum generation causes the maximum fault current and a line-
to-line fault, whereas under minimum generation it causes minimum fault current. Thus, the relay 
must respond to the fault currents between these two extreme values. On a radial system, the lowest 
CDS setting has to be at the farthest end. The settings are increased for the succeeding relays toward 
the source.

As said before, the reset position of the moving contact of an inverse-time relay is the time 
dial. It changes the operation time of the relay for a given tap setting and current magnitude. To 
have a proper coordination between various relays on a radial system, the relay farthest from the 
source must be set to operate in the minimum possible time. The time settings are increased for 
the succeeding relays toward the source. For inverse-time overcurrent relays, the time setting 
is determined on the basis of the maximum fault current. In the event that the relay has correct 
discrimination at maximum fault current, it will automatically have a greater discrimination at 
the minimum fault current because the characteristic curve is more inverse on a lower current 
region.

The time interval that is necessary between two adjacent relays is called the coordination delay 
time (CDT). It is the minimum interval that permits a relay and its CB to clear a fault in its operating 
zone. With modern CBs, it is possible to use a CDT of 0.4 s.

It depends on (1) the fault current interrupting time of the CB (it is about 0.1 s or six cycles 
for the modern CBs), (2) the overtravel of the relay (when the relay is deenergized, operation may 
continue for a little bit longer until any stored energy has been dissipated), (3) errors due to relay 
and CT tolerances (causing departure of actual relay operation from published characteristics) and 
errors introduced by calculation approximations, and (4) some extra allowance (safety margin) that 
is necessary to ensure that a satisfactory contact gap remains. The sum of factors 2–4 is called the 
error margin and is typically given as 0.3 s.

Figure 7.64 shows the application of time-overcurrent relays to a series of radial lines. It illus-
trates how time coordination is achieved between inverse time-overcurrent relays at each breaker 
location. A vertical line drawn through any assumed fault location will intersect the operating time 
curves of various relays and will thereby shown the time at which each relay would operate if the 
fault current continued to flow for that length of time.
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FIGURE 7.64 Operating time of overcurrent relays with inverse-time characteristics.
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For the fault shown, the relay tripping breaker Bl operates quickly at time T1, followed by the 
relays controlling B2 and B3 so that Bl operates before B2 and B2 before B3. Thus, the operating time 
T2 of the relay at bus 2 can be expressed as

 T2 = T1 + CDT (7.122)

where

 CDT = (operating time of breaker B1) + (error margin) (7.123)

Similarly, the operating time T3 of the relay at bus 3 can be expressed as

 T3 = T2 + CDT (7.124)

EXAMPLE 7.10

Figure 7.65 shows the one-line diagram of a 13.2-kV radial system. Assume that all loads have the 
same power factor and that the CT ratios are 300:5, 400:5, and 600:5, as shown. The maximum 
(three-phase) fault currents at buses 1, 2, and 3 are 2400, 2700, and 3000 A, respectively. The 
operating time of each relay is six cycles. Use three CO-7 relays per breaker and determine the 
CTs and TDS of each delay.

Solution

The load currents at each of the three buses are
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Using the given CT ratios, the corresponding relay currents due to load currents can be found as
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The available CTSs for the CO-7 relay are given in Figure 7.59 as 4, 5, 6, 7, 8, 10, and 12 A. 
Therefore, the CTSs for the relays R1, R2, and R3 are selected as

 CTSl = 4A

 CTS2 = 4A

 CTS3 = 6A

The next task that is necessary in this coordination process is the selection of the TDS settings 
for each relay using the maximum fault currents. Relay R1 is at the end of the radial system, and 
therefore no coordination is necessary. The fault current as seen by relay R1 can be determined as
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or, as a multiple of the selected CTS (or the pickup value),
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Since the fastest possible operation is desirable, the smallest TDS is selected. Therefore, the 
TDS for relay Rl is

 TDS1
1
2

=
 

The operating time for relay Rl can be read from the associated curve in Figure 7.59 as

 Tl = 0.15 s 
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To set relay R2 as a backup relay, to respond to the balanced three-phase fault at bus 1, it is 
assumed that the error margin is 0.3. Therefore, its operating time T2 can be found from Equations 
7.122 and 7.123 as
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. s  

The fault current for a fault at bus 1 as a multiple of the CTS at bus 2 can be found from
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Thus, from the characteristics given in Figure 7.59, for relay R2 for 0.55 s operating time and 
10 ratio, the TDS can be determined as

 TDS2 ≅ 2.3

The next step is to determine the settings for relay R3. A three-phase fault at bus 2 produces a 
fault current of 2700 A. Therefore,
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A new curve for the TDS of 2.3 can be drawn in Figure 7.59 between the two curves shown 
for the TDSs of 2 and 3. Then, the operating time of relay R2 can be found from this new curve for 
the associated multiple of the CTS as 0.60 s. Therefore, permitting the same CDT for relay R3 to 
respond to a fault at bus 2 as for relay R2 responding to a fault at bus 1,
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The corresponding current in the relay can be given as a multiple of the relay pickup current. 
Thus,

 

If R, ,
( )

.

3

3

3 000
600 5 6

4 17

CTS /
=

=  

Therefore, for relay R3 for a 1.0 s operating time and a 4.17 ratio, the TDS can be determined as

 TDS3 ≅ 2.8
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7.19  DIFFERENTIAL PROTECTION

A differential relay can be defined as the relay that operates when the phasor difference of two or 
more similar electrical quantities exceeds a predetermined amount. Therefore, almost any type of 
relay, when connected in a particular way, can be made to function as a differential relay provided 
that (1) it has two or more similar electrical input quantities and (2) these quantities have phase 
displacement (normally approximately 180°). Thus, it can be said that differential relaying is the 
most selective relaying principle that detects faults by comparing electrical quantities at all of the 
terminals of a system element.

Most differential relays are of the “current differential” type. In current differential relaying, CTs 
are placed in all of the connections to the system element to be protected and their secondaries are 
connected in parallel with the operating winding of the relay to form a circulating current system, 
as shown in Figure 7.66a. The dotted line represents the protected zone, which may be a generator, 
a transformer, a bus, a line segment, etc.
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FIGURE 7.66 Protection by using differential relays: (a) principle of differential protection; (b) wiring dia-
gram for differential protection; (c) operating characteristics of a percentage differential relay.
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The relay-operating winding is connected between the midpoints (i.e., equipotential points) of 
the pilot wire. The voltage induced in the secondary of the CTs will circulate a current through the 
combined impedance of the pilot wires and the CTs, as shown in Figure 7.66b. Normally, the CT 
secondary currents merely circulate between the CTs and no current flows through the relay operat-
ing (indicated with Op in the figure) winding, and therefore, I1 – I2 = 0 which is also the case for the 
faults occurring outside of the protected zone (i.e., for external faults).

However, should a fault occur at a point F in the protected zone (i.e., internal fault), a difference 
current of I1 – I2 = If will flow in the operating winding of the relay, and if it is greater than a prede-
termined value of current |Ip|, it will cause the relay to trip all of the CBs in the circuits connected 
to the faulty system element. Therefore, the relay trips when

 |I1 – I2| > |Ip| (7.125)

and it restrains when

 |I1 – I2| < |Ip| (7.126)

This form of protection is known as Merz–Price protection.
Note that, the relay employed in the wiring diagram of Figure 7.66b is a percentage differential 

relay. It has an operating winding and two restraining windings. The task of the restraining wind-
ings is to prevent undesired relay operation should a current flow in the operating winding due to CT 
errors during an external fault. The differential current in the operating winding is proportional to 

I1 – I2, and the equivalent current in the restraining winding is proportional to 
1
2 1 2I I+( )  due to the 

fact that the two restraining windings are identical. Therefore, the ratio of the differential operating 
current to the average restraining current is a fixed “percentage.”

However, on the basis of the percentage differential relay definition given by the ANSI, the term 

“through” current is often used to refer to I2 instead of 
1
2 1 2I I+( ) . Therefore, the operating winding 

current I1 – I2 has to be greater than a certain percentage of the through current I2 for the relay to 
operate. Figure 7.66c shows the operating characteristic of such a percentage differential relay. The 
relay operates in the positive-torque region and restrains in the negative-torque region.

Note that, the purpose of the slope in the operating characteristic of the differential relay is to 
prevent incorrect operation due to CT error currents that might flow in the differential relay circuit 
during a severe external fault. These error currents occur because no two CTs will function exactly 
alike even though they are made to the same specifications and material.

Since they are not absolutely alike, they saturate unequally when high currents flow through 
them during external faults and their ratio breaks down unequally. When this occurs, the unbal-
anced current flows in the relay circuit, and the relay has no way of determining whether the current 
it sees signifies an internal fault or a “mistake” on the part of the CTs, which the relay should ignore.

The percentage differential relays are of two types. One operates on a constant-percentage dif-
ference in currents in the two CTs and the other functions on a percentage difference that increases 
quickly as the fault current increases. The constant-percentage differential relay operates on a 10% 
slope in order to allow a plus or minus 10% margin for CT errors because of unequal characteristics 
and saturation. Therefore, the CTs should be selected carefully so that the difference in secondary 
current output of I1 and I2 CTs will not be greater than 5% under maximum fault conditions, which 
leaves a safety margin of 5% without exceeding the 10% margin built into the relay.

On the other hand, with the increasing-slope differential relay, the margin permitted for CT 
errors increases quickly as the magnitude of the fault current increases. Thus, the relay operates on 
a 10% current differential on low-magnitude faults when there is no danger of CT errors and still not 
function incorrectly during severe external faults.
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Power transformers require protection against internal faults and against overheating caused by 
overloading or prolonged external faults. The effect of prolonged faults on system stabi1ity, as well 
as the possibility of considerable damage to the apparatus, make high-speed relaying essential in 
most cases. Figure 7.67 shows the wiring diagram for differential protection of a two-winding power 
transformer. It can be shown that
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where Nl and N2 are the turns of the primary and secondary windings of the power transformer, 
respectively. Note that, at the two CTs
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where n1 and n2 are the turns ratios of the two CTs located on the primary and secondary sides of 
the power transformer, respectively. Since under normal conditions or during the external faults,

 I1 – I2 = 0 (7.130)

or
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FIGURE 7.67 Differential protection of transformer.
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substituting Equation 7.131 into Equation 7.127,
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If there is an internal fault located on the primary side of the power transformer, as shown in 
Figure 7.67, there will be a current of
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 (7.133)

flowing in the operating winding of the relay. Whereas, if such a fault is located on the secondary 
side of the power transformer,
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− =
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 (7.134)

The differential relays used for transformer protection are of the constant percentage type. However, 
if the power transformer has a tapping range enabling its ratio to be varied, this must be allowed for 
in the differential system. Otherwise, there will be a differential current flowing in the operating 
winding of the relay under the normal-load conditions.

If the three-phase power transformer windings are connected delta–wye or wye–delta, the high-
voltage side line current leads the low-voltage side line current by 30°, regardless of whether the wye 
or the delta winding is on the high-voltage side.* Thus, the balanced three-phase through current 
goes through a phase change of 30°, which has to be corrected in the CT secondary terminals by 
appropriate connection of the CT secondary windings.

Furthermore, zero-sequence current flowing on the wye side of the power transformer will not 
produce current outside the delta on the other side. Thus, the zero-sequence current has to be elimi-
nated from the wye side by connecting the secondary windings of the CTs in delta on the wye-
connected side of the power transformer and in wye on the delta-connected side in order to provide 
the 30° phase shift.

The reason for such CT connections can be further explained by the fact that each line current 
on the delta-connected side of the power transformer bank is the difference of the currents in two 
windings of the power transformer, whereas the line current on the wye-connected side is the same 
as the current in one winding of the transformer.

Hence, the line current on the delta side should be compared with the difference of two line cur-
rents on the wye side by connecting the secondary windings of the CTs in delta. If the power trans-
former were connected in wye–wye, the CTs on both sides would need to be connected in delta.

When CTs are connected in delta, their secondary ratings must be reduced to 1 3/  times the 
secondary rating of wye-connected CTs in order that the currents outside the delta may balance 
with the secondary currents of the wye-connected CTs. Differential relays connected in the afore-
mentioned manner provide protection against turn-to-turn faults as well as against ground faults, 
phase-to-phase faults, and faults in the leads to the CBs.

Similarly, a three-winding transformer bank can be protected by use of percentage differential relays 
having three restraining windings one for each transformer winding. However, such a transformer bank 
can be protected by use of percentage differential relays having only two restraining windings if the 
third transformer winding is only a delta-connected tertiary with no connections brought out.

* Only if ANSI Standard connections are in use.
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In the aforementioned discussions, the magnetizing current of the power transformer has not 
been taken into account. When the transformer is in the normal operation mode, this current is very 
small. However, when the transformer is first energized, there will be a transient “magnetizing-
inrush current” whose magnitude can be 8–12 times the rated load current. It may decay with a time 
constant, being from perhaps 0.1 s for a 100-kVA transformer up to 1.0 s for a large unit.

The maximum inrush current is produced when the transformer is energized at the zero point 
of the voltage wave. Residual flux can increase the current still further. Since the inrush current 
appears in only one primary winding of the transformer, it will cause false operation of the differen-
tial relay. Switching at other instants of the voltage wave produces lower values of transient current.

There is a similar, but lesser, inrush when the voltage across a transformer recovers after the 
clearing of an external fault. In this case, the transformer is partially energized so the “recovery” 
inrush is less than the “initial” inrush. Also, when a transformer bank is paralleled with a second 
energized bank, the energized bank can have a sympathetic inrush.

The offset inrush current of the transformer bank switched on the line will find a parallel path in 
the energized bank, and the dc component may saturate the iron core, causing an “apparent” inrush. 
Again, this inrush is less than that of the initial inrush, and its magnitude depends on the relative 
value of the transformer impedance to that of the rest of the system, which forms an additional 
parallel circuit.

The magnetizing inrush phenomenon produces current input to the primary winding, which has 
no equivalent on the secondary side. Thus, it appears as unbalanced and cannot be set apart from the 
internal fault. However, since it is transient in nature, stability can be achieved by providing a small 
time delay. The standard method for preventing relay operation during the energization period is to 
utilize the high level of harmonics that are present in the inrush current. The harmonic components 
in the inrush current are filtered out and introduced into a circuit that restrains the relay from operat-
ing. Such relay is called a harmonic restrained-percentage differential relay.

Other methods include (1) desensitization, (2) using a voltage-operated automatic tripping sup-
pressor unit in conjunction with the differential relay, and (3) using a differential relay with reduced 
sensitivity to the inrush wave in terms of having a higher pickup to the offset wave in addition to 
time delay to override the high initial peaks.

There are other types of relays that are used for transformer protection against internal faults. 
One such relay is the Buchholz relay. It is a gas pressure–actuated relay and is used for alarm and 
tripping for various fault conditions, including hot spots on the core due to short circuit of lamina-
tion insulation and core insulation failure. The Buchholz relay is often called “a sudden pressure 
relay.” Figure 7.68 shows unit generator–transformer protection using differential relays. Note that, 
there is no generator breaker in this unit protection method. The step-up transformer is usually 
connected grounded wye–delta, and the neutral of the wye-connected generator is high-resistance 
grounded through a distribution transformer.

Figure 7.69 shows the differential protection of a bus or a switchgear.* In this scheme, dis-
crimination between internal and external faults is made on the basis of the voltage magnitude 
that appears across the relay. When an external fault takes place, there is substantially less voltage 
produced across the relay circuit due to the fact that the secondary current is only opposed, at the 
most, by the CT terminal resistance and the internal secondary impedance of the CT in the faulted 
circuit when it is completely saturated.

On the other hand, when internal faults take place, the secondary current is opposed by the 
magnetizing impedance of the CTs and by the high impedance of the relay circuit, thus producing a 
large operating voltage on the relay and causing its operation. In this scheme, false relay operations 

* Switchgear is the power substation apparatus that is used to direct the “how” of power and to isolate power equipment 
or circuits. It includes circuit breakers, disconnect switches, buses, connections, and the structures on which they are 
mounted.
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can be prevented by adjusting the minimum pickup of the relay well above the maximum voltage 
produced on an external fault.

It is interesting to note that the problem of CT saturation can be eliminated at its source by using 
air core CTs called linear couplers. The number of secondary turns of such a linear coupler is much 
greater than the one of a bushing CT. They can be employed without damage with their secondaries 
open-circuited. Their secondary-excitation characteristic is a straight line with a slope of approxi-
mately 5 V per 1000 AT.

Auxiliary
power

transformer

Auxiliary CT

Generator
neutral

Main power
transformer

87

87

87

Overvoltage
ground relay

R

G

FIGURE 7.68 Unit generator–transformer protection.
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EXAMPLE 7.11

Consider a three-phase delta–wye-connected two-winding transformer bank that is to be pro-
tected by using percentage differential relays. Assume that the high-voltage side is connected in 
delta and sketch the necessary wiring diagram for connecting three differential relays one for each 
phase.

Solution

The solution is self-explanatory, as shown in Figure 7.70.
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FIGURE 7.70 Protection of wye–delta bank of power transformers by using percentage differential relays.
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EXAMPLE 7.12

Consider a three-phase wye–delta–wye-connected three-winding transformer bank that is to be 
protected by using percentage differential relays. Assume that the tertiary windings are connected 
in delta and sketch the necessary wiring diagram for connecting three differential relays (each with 
three restraining windings) one for each phase.

Solution

The solution is self-explanatory, as shown in Figure 7.71.
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FIGURE 7.71 Protection of wye–delta bank of a three-winding power transformer by using percentage dif-
ferential relays.
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EXAMPLE 7.13

Assume that a three-phase delta–wye-connected, 30-MVA, 69/34.5-kV power transformer is pro-
tected by the use of percentage differential relays, as shown in Figure 7.70. If the CTs located on 
the delta and wye sides are of 300/5 and 1200/5 A, respectively, determine the following:

 (a) Output currents of both CTs at full load
 (b) Relay current at full load
 (c) Minimum relay current setting to permit 25% overload

Solution

 (a) The high-voltage side line current is

 
IHV = ×

×( ) =
30 10

3 69 10
251 02

6

3
. A

 

  The low-voltage side line current is

 
ILV = ×

×( )
=

30 10

3 34 5 10
502 04

6

3.
. A  

  Therefore, the output current of the CT located on the high-voltage side is

 251 02
5

300
4 1837. .






= A

 

 and the output current of the CT located on the low-voltage side is

 502 04
5

1200
3 3 6232. .







= A
 

  Note that, the winding current of the delta-connected cr is multiplied by 3 to obtain its 
line current.

 (b) The relay current at full load is

 4.1837 − 3.6232 = 0.5605 A

 (c) Thus, the minimum relay current setting to permit 25% overload is

 (1.25)(0.5605) = 0.7007 A

  Note that, the output current of the CT located on the low-voltage side is 3.6232 A, con-
trary to the output current of 4.1837 A of the CT located on the high voltage side. Therefore, 
it cannot balance the 4.1837 A produced by the high-voltage side under balanced normal-
load conditions. Therefore, a “mismatch” condition has been created. Such current mis-
match should always be checked to ensure that the relay taps selected have an adequate 
safety margin. Where necessary, current mismatch values can be reduced by using a set of 
three auxiliary CTs with turns ratios of



459System Protection

 
4 1837
3 6232

1 1547
.
.

.=
 

 or simply by changing CT taps or the tap settings on relay coils themselves. Transformer dif-
ferential relays ordinarily have abundant restraint taps available so that auxiliary CTs usually 
are not necessary.

7.20  PILOT RELAYING

Pilot relaying, in a sense, is a means of remote controlling the CBs. Here, the term “pilot” implies 
that there is some type of channel (or medium) that interconnects the ends of a transmission line 
over which information on currents and voltages, from each end of the line to the other, can be trans-
mitted. Such systems employ high-speed protective relays at the line terminals in order to ascertain 
in as short a time as possible whether a fault is within the protected line or external to it.

If the fault is internal to the protected line, all terminals are tripped in high speed. If the fault is 
external to the protected line, tripping is blocked (i.e., prevented). The location of the fault is pointed 
out either by the presence or the absence of a pilot signal. The advantages of such high-speed simul-
taneous clearing of faults at all line terminals by opening CBs include (1) minimum damage to 
equipment, (2) minimum (transient) stability problems, and (3) automatic reclosing.

Pilot relaying, being a modified form of differential relaying, is the best protection that can be 
provided for transmission lines. It is inherently selective, suitable for high-speed operation, and 
capable of good sensitivity. It is usually used to provide primary protection for a line. Backup pro-
tection may be provided by a separate set of relays (step-distance relaying), or the relays employed 
in the pilot may also be used to provide a backup function. The types of pilot channels available for 
protective relaying include

 1. Separate wire circuits, called pilot wires, operating at power system frequency, audio-
frequency tones, or in dc. They can be made up of telephone lines either privately owned 
or leased. Refer to Figure 7.72b.

 2. Power line carriers, which use the protected transmission line itself to provide the chan-
nel medium for transmission of signals at frequencies of 30–300 kHz. These are the most 
widely used “pilots” for protective relaying. The carrier transmitter–receivers are con-
nected to the transmission line by coupling capacitor devices that are also used for line 
voltage measurement. Line traps tuned to the carrier frequency are located at the line 
terminals, as shown in Figure 7.73. They prevent an external fault behind the relays from 
shorting out the channel by showing a high impedance to the carrier frequency and a low 
impedance to the power frequency. The radiofrequency choke acts as a low impedance to 
60 Hz power frequency but as a high impedance to the carrier frequency. Therefore, it pro-
tects the apparatus from high voltage at the power frequency and, simultaneously, limits 
the attenuation of the carrier frequency.

 3. Microwave channel, which uses beamed radio signals, usually in the range of 2–12 GHz, 
between line-of-sight antennas located at the terminals. This channel can also simultane-
ously be used for other functions. A continuous tone of one frequency, called the guard 
frequency, is transmitted under normal (or nonfault) conditions. When there is an internal 
fault, the audio tone transmitter is keyed by the protective relaying scheme so that its output 
is shifted from the guard frequency to a trip frequency.

Pilot-relaying systems use either phase comparison or directional comparison to detect faults. In 
the phase comparison, the phase position of the power system frequency current at the terminals is 
compared. Amplitude modulation is used in a phase comparison system. The phase of the modulat-
ing signal waveform is not affected by signal attenuation. Identical equipment at each end of the line 
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are modulated in phase during an internal fault and in antiphase when a through-fault current flows 
(due to an external fault).

Hence, current flow through the line to an external fault is considered 1800 out of phase, and 
tripping is blocked. If the currents are relatively in phase, an internal fault is indicated, and the line 
is tripped. Thus, modulation is of the all-or-nothing type, producing half-cycle pulses of carrier 
signals interspersed with half-periods of zero signals, as shown in Figure 7.74.

Note that, during an external fault, the out-of-phase modulation results in transmission of the 
carrier signal to the line alternately from each end. Therefore, the transmission from one end fills in 
the gaps in the signals from the other and vice versa, providing a continuous signal on the line. The 
presence of the signal is used to block the tripping function. On the other hand, when there is an 
internal fault, the resulting signal on the line has half-period gaps during which the tripping func-
tion, initiated by the relay, is completed.

A pilot-relaying system can also use directional comparison to detect faults. In this case, the 
fault-detecting relays compare the direction of power flow at the line terminals. Power flow into the 
line at the terminals points out an internal fault, and the line is tripped. If power flows into the line 
at one end and out at the other, the fault is considered external, and tripping is not allowed.

Consider the line shown in Figure 7.72a. Assume that directional relays are used and high-speed 
protection is provided for the entire line (instead of the middle 60%) by pilot relaying. Therefore, 
both faults F1 and F2 are detected as internal faults by the relays located at Bl and B2 and are there-
fore cleared at a high speed.

Note that, both relays see the fault current flowing in the forward direction. Thus, when this 
information is impressed on the signal by modulation and transmitted to the remote ends over a pilot 
channel, it is confirmed that the faults are indeed on the protected line. Now assume that there is a 

Fault current at station A

Effect of squaring circuit

Hf signal transmission at A

Fault current at station B

Hf signal transmission at B

Combined hf signal on line at section A

Blocking voltage from detector stage

Current in trip relay
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180° tripping angle
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30° tripping angle

FIGURE 7.74 Carrier current phase comparison: key to operation. (From GEC Measurements Ltd., 
Protective Relays Application Guide, 2nd ed. GEC Measurements Ltd., Stafford, UK, 1975.)
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fault at F3. The relay at B2 sees it as an external fault and the relays at Bl and B3 see it as an internal 
fault. Upon receiving this directional information at B1, that relay will be able to block tripping for 
the fault at F3.

7.21  COMPUTER APPLICATIONS IN PROTECTIVE RELAYING

Computers have been widely used in the electric power engineering field since the 1950s. The 
applications include a variety of off-line or on-line tasks. Examples of off-line tasks include fault 
studies, load-flow studies, transient stability calculations, unit commitment, and relay settings and 
coordination studies.

Examples of on-line tasks are economic generation scheduling and dispatching, load frequency 
control, supervisory control and data acquisition (SCADA), sequence-of-events monitoring, sec-
tionalizing, and load management. The applications to computers in protective relaying have been 
primarily in relay settings and coordination studies and computer relaying.

7.21.1  ComPUter aPPliCationS in relay SettingS and Coordination

Today, there are various commercially available computer programs that are being used in the 
power industry to set and coordinate protective equipment. Advantages of using such programs 
include (1) sparing the relay engineer from routine, tedious, and time-consuming work; (2) facili-
tating system-wide studies; (3) providing consistent relaying practices throughout the system; and 
(4) providing complete and updated results of changes in system protection.

In 1960, the Westinghouse Electric Corporation developed its well-known protective device 
coordination program. Today, it is one of the most comprehensive and complete programs for apply-
ing, setting, and checking the coordination of various types of protective relays, fuses, and reclosers. 
Figure 7.75 shows the block diagram of the program.

Note that, the user must specify the input data for the “data check study” block in terms of both 
device type and settings for each relay, fuse, or recloser. The program then evaluates the effective-
ness of these devices and settings within the existing system and, if necessary, recommends alterna-
tive protective devices. Whereas in the “coordination study” block, the user specifies the protective 
device with no settings, or permits the program to select a device. The program then establishes 
settings within the ranges specified or it selects a device and settings.

The settings and/or devices are chosen to optimize coordination. The “final coordination study” 
block shows how the system will behave with the revised settings, which can then be issued by the 
relay engineer [2]. Of course, no computer program can replace the relay engineer. Such a program 
is simply a tool to aid the engineer by indicating possible problems in the design and their solutions. 
The engineer has to use engineering judgment, past experience, and skill in determining the best 
protection of the system.

7.21.2  ComPUter relaying

Computer hardware technology has advanced considerably since the early 1960s. Newer genera-
tions of mini- and microcomputers tend to make digital computer relaying a viable alternative to 
the traditional relaying systems. Indeed, it appears that a simultaneous change is taking place in 
traditional relaying systems, which are beginning to use solid-state analog and digital subsystems 
as their building blocks.

The use of digital computers for protection of power system equipment, however, is of relatively 
recent origin. The first serious proposals appeared in the late 1960s. For example, in 1966, Last and 
Stalewski [12] suggested that digital computers should be used in an on-line mode for protection of 
power systems. Since then, many authors have developed digital computer techniques for protection 
of lines, transformers, and generators. Significant contributions have been made in the area of line 
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protection [13–16]. However, protection of transformers [17,18] and generators [19] using digital 
computers has somewhat received less attention. In 1969, the feasibility of protecting a substation by 
a digital computer was investigated by Rockefeller [20]. It examines protection of all types of station 
equipment into one unified system.

Researchers suggested the use of minicomputers in power system substations for control, data 
acquisition, and protection against faults and other abnormal operating conditions. This has become 
known as computer relaying and several papers have been written on various techniques of perform-
ing relaying functions. Many of these techniques basically use the three-phase lines to duplicate 
existing relaying characteristics. A few field installations have been made to demonstrate computer 
relaying techniques and to show that computers can survive in the harsh substation environment. 
However, today, many utility companies have installations or plans for future implementations of 
computers as SCADA remotes.

These substation control computers receive data from the transmit data to the central dispatch 
control computer. It is interesting to note that most of the papers written on computer relaying 
have been under the auspices of universities. These tend to focus on algorithms and software or 
on models that can be tested on multipurpose minicomputers or on special-purpose circuits and 
hardware that are laboratory oriented. For example, a great deal of research has been undertaken 
at the University of Missouri at Columbia (UMC), since 1968, to develop a computer relaying 
system that would permit the computer to perform relaying as well as other substation functions 
[13,21–24]. In 1974, in cooperation with the University of Saskatchewan, the first computer 
relaying short course was held at the UMC. Since that time, the short course has been offered 
many times.*

However, the “real-world” test installations have been the result of cooperation between utilities 
and manufacturers and are mainly concerned with line protection using an impedance algorithm 
[25]. For example, in 1971, Westinghouse installed the PRODAR 70 computer in the Pacific Gas and 
Electric Company’s Tesla Substation for protection of the Bellota 230-kV line. Also, in 1971, a com-
puter relaying project was initiated by American Electric Power and later joined by IBM Service 
Corporation. The purpose of the project was to install an IBM System 7 in a substation to perform 
protective relaying and few data-logging functions [15].

General Electric initiated a joint project with Philadelphia Electric Company to install computer 
relaying equipment on a 500-kV line. Therefore, it can be said that when the minicomputer became 
available, the industry realized the potential of the relatively low-cost computer and tried various 
applications. However, the extremely high costs of software programs to implement specific func-
tions have played an inhibitive role. With the advent of microcomputers, the hardware costs can be 
further reduced. This permits software simplification since a microprocessor can be dedicated to a 
specific function.
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PROBLEMS

 1. Consider the system shown in Figure P7.1 and do the following:
(a) Sketch the zones of protection.
(b) Describe the backup protection necessary for a fault at fault point F1.
(c) Repeat part (b) for a fault at F2.
(d) Repeat part (b) for a fault at F3.
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 2. Consider the system shown in Figure P7.2 and repeat Problem 1.
 3. Consider the system, with overlapped primary protective zones, shown in Figure P7.3 and 

assume that there is a fault at fault point F. Describe the necessary primary and backup 
protection with their possible implications.

 4. Consider the system shown in Figure P7.4 and determine the locations of the necessary 
backup relays in the event of having a fault at the following locations:
(a) Fault point F1

(b) Fault point F2

 5. Verify Equation 7.11 using Equation 7.9.
 6. Verify Equation 7.12 using Equation 7.9.
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 7. Assume that a zero-sequence current filter is required to be used to protect a three-phase 
4.16-kV, 1.7-MVA load against more than 10% zero-sequence currents. Design a zero-
sequence filter to detect this condition.

 8. Consider Figure 7.22b and Equation 7.13 and assume that VF is the open-circuit voltage at 
the output terminals 1 and 2.
(a) Find the Thévenin’s equivalent impedance at terminals 1 and 2.
(b) If a relay with a resistance RL is connected between terminals 1 and 2 and R Xl m= 3 , 

verify that the current in relay is
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 9. Consider the current equation given in Problem 8b and assume that R0 = RL = 02 Ω, 
Zs = 0.1 Ω, IL = 5 A, and Ia2 = 15 A. Determine the following:
(a) Required value of R1

(b) Required value of Xm

 10. Repeat Example 7.1 assuming that ZB = 1.0 Ω.
 11. Repeat parts (a), (b), and (d) of Example 7.3 assuming that the load is reduced by half.
 12. Derive Equation 7.60 from Equation 7.59.
 13. Derive Equation 7.64 from Equation 7.58.
 14. Derive Equation 7.78 from Equation 7.77.
 15. Derive Equation 7.80 from Equation 7.79.
 16. Consider the two input signals S1 and S2 given by Equations 7.68 and 7.69 and assume that 

the threshold characteristics for the phase comparator is S S1 2
*  so that the phasor S1 has a 

positive projection of S2. Show mathematically that the above threshold of operation will 

be satisfied as long as θ θ π
1 2 2
− ≤ .

 17. Repeat Example 7.5 for the directional distance relay located at B whose forward direction 
is in the direction from bus B to bus A. Assume that the power flow direction is from bus B 
to bus A.

 18. Repeat Example 7.6 assuming that the fault point F is located at 0.78-pu distance away 
from bus A.

 19. Repeat Example 7.6 assuming that the arc resistance is increased by a 75-mph wind and 
that the zone 2 relay unit operates at a time delay of 18 cycles.

 20. Repeat Example 7.8 assuming that the transmission system is being operated at 138 kV 
line-to-line voltage and at a maximum peak load of 50 MVA at a lagging power factor of 
0.85.

 21. Repeat Example 7.9 using the results of Problem 20 and a 45° mho relay characteristic.
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 22. Consider the 345-kV transmission system shown in Figure P7.5. Assume that all three lines 
are identical with positive-sequence impedance of 0.02 + j0.2 pu and that the megavolt-
ampere base is 200 MVA. Assume also, that all six line breakers are commanded by direc-
tional impedance distance relays and considerer only three-phase faults. Set the settings of 
zones 1, 2, and 3 for 80%, 120%, and 250%, respectively. Determine the following:
(a) Relay settings for all zones in per units.
(b) Relay setting for all zones in ohms, if the VTs are rated 345 10 3 693×( )/ V:  and the 

CTs are rated 400:5 A.
(c) If there is a fault at fault point F located on the line TL35 at a 0.15-pu distance away 

from bus 3, explain the resulting relay operations.
 23. Consider the transmission line shown in Figure P7.6. Assume that the line is compen-

sated by series capacitors in order to improve stability limits and voltage regulation and 
to maximize the load-carrying capability of the system. Assume that the series capacitors 
are located at the terminals due to economics and that XCC is equal to XCB. Furthermore, 
assume that the line is protected by directional mho-type distance relays located at band 
C. Do the following:
(a) Determine whether the series capacitors present any problem for the relays. If so, what 

are they?
(b) Sketch the possible locus of the line impedance on the R–X diagram.
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FIGURE P7.5 Transmission system for Problem 22.
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FIGURE P7.6 Transmission system for Problem 23.
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(c) Sketch the operating characteristic of the distance relay located at B and set to protect 
the line BC.

(d) Sketch the operating characteristic of the distance relay located at B and set to protect 
line BA.

 24. Consider the CT connection shown in Figure P7.7 and assume that the currents I1, I2, and 
I3 are measured to be 5∠90°, 3∠0°, and 4∠–110° A, respectively. If each CT has a ratio of 
500: 5A, determine the following:
(a) Neutral current In

(b) Current I4

(c) Relationship between currents In, I4, and Ia0

 25. Repeat Example 7.10 assuming that it is a 11-kV radial system and that the CT ratios are 
200:5, 300:5, and 500:5 at buses 1, 2, and 3, respectively.

 26. Consider the percentage differential relay protection scheme shown in Figure 7.66b. 
Assume that the relay has a 0.1 A minimum pickup and 10% slope of characteristic I1 – I2 

versus I I1 2

2
− . The current ratio of each CT is 300:5 A. Assume that a high-resistance 

ground fault occurred at fault point F and the currents ′I1  and ′I2  are 330 + j0 and 316 + j0 
A, respectively. Determine whether the relay will operate to trip its CB.

 27. Repeat Problem 26 assuming that the currents ′I1  and ′I2  are 330 + j0 A and 30+ j0 A, 
respectively.

 28. Consider the protection of a wye–delta bank of power transformers by using percentage 
differential relays, as shown in Figure 7.70. Assume that the high-voltage side is the pri-
mary side of the power transformer. Redraw the protection scheme showing the directions 
of the currents flowing in all circuits. Clearly identify each current.
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FIGURE P7.7 CT connection for Problem 24.
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8 Power Flow Analysis

8.1 INTRODUCTION

Power flow* (or load flow) is the solution for the normal balanced three-phase steady-state operating 
conditions of an electric power system. In general, power flow calculations are performed for power 
system planning and operational planning, and in connection with system operation and control. 
The data obtained from power flow studies are used for the studies of normal operating mode, 
contingency analysis, outage security assessment, and optimal dispatching and stability. Note that, 
normally it is understood that a “contingency” is the loss of a major transmission element or a large 
generating unit. When a system is able to withstand any single major contingency, it is now called 
“N-1 secure” according to the new terminology suggested by National Electric Reliability Council 
(NERC). A “double contingency” is the loss of two transmission lines, or two generators, or a line 
and a generator [1]. In this case, it can be said that such system is “N-2 secure.”

As has been succinctly put by Shipley [2], “the difficulties and the importance of the power flow 
problem have fascinated mathematicians and engineers throughout the world for a number of years. 
Many people have devoted a large proportion of their professional life to the solution of the problem. 
It has received more attention than all the other power system problems combined. The amount of 
effort devoted to the problem has resulted in an enormous amount of technical publications. The 
nature of the problem probably precludes the development of a perfect procedure. Therefore, it is 
likely that progress will continue to be made on improved solutions for a long time.”

Before 1929, all power flow (or load flow, as it was then called) calculations were made by hand. 
In 1929, network calculators (of Westinghouse) or network analyzers (of General Electric) were 
employed to perform power flow calculations. The first paper describing the first digital method to 
solve the power flow problem was published in 1954 [3]. However, the first really successful digital 
method was developed by Ward and Hale in 1956 [4]. Most of the early iterative methods were 
based on the Y-matrix of the Gauss–Seidel method [4–10]. It requires minimum computer storage 
and needs only a small number of iterations for small networks. Unfortunately, as the size of the 
network is increased, the number of iterations required increases dramatically for large systems. In 
some cases, the method does not provide a solution at all.

Therefore, the slowly converging behavior of the Gauss–Seidel method and its frequent failure 
to converge in ill-conditioned situations caused the development of the Z-matrix methods [11–25]. 
Even though these methods have considerably better converging characteristics, they also have the 
disadvantage of needing a significantly larger computer storage memory owing to the fact that the 
Z-matrix is full, contrary to the Y-matrix, which is sparse.

These difficulties encountered in load flow studies led to the development of the Newton–Raphson 
method. The method was originally developed by Van Ness and Griffin [16–18] and later by others 
[19–24]. The method is based on the Newton–Raphson algorithm to solve the simultaneous quad-
ratic equations of the power network. Contrary to the Gauss–Seidel algorithm, it needs a larger 
time per iteration, but only a few iterations, and is significantly independent of the network size. 

* The term load in power system literature is somewhat ambiguous. For example, it may be used to describe current, power, 
or impedance depending on context. It is interesting to note that, in this country until 1929, a power flow study has been 
called as power flow study. However, after 1929, the name has been changed to load flow study. However, recently, IEEE 
suggested again the use of “power flow study” instead of “load flow study.” This author is also biased toward the use of 
the name power flow study.
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Therefore, most of the power flow problems that could not be solved by the Gauss–Seidel method 
(e.g., systems with negative impedances) are solved with no difficulty by this method. However, it 
was not computationally competitive on large systems because of the rapid increase of computer 
time and storage requirement with problem size.

However, the development of a very efficient sparsity-programmed ordered elimination tech-
nique by Tinney and others [24a,24b] to solve the simultaneous equations has enhanced the effi-
ciency of the Newton–Raphson method, in terms of speed and storage requirements, and has made 
it the most widely used power flow method. The method has been further improved by the addition 
of automatic controls and adjustments (e.g., program-controlled in-phase tap changes, phase-angle 
regulators, and area interchange control). Since system planning studies and system operations may 
require multiple-case power flow solutions in some situations, the recent research efforts have been 
concentrated on the development of the decoupled Newton–Raphson methods [25–30].

These methods are based on the fact that in any power transmission network operating in the 
steady state, the coupling (i.e., interdependence) between P−θ (i.e., active powers and bus voltage 
angles) and Q−V (i.e., reactive powers and bus voltage magnitudes) is relatively weak, contrary 
to the strong coupling between P and θ and between Q and V. Therefore, these methods solve the 
load flow problem by “decoupling” (i.e., solving separately) the P−θ and Q−V problems. Thus, the 
solutions are obtained by applying approximations to the Newton–Raphson method. They have 
adequate accuracy and very fast speed and therefore can be used for online applications and contin-
gency security assessments.

A given power flow algorithm must be reliable and must provide a fast convergence. Today, 
however, there is no such method that is adequately fast and can provide a feasible solution in every 
case study. Therefore, research efforts have been overwhelming in the development of numerical 
methods and programming techniques that can be used to solve power flow problems in an optimum 
manner [24a,24b,31–64].

In addition, the power systems and therefore the sizes of problems to be solved are continuously 
increasing at a faster rate than the development of computers with greater capacity. Thus, the theory 
of network tearing, or diakoptics, as proposed by Gabriel Kron and later developed by Happ and 
others [52,65–70] for power flow, has been receiving recent attention. According to diakoptics, a 
given large network system can be actually broken into pieces by a technique known as “tearing” so 
that each piece can be taken into account separately, and the solution attained can be subjected to a 
transformation that provides the solution to the original problem.

Another interesting development in the power flow problem has been that of probabilistic load 
flow in which the power inputs and outputs of a network are taken as random variables [50,51,71,72]. 
This is because the power flow problem is stochastic in nature, that is, some of its input data is sub-
ject to uncertainty, and therefore its output data (branch flows) can be expressed as a set of possible 
values with corresponding frequencies of occurrence, or a probability distribution function.

The uncertainties associated with the input data are due to (1) load forecast uncertainties caused 
by economics, conservation, etc.; (2) load variability due to weather conditions and load manage-
ment practices; (3) unavailability (e.g., due to the forced outage and/or maintenance) of installed 
generator and transmission facilities; (4) delays in the installation of new generation and transmis-
sion facilities; (5) sudden changes in fuel prices and fuel availability; and (6) new techniques in 
power generation and transmission.

The present-day trends are toward the development of interactive power flow programs [46] 
where the planning engineer can modify data on a computer, either in a dialog mode with the pro-
gram or on graphic displays, and then direct the program for the solution of the problem. The pro-
gram algorithm may allow the planner to choose any portion of the output data to be displayed after 
the solution. It is foreseeable that the future power flow programs will provide improved interactive 
capabilities and faster algorithms to minimize the difficulties encountered in arriving at solutions 
within proper limits of time and effort.
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8.2 POWER FLOW PROBLEM

The power flow problem can be defined as the calculation of the real and reactive powers flowing 
in each line, and the magnitude and phase angle of the voltage at each bus of a given transmission 
system for specified generation and load conditions. The information obtained from the power flow 
studies can be used to test the system’s capability to transfer energy from generation to load without 
overloading lines and to determine the adequacy of voltage regulation by shunt capacitors, shunt 
reactors, tap-changing transformers, and the var-supplying capability of rotating machines.

It is possible to define the bus power in terms of generated power, load power, and transmitted 
power at a given bus. For example, the bus power (i.e., the net power) of the ith bus of an n bus power 
system can be expressed as

 

Si i i

Gi Li Ti Gi Li Ti

P jQ

P P P j Q Q Q

= +

= − − + − −( ) ( )
 (8.1)

where
Si = three-phase complex bus power at ith bus
Pi = three-phase real bus power at ith bus
Qi = three-phase reactive bus power at ith bus
PGi = three-phase real generated power flowing into ith bus
PLi = three-phase real load power flowing out of ith bus
PTi = three-phase real transmitted power flowing out of ith bus
QGi = three-phase reactive generated power flowing into ith bus
QLi = three-phase reactive load power flowing out of ith bus
QTi = three-phase reactive transmitted power flowing out of ith bus

In load flow studies, the basic assumption is that the given power system is a balanced three-
phase system operating in its steady state with a constant 60-Hz frequency.* Therefore, the system 
can be represented by its single-phase positive-sequence network with a lumped series and shunt 
branches. The power flow problem can be solved either by using the bus admittance matrix (Ybus) 
or the bus impedance matrix (Zbus) representation of the given network. It is customary to use the 
nodal analysis approach. Thus, if the bus voltages are known, the bus currents can be expressed as

 [Ibus] = [Ybus][Vbus] (8.2)

or in its inverse form,
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Z I

bus bus

1

bus

bus bus

  =    

=    

−

 

(8.3)

If the bus voltages are known, then the bus currents can be calculated from Equation 8.2. 
Otherwise, if the bus currents are known, then the bus voltages can be found from Equation 8.3.

However, in a given power flow problem, nodal active and reactive powers are the independent 
variables and nodal voltages are the dependent variables. Therefore, the determination of the nodal 
voltages, which initially seems to be simple, given that the nodal currents are known, becomes a 

* In general, power systems operate with a maximum frequency variation of ±0.05 Hz.
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nonlinear problem dictating an iterative* solution method since it is nodal power rather than current 
that is known.

Each bus of a network has four variable quantities associated with it: the real and reactive power, 
the (line-to-ground) voltage magnitude, and voltage phase angle. Any two of the four may be the 
independent variables and are specified, whereas the other two remain to be determined. Because of 
the physical characteristics of generation and load, the electrical conditions at each bus are defined 
in terms of active and reactive power rather than by bus current. Since the complex power flowing 
into the ith bus can be expressed as

 V Ii i i iP jQ* = +  (8.4)

the bus current is related to these variables as

 
I

Vi
i i

i

P jQ= −
*

 (8.5)

In general, there are three types of buses in a load flow problem. Each with its own specified vari-
ables: (1) slack (generator) bus,† (2) generator buses, and (3) load buses. Since transmission losses 
in a given system are associated with the bus voltage profile, until a solution is obtained, the total 
power generation requirement cannot be determined. Therefore, the generator at the slack bus is 
used to supply the additional active and reactive power necessary owing to the transmission losses.

Thus, at the slack bus, the magnitude and phase angle of the voltage are known, and the real and 
reactive power generated are the quantities to be determined. It is only after a solution is converged, 
that is, all bus voltages are known, that the real and reactive power generation requirements at the 
slack bus can be determined. In other words, the losses are not known in advance, and consequently 
the power at the slack bus cannot be specified.

To define the power flow problem to be solved, it is necessary to specify the real power and the 
voltage magnitude at each generator bus. This is because these quantities are controllable through 
the governor and excitation controls, respectively. The generator bus is also known as the PV bus. 
Since an overexcited synchronous generator supplies current at a lagging power factor, the reactive 
power Q of a generator is not required to be specified.

The load bus is also known as the PQ bus. This is because the real and reactive powers are 
specified at a given load bus. Table 8.1 gives the bus types with corresponding known and unknown 
variables. Note that, the slack bus voltage is set to 1.0 pu with a phase angle of 0° (i.e., the slack bus 
voltage is used as a reference voltage).

* Iteration is a more sophisticated title for the trial-and-error method.
† It is also called the swing bus, floating bus, or reference bus. It is a fictitious concept, created by the load flow analyst.

TABLE 8.1
Summary of Bus Classification

Bus Type Known Quantities Unknown Quantities

Slack |V| = 1.0 P, Q

θ = 0

Generator (PV bus) P, |V| Q, θ
Load (PQ bus) P, Q |V|, θ
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It is possible that some load buses may have transformers capable of lap-changing and phase-
shifting operations. These types of load buses are known as the voltage-controlled load buses. At 
the voltage-controlled load buses, the known quantities are the voltage magnitude in addition to the 
real and reactive powers, and the unknown quantities are the voltage phase angle and the turns ratio.

8.3 SIGN OF REAL AND REACTIVE POWERS

In performing a power flow study, one must remember that the lagging reactive power is a positive 
reactive power due to the inductive current and the leading reactive power is a negative power due to 
the capacitive current and that the positive bus current is in the direction that flows toward the bus.

Since the generator current flows toward the bus and the load current flows away from the bus, 
the sign of power is positive for the generator bus and negative for the load bus. Therefore, the fol-
lowing observations can be made:

 1. The real and reactive powers associated with the inductive load bus (i.e., the lagging power 
factor load bus) are both negative.

 2. The real and reactive powers associated with the capacitive load bus (i.e., the leading 
power factor load bus) are negative and positive, respectively.

 3. The real and reactive powers associated with the inductive generator bus (i.e., the bus with 
a generator operating in lagging power factor mode) are both positive.

 4. The real and reactive powers associated with the capacitive generator bus (i.e., the bus with 
a generator operating in leading power factor mode) are positive and negative, respectively.

 5. The reactive power of a shunt capacitive compensation apparatus located at a bus is 
positive.

For example, if a load bus is connected to a load that withdraws 5 pu W and 3 pu inductive vars, 
then the bus current, from Equation 8.5, can be expressed as
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However, if a generator bus is connected to a generator that operates in a lagging power factor 
mode and supplies 5 pu W and 3 pu vars, then the bus current becomes
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8.4 GAUSS ITERATIVE METHOD

Assume that a set of simultaneous linear equations with n unknowns (x1, x2, x3, ⋯, xn independent 
variables) is given as
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where the a coefficients and the b dependent variables are known. The given Equation set 8.6 can 
be reexpressed as
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Assume that the initial approximation values of the independent variables are x x x xn1
0

2
0

3
0 0( ) ( ) ( ) ( ), , , ,… . 

Thus, after the substitution, the Equation set 8.7 can be written as
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where the initial values* are usually selected as
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If the results obtained from Equation 8.8 match the initial values within a predetermined toler-
ance, a convergence (i.e., solution) has been achieved. Otherwise, the new corrected values of the 
independent variables (i.e., x1

1( ), x2
1( ), x3

1( ), …, xn
( )1 ) are substituted into the next iteration. Therefore, 

after the k + 1 iteration,
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8.5 GAUSS–SEIDEL ITERATIVE METHOD

The Gauss–Seidel iterative method is based on the Gauss iterative method. The only difference is 
that in the Gauss–Seidel iterative method, a more efficient substitution technique is used. In the 
iterations, therefore, the newly computed values of x are immediately used in the right sides of the 
following equations as soon as they are obtained. Therefore,

* Note that, the superscript (i) indicates the ith approximation for x. In other words, it denotes the iteration cycle number 
and not a power.



478 Modern Power System Analysis

 

x
a

b a x a x a x

x

k k k
n n

k
1

1

11
1 12 2 13 3 1

2

1( ) ( ) ( ) ( )( )+ = − − − −�

(( ) ( ) ( ) ( )( )k k k
n n

k

a
b a x a x a x

x

+ += − − − −1

22
2 21 1

1
23 3 2

1 �

33
1

22
3 31 1

1
32 2

1
3

1( ) ( ) ( ) ((k k k
n n

k

a
b a x a x a x+ + += − − − −� ))

( ) ( ) ( )

)

.

.

.

(x
a

b a x a x an
k

nn
n n

k
n

k+ + += − − − −1
1 1

1
3 3

11 � nnn n
kx −
+
1
1( ))

 (8.11)

Note that, the superscript (i) indicates the ith approximation for x. In other words, it denotes the 
iteration cycle number and not a power.

In Equation 8.11, the circled values are the immediately substituted values, which are determined 
in preceding steps of the (k + 1)th iteration.

8.6 APPLICATION OF GAUSS–SEIDEL METHOD: Ybus

Assume that the neutral of an n-bus network system is taken as reference; then the n current equa-
tions can be expressed in terms of the n unknown voltages,

 [Ibus] = [Ybus][Vbus]

or
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or, in matrix form,
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Note that, the diagonal element Yii is obtained as the algebraic sum of all primitive admittances 
incident to node i and that the off-diagonal elements Yjj = Yji are obtained as the negative of the 
primitive (branch) admittance connection nodes i and j, that is, Yij = −yij. In the case of a π repre-
sentation of transmission circuits, the shunt susceptance would be included in the nodal admittance 
term, as would the admittance of shunt reactors or the shunt elements of equivalent circuits as those 
used for representing tapped transformers.

Therefore, the bus voltages for the (k + 1)th iteration can be determined from Equation 8.12 when 
Vi

k( ) and Ii
k( ) are found after the kth iteration. Thus,
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Even though currents in Equation 8.14 are unknown, they can be expressed in terms of P, Q, and V as

 
I

Vi
i i

i

P jQ= −
*

 (8.5)

A general formula to determine the bus voltage at the ith (PQ) bus can be developed by substitut-
ing Equation 8.5 into Equation 8.14 so that
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Note that, bus 1 is designated as the slack bus with known voltage magnitude and phase angle. 
Therefore, the bus voltage calculations start with bus 2.
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If the ith bus is a PV bus where real power and voltage magnitude, rather than reactive power, 
are given, then the unknown reactive power has to be determined first before each iteration. Thus, 
for the generator bus i,

 
I

V
Y V Y V Y V Y Vgen =

− = + + + +P jQi i

i
i i i in n* 1 1 2 2 3 3 �  (8.16)

 

P jQi i i
k

ij j
k

j

n

− =










=

∑V Y V( ) ( )

1

 (8.17)

Taking the imaginary part of Equation 8.11,
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Note that the best values of voltages are used in calculating the reactive power Qi. Once Qi is found, 
it is used in Equation 8.15 to determine the new Vi at the generator bus. Usually, a limit on maximum 
and/or minimum Qi,spec may be specified. If the calculated reactive power, Qi,calc, should exceed the 
limits Qi,spec, then the limiting value of Qi,spec should be used in place of Qi,calc in Equa tion 8.15.

If the magnitude of the new calculated voltage is larger than the magnitude of the specified 
(original) voltage, the new voltage is corrected by multiplying by the ratio of the specified voltage 
magnitude to the calculated voltage magnitude, keeping the new phase angle of the calculated volt-
age. In other words, it is only the voltage magnitude that is being corrected.

In summary, the iteration process in the Gauss–Seidel method starts by assuming initial phasor 
values for the unknown bus voltages (except for the slack bus) and computing their new values, that 
is, the corrected voltages. At each bus, the corrected voltage is substituted back into Equation 8.15 
as the estimated value for Vi

* to calculate the new value Vi.
This process is continued for a predetermined number of iterations, usually twice. As the cor-

rected voltage value is determined at each bus, it is employed in finding the corrected voltage at the 
next. The process is repeated at each bus successively for the rest of the buses to finish the first itera-
tion. This iteration process for the network system is repeated until the voltage correction required 
for each bus is less than a specified precision index, that is, tolerance.

After the bus voltages V2, V3, V4, …, Vn are thus solved, the bus power at the slack bus can be 
determined from

 

P jQ

i
n n

1 1
11 1 12 2 13 3 1

− = + + + +
V

Y V Y V Y V Y V
*

�  (8.19)

or

 P jQ n n1 1 11 1 1 12 2 1 13 3 1 1 1− = + + + +Y V V Y V V Y V V Y V V* * * *�  (8.20)

As the final step, once all the bus voltages are known, the power flows in all transmission lines 
can be determined to complete the power flow study. For example, consider the line connecting 
buses i and j, as shown in Figure 8.1, and assume that the line current Iij can be expressed as

 Iij = Iseries + Ishunt (8.21)
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where

 Iseries = (Vi – Vj)yij (8.22)

thus,

 
I V V y V

y
ij i j ij i

ij= − +
′

( )
2

 (8.23)

where
yij = admittance of line ij
′yij = total line-charging admittance

The real and reactive power flow from bus i to bus j can be expressed as

 
S V Iij ij ij i ijP jQ= + = *  (8.24)

By substituting Equation 8.23 into Equation 8.24,
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Alternatively, the real and reactive power flow from bus j to bus i can be expressed as

 

S V V V y V V
y

ji ji ji j j i ij j j
ijP jQ= + = − +
′





( )* * * *

*

2
 (8.26)

Note that, the line plus transformers can also be represented by the series and the two shunt 
admittances.

Bus i Bus j

Iij
yij

Iji

Sji

Iseries

IshuntSij

ijy
2 2
´ ijy´

FIGURE 8.1 Line data used in load flow calculation.
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8.7 APPLICATION OF ACCELERATION FACTORS

Sometimes the number of iterations required to converge can be significantly reduced by application 
of a so-called acceleration factor. The correction in voltage from Vi

k( ) to Vi
k( )+1  is multiplied by such 

a factor in order to bring the new voltage closer to its final value. Therefore, the accelerated new 
voltage can be expressed as

 

V V V V

V

i
k

i
k

i
k

i
k

i

( )
( ) ( ) ( ) ( )( )acceleration
+ += + −

=

1 1α

(( ) ( )k
i

k+ ⋅α ∆V
 (8.27)

However, in the selection of a factor, there is nothing to guarantee a fast convergence. However, 
at the same time, numerous studies have been made to determine the optimum values of accelera-
tion factors [5,7,10,60,73]. For example, the results of one study is shown in Figure 8.2. The actual 
value of α depends on the method of solution and the nature of the network system. However, an a 
value of about 1.6 is usually used in the Ybus Gauss–Seidel iterations.

8.8 SPECIAL FEATURES

Today, most of the commercial power flow programs are equipped with automatic adjustment fea-
tures either to permit the use of off-nominal bus quantities or to simulate the real-life operation 
on the power system. For example, a transformer provided with off-nominal taps can be used to 
regulate the voltage on a given bus to a specified level whether or not that transformer physically 
is capable of such automatic operation. In general, the most commonly used automatic adjustment 
features are

 1. Automatic load-tap-changing (LTC) transformers for voltage control
 2. Automatic phase-shifting transformers
 3. Area power interchange control
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FIGURE 8.2 Effects of acceleration factors on rate of convergence for power flow solutions. (From Stagg, 
G. W., and El-Abiad, A. H., Computer Methods in Power System Analysis. McGraw-Hill, New York, 1968.)
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8.8.1 ltC tranSformerS

The purpose of tap changing is to control the voltage magnitude at a given bus so that it is constant 
or within certain limits. Assume that an automatic LTC transformer is connected to a particular bus 
to keep load voltage constant. It is possible to run the power flow program employing one tap setting 
and without mentioning the magnitude of the load voltage.

If the voltage magnitude determined by the power flow program run exceeds the given limits, a 
new tap setting can be selected for the next run. In general, when the automatic tap-changing feature 
is used to represent a manual tap-changing transformer, the output of the power flow program will 
specify the tap setting that gives the required bus voltage. It is important to note that changing the 
tap setting (or ratio) will change the system admittance/impedance matrix. Therefore, after each tap 
ratio adjustment, the Ybus admittance matrix or the Zbus impedance matrix has to be adjusted.

Another means of taking into account the LTC transformer is to represent it by its impedance, 
or admittance, connected in series with an ideal autotransformer, as shown in Figure 8.3a. An 
equivalent π circuit, as shown in Figure 8.3b, can be developed from this representation to be used 
in power flow studies.

8.8.2 PhaSe-Shifting tranSformerS

Automatic phase-shifting transformers can be employed to control the power in a circuit that is con-
nected in series with the transformer. However, in the event that such apparatus is not present in a 
system, the automatic phase-shifting feature of the power flow program can be used to determine 
the phase shift requirement for a given power flow in the series circuit. Note that, the effect of a 
phase-shifting transformer can be found by replacing a by aejΦ where |a| is unity.

Vj

yij Ij

Bus jBus i

I
a : 1i

Vi

(a)

i
yij
a

1
2V

+

−
i

− a
a yij yij| |

(b)

+
Vj
−

−a
a

1

j

FIGURE 8.3 LTC transformer representations: (a) equivalent circuit; (b) equivalent circuit.
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8.8.3 area Power interChange Control

If the load flow study is performed for some interconnected power systems or areas, the load flow 
results must meet the requirements of a specified net power interchange for each area. For example, 
power flow studies for normal operating conditions often require a certain amount of power trans-
mitted out of an area. Power flow programs with area interchange control have provisions for keep-
ing the power out of the given area constant by controlling the power at one generator, which is 
called the regulating generator.

After each power flow solution, the regulating-generator real-power output is adjusted. The 
actual net power interchange is calculated by adding tie-line flows algebraically. The regulating 
generator output is adjusted according to

 
P P Pk k

T
k

reg reg
( ) ( ) ( )+ = +1 ∆  (8.28)

where

 
∆ ∆P P PT

k
T T

k( )
( )

( )= −sch  (8.29)

Thus,

 
P P P Pk k

T T
k

reg reg sch
( ) ( )

( )
( )+ = + − 

1  (8.30)

where
P k

reg
( )+1  = new estimate of power output for regulating generator for the (k + 1)th iteration

P k
reg
( ) = power output of regulating generator adjusted for the kth iteration

PT(sch) = scheduled net tie-line flow (or power interchange)

PT
k( ) = actual net power interchange

∆PT
k( ) = difference between actual and scheduled power interchanges

The final solution (after several iterations) is obtained when ∆PT
k( ) becomes less than the specified 

tolerance limit.

EXAMPLE 8.1

Consider the one-line diagram of the IEEE five-bus power system as shown in Figure 8.4. Assume 
that generator bus 1 is used as the slack bus with a constant voltage magnitude and angle of 
1.02∠0° pu and that generator bus 4 has a constant-voltage magnitude of 1.05 pu and a specified 
real power of 1.0 pu based on 1.0 MVA as the megavolt-ampere base. The rest of the buses are 
connected to inductive loads. Note that, the load quantities in terms of P and Q are all negative 
to indicate the inductive loads. The initial voltage values for all load buses are given as 1.0∠0°, as 
shown in Figure 8.4. A capacitor bank is connected to bus 4. Use the Gauss–Seidel method and 
determine the following:

 (a) Bus admittance matrix of system
 (b) Value of voltage V2 for the first iteration
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Solution

 (a) The primitive branch admittance can be found as
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FIGURE 8.4 Five-bus system for Example 8.1.
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  Therefore, the off-diagonal elements of the bus admittance matrix can be expressed as
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  The diagonal elements of the bus admittance matrix can be found as
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  Therefore, the bus admittance matrix of the system can be expressed as
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 (b) From Equation 8.15, the value of voltage V2 for the first iteration can be found as
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  It is better to recompute V2 from Equation 8.15 by using the corrected value of V2
1( )*. 

Therefore,
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8.9 APPLICATION OF GAUSS–SEIDEL METHOD: Zbus

The Gauss–Seidel iterative method can also be applied for the solution of the power flow problem by 
the bus impedance matrix rather than the bus admittance matrix [11,13]. In this method, Equation 
8.3 can be solved directly for the bus voltages in terms of the bus currents using the inverse of the 
bus admittance matrix. Therefore,

 

[ ] [ ] [ ]

[ ][ ]

V Y I

Z I

bus bus bus

bus bus

=

=

−1

 (8.31)

where the bus currents can be obtained from Equation 8.5. Therefore, when the bus impedance 
matrix is known, then for any current vector [I(k)], it is possible to determine a new voltage vector 
[V(k)]. After finding the new voltage vector, the associated new current vector can be computed, 
which in turn provides a new voltage vector.

This iteration process continues until the voltage correction required for each bus is less than a 
predetermined tolerance limit. To improve the convergence characteristics, it is useful to include, 
at each load bus, a fixed and artificial impedance to ground to approximate the load on the basis of 
the estimated voltage at this bus. Otherwise, with no paths to neutral (ground),* the resultant bus 
admittance is singular, and therefore its inverse will not exist.

An alternative approach eliminates the equation for the slack bus from Equation 8.31 before 
inverting the bus admittance matrix. In other words, the swing bus is taken as the reference in deter-
mining the bus admittance and impedance matrices. Therefore, the new equation can be expressed as

 [Vbus] = [Zbus][Ibus] + [Vs] (8.32)

* Note that, this is because in power flow studies, the generations and loads are assumed to be external to the network and 
are excluded. Because of this, there are only high-impedance line-to-ground paths, e.g., line capacitance to ground, static 
capacitors, and shunt impedance due to transformer magnetizing current.
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where the matrix Vs is the column vector whose elements are the voltage of the swing bus. Note 
that, the matrix Z is different than the one in Equation 8.31 and matrices V and I do not have Vs 
and Is, respectively. The iteration process involved in the Gauss–Seidel Zbus method is similar to the 
one in the Gauss–Seidel Ybus method. However, the fundamental Equations 8.5, 8.15, and 8.18 are, 
respectively, modified as
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The method has reliable convergence characteristics but does not have the advantage of the itera-
tive bus admittance methods in terms of storage and speed with respect to larger systems.

8.10 NEWTON–RAPHSON METHOD

Assume that a single-variable equation has been given as

 f(x) = 0 (8.36)

Since any function of x can be expressed as a power series, the given function can be expanded 
by Taylor’s series about a particular point x0 as
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If the terms beyond the first derivative are dropped (i.e., assuming convergence after the first two 
terms), a linear approximation results as
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However, to prevent any confusion with respect to notation, it is customary to reexpress Equation 
8.39 as

 
x x

f x

df x dx
( ) ( )

( )

( )

( )

( )
1 0

0

0
= −

/
 (8.40)

where
x(0) = initial approximation (or estimate)
x(1) = first approximation

Therefore, a recursion formula can be developed so that at the end of the (k + l)th iteration,
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or, alternatively,
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where

 Δx = x(k+1) − x(k) (8.44)

Therefore, Δx (the amount by which x(k) needs to be modified) can be determined by substituting 
the value of x(k) into f(x) and fʹ(x), as shown in Equation 8.43. Thus, an iterative solution process is 
established.

The method can easily be extended to multivariable nonlinear equations in the following manner. 
Assume that a set of n nonlinear equations with n unknowns is given as
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 (8.45)

or, in matrix notation,

 F(x) = 0 (8.46)
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where

 

[ ]
.
.

x

x

x

x

xn

=



























1

2

3

 

(8.47)

Here, the objective is to solve for the x values expressed in Equation 8.47 so that

 f(x) = [0] (8.48)

As has been done previously, if the given functions are expanded according to Taylor’s series and 
the terms beyond the first derivatives are dropped,

 F(x) = F(x(x)) + [J(x(0))][x − x(0)] = 0 (8.49)

where the coefficient matrix in Equation 8.49 is called the Jacobian matrix and can be expressed as
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Therefore, from Equation 8.49,

 [x(k+1)] = [x(k)] − [J(x(x))]−1[F(x(k))] (8.51)

or
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EXAMPLE 8.2

Assume as given the nonlinear equations

 f x x x x x1 1 2 1
2

1 23 4 0( , ) = + − =

and

 f x x x x x2 1 2 1 2 2
22 5 0( , ) = − + =



492 Modern Power System Analysis

Determine the values of x1 and x2 by using the Newton–Raphson method.

Solution

The Jacobian matrix is
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As the initial approximation, let
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Therefore, the first iteration can be performed as
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Thus, after substituting the new values for the second iteration,
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Similarly, after substituting the new values for the third iteration,
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Finally, after substituting for the last iteration,
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Therefore, it is obvious that the iterations have rapidly converged toward the results of 
x1

4 0( ) .= 6726 and x2
4 1( ) .= 7582.

8.11 APPLICATION OF NEWTON–RAPHSON METHOD

The Newton–Raphson method is very reliable and extremely fast in convergence (especially with 
the introduction of the efficient sparsity programming). It is not sensitive to factors that cause poor 
or no convergence with other load flow methods (e.g., choice of slack bus, series capacitors, or nega-
tive resistances).* The rate of convergence is relatively independent of system size. Rectangular or 
polar coordinates can be used for the bus voltages [18]. In this method, the bus admittance matrix 
is used.

8.11.1  aPPliCation of newton–raPhSon method to load 
flow eqUationS in reCtangUlar CoordinateS†

As before, the slack bus, at which the magnitude and phase angle of the voltage is known, is not 
included in the iteration process. Therefore, the power at bus i in an n-bus system can be expressed 
as

 S V Ii i i i iP jQ= − = *  (8.53)

or

 

S V Y Vi i i i ij j

j

n

P jQ= − =
=
∑*

1

 (8.54)

Let

 Vi ≜ ei + jfi (8.55)

* The representation of multiwound transformers and regulating transformers may involve negative resistances.
† For an in-depth explanation of the method and for excellent numerical examples, see Stagg and El-Abiad [73, Chapter 8].
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 Vij ≜ Gij − jBij (8.56)

 

I Y Vi ij ij

j

n

i ic jd= +
=
∑

1

�  (8.57)

where Ii is defined as the current flowing into bus i. Therefore, after the appropriate substitutions, 
Equation 8.54 can be reexpressed as

 

P jQ e jf G jB e jfi i i i ij ij

j

n

j j− = − − +
=
∑( ) ( )( )

1

 (8.58)

or

 

P jQ e jf G e jB f j G f B ei i i i ij j ij j ij j ij j

j

− = − + + −( ) [( ) ( )]
==
∑

1

n

 (8.59)

Therefore, it can be shown that

 

P e G e jB f f G f B ei i ij j ij j i ij j ij j

j

n

= + + −
=
∑[( ) ( )]

1

 (8.60)

and

 

Q f G e jB f e G f B ei i ij j ij j i ij j ij j

j

n

= + − −
=
∑[( ) ( )]

1

 (8.61)

Note that, Pi and Qi are functions of ei, ej, fi, and fj. For each PQ load bus, Pi and Qi can be cal-
culated from Equations 8.60 and 8.61, respectively, for some estimated values of e and f. After each 
iteration, the calculated values of Pi,calc and Qi,calc are compared against the known (or specified) 
values of Pj,spec and Qj,spec. Similarly, for each PV generator bus, the magnitude of the bus voltage 
can be calculated from the estimated values of e and f as

 
Vi i ie f

2 2 2= +  (8.62)

Then, the calculated voltage magnitude is compared with its specified value. Thus, the corrected 
values for the kth iteration can be expressed as

 
∆P P Pi

k
i i

k( )
, ,

( )= −spec calc  (8.63)

 
∆Q Q Qi

k
i i

k( )
, ,

( )= −spec calc  (8.64)
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 Δ|Vi|2 = |Vi,spec|2 − |Vi,calc|2 (8.65)

The resultant values of ∆ ∆ ∆P Qi
k

i
k

i
( ) ( ), , and V

2
 can be used to determine the changes in the real 

and imaginary components of the bus voltages from Equation 8.66. Since the changes in P, Q, and 
V2 are related to the changes in e and f by Equations 8.60 through 8.62, it is possible to express them 
in a general form as
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 (8.66)

In Equation 8.66, the coefficient matrix of partial derivatives is called the Jacobian. Thus, in 
matrix form, Equation 8.66 can be expressed as

 

∆
∆

∆

∆P
Q

J J

J J

J J

e

V
2

1 2

3 4

5 6



















=



















×
∆∆f

















 (8.67)

Note that, it is assumed that bus 1 is the slack bus and that bus n is the PV generator (or voltage-
controlled) bus. In Equation 8.67, the unknowns are the changes (or corrections) in the real and 
imaginary components of the voltages (i.e., Δe’s and Δf’s). It can be observed from Equation 8.66 
that two equations are needed for each bus (excluding the slack bus and reference bus) in order to 
include both real and imaginary terms. All the elements of the Jacobian are functions of e’s and f’s. 
Thus, they can be calculated by substituting the initial assumed values for the first iteration, or com-
puted in the last iteration, into the partial derivative equations. Thus, the unknown values of Δe’s 
and Δf’s can be determined from Equation 8.66 after inverting the Jacobian matrix. The resultant 
values of Δe’s and Δf’s can be used in the following equation to determine the new estimates for 
bus voltages for the next iteration:

 e e ei
k

i
k

i
k( ) ( ) ( )+ = +1 ∆  (8.68)

 f f fi
k

i
k

i
k( ) ( ) ( )+ = +1 ∆  (8.69)
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The process is repeated until the values of ΔP, ΔQ, and Δ|V|2 determined from Equations 8.63 
through 8.65 are less than the specified precision indexes.

It is possible to develop a convenient expression for bus current given by Equation 8.57 as

 

I Y Vi ij j

j

n

ij ij

j

n

j jG jB e jf= = − +
= =
∑ ∑

1 1

( )( )  (8.70)

or

 

Ii j ij j ij

j

n

j ij j ij

j

n

e G jf B j f G e B= + + −
= =
∑ ∑( ) ( )

1 1

 (8.71)

or

 Ii = ci + jdi (8.72)

where

 

c e G f Bi j ij j ij

j

n

= +
=
∑( )

1

 (8.73)

or

 

d f G e Bi j ij j ij

j

n

= −
=
∑( )

1

 (8.74)

or

 

c e G f B e G f Bi i ii i ii j ij j ij

j
j i

n

= + + +
=
≠

∑( )
1

 (8.75)

 

d f G e B f G e Bi i ii i ii j ij j ij

j
j i

n

= − + −
=
≠

∑( )
1

 (8.76)

From Equation 8.60, the real power of bus i can be expressed as

 

P e e G f B f f G e Bi i j ij j ij

j

n

i j ij j ij

j

n

= + + −
= =
∑ ∑( ) ( )

1 1

 (8.77)
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or substituting Equation 8.73 and 8.74 into Equation 8.77,

 Pi = eici + fidi (8.78)

Similarly, from Equation 8.61, the reactive power of bus i can be expressed as

 

Q f e G f B e f G e Bi i j ij j ij

j

n

i j ij j ij

j

n

= + − −
= =
∑ ∑( ) ( )

1 1

 (8.79)

or

 Q = fici − eidi (8.80)

Thus, the elements of submatrices of the Jacobian matrix, given in Equation 8.67, can be evalu-
ated for the values of P, Q, and V2 at each iteration as follows. For submatrix J1, from Equation 8.77, 
the off-diagonal and diagonal elements, respectively, can be found as

 

∂
∂

= − ≠P
e

e G f B i ji

j
i ij i ij  (8.81)

and

 

∂
∂

= − + =P
e

e G f B c i ji

i
i ii i ii i( )  (8.82)

Similarly, for the matrix J2,

 

∂
∂

= + ≠P
f

e B f G i ji

j
i ij i ij  (8.83)

 

∂
∂

= + + =P
f

e B f G d i ji

i
i ii i ii i( )  (8.84)

For submatrix J3, from Equation 8.79,

 

∂
∂

= + ≠Q
e

e B f G i ji

j
i ij i ij  (8.85)

 

∂
∂

= + =Q
e

e B f G i ji

i
i ii i ii( )  (8.86)

Similarly, for submatrix J4

 

∂
∂

= − − ≠Q
f

e G f B i ji

j
i ij i ij( )  (8.87)
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∂
∂

= − − + =Q
f

e G f B c i ji

j
i ii i ii i( )  (8.88)

Note the similarity between the elements of submatrices J1 and J4 and also between submatrices 
J2 and J3. It can be convenient to define the following expressions for diagonal and off-diagonal 
elements as

 Tij = eiGij − fiBij for all i, j (8.89)

and

 Uij = eiBij + fiGij for all i, j (8.90)

Therefore, the Jacobian matrix can be expressed as

 

J J

J J
T U
U T

c d

d c
i i

i i

1 2

3 4












=

−








 −











  (8.91)

Note that, the off-diagonal elements in the ci and di submatrices are all zero.
The elements of the submatrices for the voltage-controlled bus i can be found from Equation 8.62 

similarly. For submatrix J5, the off-diagonal and diagonal elements, respectively, can be found as

 

∂
∂

= ≠
Vi

je
i j

2

0  (8.92)

and

 

∂
∂

= =
Vi

i
ie

e i j

2

2  (8.93)

Similarly, for submatrix J6,

 

∂
∂

= ≠
Vi

jf
i j

2

0  (8.94)

and

 

∂
∂

= =
Vi

i
if

f i j

2

2  (8.95)

Thus, by substituting Equations 8.78 through 8.80 and 8.62 into Equations 8.63 through 8.65, 
respectively, it is possible to express them as

 
∆P P e c f di

k
i i i i i

( )
, ( )= − +spec  (8.96)
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∆Q Q f c e di

k
i i i i i

( )
, ( )= − −spec  (8.97)

 
∆ V Vi p i ie f

2 2 2 2= − +( ),spec  (8.98)

EXAMPLE 8.3

Consider the one-line diagram of a five-bus* power system as shown in Figure 8.5. Assume that 
generators are connected to buses 1 and 3 and that bus 1 is used as the slack bus. Therefore, the 
voltage magnitude and angle of bus 1 and the voltage magnitude of bus 3 will be kept constant. 
Assume that inductive loads are connected to buses 2, 4, and 5, as indicated. Note that, since the 
real and reactive powers are associated with the inductive load buses, they are negative, as shown 
in the figure. The minimum and maximum reactive power limits of the generator bus (i.e., bus 3) 
are 0.0 and 10.0 pu, respectively. Its real power is 1.0 pu based on 1.0 MVA as the megavolt-
ampere base. Use the Newton–Raphson method in rectangular coordinates to obtain a power 
flow solution with tolerances of 0.0001 pu for the changes in the real and reactive bus powers 
and for the changes in bus voltages, respectively. Note that, the buses in Figure 8.5 are not neces-
sary for the solution of the example. However, the proper ordering of buses can be important for 
large power systems in terms of faster convergence of the solutions. Tables 8.2a and 8.2b provide 
impedances for the six lines that are identified by the buses that are connected. Table 8.3 gives the 
values of real and reactive powers. The positive power indicates the power input to the network 
at each bus. Hence, the negative values indicate the inductive loads. The voltage values shown in 
Figure 8.2 represent the original estimates. Note that, the magnitude of the voltage value and the 

* The input data for the example is adopted from Stevenson [74]. Included with permission from McGraw-Hill Book 
Company.

1
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1.0  0° pu kV

0.1 + j0.4 pu −(0.6 + j0.30) pu MVA
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 j0
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0 
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 Ω
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 j0
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 Ω

 

1.02 0º
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pu kV

pu kV

pu kV
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G

FIGURE 8.5 Five-bus system for Example 8.3.
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angle are to remain constant at bus 3. Let the iterative computations begin at bus 2 and determine 
the value of V2 for the first iteration.

 (a) Determine the ΔP and ΔQ changes for the four buses (2, 3, 4, and 5 after the first iteration).
 (b) Determine the Δe and Δf voltage changes for the four buses after the first iteration.
 (c) Determine the new voltages for the four buses after the first iteration.
 (d) Repeat part (a) for the second iteration.
 (e) Repeat part (b) for the second iteration.
 (f) Repeat part (c) for the second iteration.
 (g) Repeat part (a) for the third iteration.
 (h) Repeat part (b) for the third iteration.
 (i) Repeat part (c) for the third iteration.
 (j) Determine the real and reactive power flows in all transmission lines after the third iteration.
 (k) Determine the real and reactive powers summed at each of the five buses after the third iteration.
 (l) Determine the total real and reactive power losses in the system after the third iteration.
 (m) Determine the bus currents.

TABLE 8.2a
Line Impedances

Line (Bus to Bus) R (Per Unit) X (Per Unit)

1–2 0.10 0.40

1–4 0.15 0.60

1–5 0.05 0.20

2–3 0.05 0.20

3–5 0.05 0.20

TABLE 8.2b
Power and Voltage Data

Bus P (Per Unit) Q (Per Unit) V (Per Unit) Remarks

1 − − 1.02∠0° Swing bus

2 −0.6 −0.3 1.00∠0° Load bus (inductive)

3 1.0 − 1.00∠0° Voltage bus (inductive)

4 −0.4 −0.1 1.00∠0° Load bus (inductive)

5 −0.6 −0.2 1.00∠0° Load bus (inductive)

TABLE 8.3
Line Admittances and Self- and Mutual Admittances

Line (Bus to Bus) G (Per Unit) B (Per Unit)

1–2 0.588235 −2.352941

1–4 0.392157 −1.568627

1–5 1.176471 −4.705882

2–3 1.176471 −4.705882

2–4 0.588235 −2.352941

3–5 1.176471 −4.705882
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Solution

 (a) The computer program output shows that after the first iteration,

 ∆ ∆ ∆S2
1

2
1

2
1 0 0 0 0( ) ( ) ( ) . .= + = − +P j Q j5411748 647 662pu

 ∆ ∆ ∆S3
1

3
1

3
1 0 0 0 0000000( ) ( ) ( ) . .= + = +P j Q j9 21182 pu

 ∆ ∆ ∆ –S4
1

4
1

4
1 0 0 0 0( ) ( ) ( ) . .= + = −P j Q j3921567 68627 pu

 ∆ ∆ ∆S5
1

5
1

5
1 0 0( ) ( ) ( ) . .= + = − +P j Q j5294129 8235341pu

 (b) The computer program output shows that after the first iteration,

 ∆ ∆ ∆ –V2
1

2
1

2
1 0 0 0 0( ) ( ) ( ) . .= + = −e j f j3651552 6227919 pu

 ∆ ∆ ∆V3
1

3
1

3
1 0 0 0 00 0 0( ) ( ) ( ) . .= + = × +−e j f j1 93983 1 0 4 5 56 339 pu

 ∆ ∆ ∆ –V4
1

4
1

4
1 0 0 0 0 0( ) ( ) ( ) . .= + =e j f j624 95 1263565pu

 ∆ ∆ ∆V5
1

5
1

5
1 0 00 0( ) ( ) ( ) . .= + = − −e j f j5154848 3373529 pu

 (c) The computer program shows that the new bus voltages after the first iteration are

 V2
1

2
1

2
1 0 0 0( ) ( ) ( ) . .= + = −e jf j963485 6227919 pu

 V3
1

3
1

3
1 0 0000 0 0 0 0( ) ( ) ( ) . .= + = +e jf j1 4 4 5 539 pu

 V4
1

4
1

4
1 0 0 0( ) ( ) ( ) . .= + =e jf j93759 5 1263565pu–

 V5
1

5
1

5
1 0 0 0( ) ( ) ( ) . .= + = −e jf j9948452 3373529 pu

 (d) After the second iteration,

 ∆ ∆ ∆ –S2
2

2
2

2
2 0 0 0 0( ) ( ) ( ) . .= + = −P j jQ 1451135 3573412pu

 ∆ ∆ ∆ –S3
2

3
2

3
2 0 0 0 0 0( ) ( ) ( ) . .= + = − × −P j jQ 495 496 1 164 323 ×× −1 pu20

 ∆ ∆ ∆S4
2

4
2

4
2 0 0 2303781( ) ( ) ( ) .= + = − −P j jQ 2258435 0.00 puu

 ∆ ∆ ∆ –S5
2

5
2

5
2 0 00 0 0 0 0( ) ( ) ( ) . .= + = −P j jQ 533 8 1 1714361puu
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 (e) After the second iteration,

 ∆ ∆ ∆ –V2
2

2
2

2
2 0 0 0 0 00 00( ) ( ) ( ) . .= + = −e j f j1 77833 331 17 puu

 ∆ ∆ ∆V3
2

3
2

3
2 0 0 0 0( ) ( ) ( ) . .= + = − × −−e j f j6285994 1 41 8833 55 1 pu2× −0

 ∆ ∆ ∆V4
2

4
2

4
2 0 0 0 00 0( ) ( ) ( ) . .= + = − −e j f j2258435 23 3781puu

 ∆ ∆ ∆ –V5
2

5
2

5
2 0 00 0 0 00( ) ( ) ( ) . .= + = −e j f j23747 9 2142731ppu

 (f) After the second iteration,

 V2
2

2
2

2
2 0 0 0 0( ) ( ) ( ) . .= + =e jf j9527 62 6558919 pu–

 V3
2

3
2

3
2 0 0 0( ) ( ) ( ) . .= + = +e jf j1 39371 3639655pu

 V4
2

4
2

4
2 0 00 0 0( ) ( ) ( ) . .= + = −e jf j915 62 12866 3pu

 V5
2

5
2

5
2 0 0 0 0 0( ) ( ) ( ) . .= + =e jf j99247 4 35878 2pu–

 (g) After the third iteration,

 ∆ ∆ ∆S2
3

2
3

2
3 0 0 0( ) ( ) ( ) . .= + = − × −−P j jQ 4726648 1 5348324 55 1 pu3× −0

 ∆ ∆ ∆ –S3
3

3
3

3
3 0 0 0( ) ( ) ( ) . .= + = − × −P j jQ 2393723 1 1621243 66 1 pu4× −0

 ∆ ∆ ∆S4
3

4
3

4
3 0 0 0( ) ( ) ( ) . .= + = − × −−P j jQ 2399683 1 1458763 44 1 pu2× −0

 ∆ ∆ ∆S5
3

5
3

5
3 0 0 0( ) ( ) ( ) . .= + = × −−P j jQ 2741814 1 61511994 ×× −1 pu40

 (h) After the third iteration,

 ∆ ∆ ∆V2
3

2
3

2
3 0 0 0( ) ( ) ( ) . .= + = − × −−e j f j2121947 1 3475163 22 1 pu4× −0

 ∆ ∆ ∆V3
3

3
3

3
3 0 0 864209( ) ( ) ( ) . .= + = − × −−e j f j4772861 1 05 66 0× −1 pu4

 ∆ ∆ ∆V4
2

4
2

4
2 0 0 167816( ) ( ) ( ) . .= + = − × +−e j f j5581642 1 03 66 0× −1 pu4

 ∆ ∆ ∆V5
3

5
3

5
3 0 0 0 0 377548( ) ( ) ( ) . .= + = − × −−e j f j1 13366 1 4 ×× −1 pu40

 (i) After the third iteration,

 V2
3

2
3

2
3 0 06562394( ) ( ) ( ) . .= + = −e jf j952494 0 pu
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 V3
3

3
3

3
3 0 03631013( ) ( ) ( ) . .= + = +e jf j1 39366 0 pu

 V4
3

4
3

4
3 0 1286435( ) ( ) ( ) . .= + = −e jf j914448 0 pu

 V5
3

5
3

5
3 0 0 03591578( ) ( ) ( ) . .= + = −e jf j99246 3 0 pu

 (j) As can be observed from parts (g), (h), and (i), the power flow problem solution is con-
verged. Therefore, the computer program output gives the real and reactive power flows in 
all transmission lines after the third iteration as

 S12
3 0 00 0( ) . .= +198 12264 MVAj

 S14
3 0 0 0( ) . .= +248 5 11743MVAj

 S15
3 0 0 0 0 0( ) . .= +2 544 891 MVAj

 S21
3 0 0 0( ) . .= − 19279 1 179 MVA– j

 S23
3 0 0( ) . .= − 57321 23698 MVA– j

 S24
3 0 00 0 0( ) . .= +166 3876 MVAj

 S32
3 0 0( ) . .= +59431 32138 MVAj

 S35
3 0 0 0( ) . .= +4 569 15545MVAj

 S41
3 0 0 0( ) . .= − 23719 7399 MVA– j

 S42
3 0 0 0 0( ) . .= − −16281 2 6 1MVAj

 S51
3 0 0 0 0 0( ) . .= − 2 3 3 7945MVA– j

 S53
3 0 0 0( ) . .= − 39697 12 54 MVA– j

 (k) The real and reactive powers summed at each of the five buses are given by the computer 
output as

 S1
3 0 49 0( ) . .= +651 32917 MVAj

 S2
3 0 0000 0 0000( ) . .= − 6 3 MVA– j

 S3
3 00000 0( ) . .= +1 47683MVAj
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 S4
3 0 0000 0 0000( ) . .= − 4 1 MVA– j

 S5
3 0 0000 0( ) . .= − 6 19999 MVA– j

 (l) The total real and reactive power losses in the system are given as

 Sloss
3 MVA( ) . .= +0 05150 0 20600j

 (m) The bus currents are given as

 I2
3 0 0 0( ) . .= − +6 52267 355998 puj

 I3
3 0 0( ) . .= −9771826 4235277 puj

 I4
3 0 0( )   . .= − +4135732 1658478 puj

 I5
3 0 0 0( ) . .= − +5965176 223 196 puj

8.11.2  aPPliCation of newton–raPhSon method to load 
flow eqUationS in Polar CoordinateS

Assume that the basic variables are given in polar coordinates, that is, in terms of magnitude and 
angles. Let

 Vi ≜ |Vi|∠δi (8.99)

 Vi ≜ |Vi|∠−θij (8.100)

Hence,

 

I Y V Y Vi ij j

j

n

ij j

j

n

ij j= = ∠− +
= =
∑ ∑

1 1

θ δ  (8.101)

Thus,

 

P jQi i i i i

j

n

ij j ij i j− = = ∠− + −
=
∑V I V Y V* ( )

1

θ δ δ  (8.102)

where

 
e jj

ij i j ij i j
ij i j− + − + − − + −( ) cos( ) sin( )θ δ δ θ δ δ θ δ δ�  (8.103)
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Hence, the real and reactive powers can be expressed as

 

Pi i

j

n

ij j ij i j= + −
=
∑ V Y V

1

cos( )θ δ δ  (8.104)

and

 

Qi i

j

n

ij j ij i j= + −
=
∑ V Y V

1

sin( )θ δ δ  (8.105)

It can be shown that the changes in power are related to the changes in voltage magnitudes and 
phase angles.

8.11.2.1 Method 1. First Type of Formulation of Jacobian Matrix

 

∆
∆

∆
∆

P
Q

J J

J J












=
























1 2

3 4

δ
V  (8.106)

The elements of submatrices of this Jacobian matrix can be found as follows [16−18]. For sub-
matrix J1, from Equation 8.104, the off-diagonal and diagonal elements, respectively, can be deter-
mined as

 

∂
∂

= + − ≠P
i ji

j
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Similarly, for submatrix J2,
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 (8.109b)
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V Y cosθ  (8.110)
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For submatrix J3, from Equation 8.105,
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2
sinθ  (8.112)

Similarly, for submatrix J4,
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In the event that a voltage-controlled bus is present, the general Equation 8.106 has to be modi-
fied as
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The elements of the submatrices for the voltage-controlled bus i can be found from the equation

 |Vi| = |Vi| (8.116)

Thus, submatrix J5,

 

∂
∂

=
Vi

j

i j
δ

0 for all ,  (8.117)

that is, the J5 row matrix has only zeros as its elements. Similarly, for submatrix J6,
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and

 

∂
∂

= =
V

V
i

i

i j1  (8.119)

that is, the J5 row matrix also has zeros except one element. Note that, the angle Δδ in Equations 
8.106 and 8.115 must be in radians.

It is interesting to observe the similarities between the elements of the submatrices of the Jacobian 
matrix. Therefore, let

 Φij ≜ θij + δi – δj (8.120)

 Kij ≜ |Vi||Yij|cos Φij = |Vi|Gij (8.121)

 Lij ≜ |Vi||Yij|sin Φij = |Vi|Bij (8.122)

 
′K Kij j ij� V  (8.123)

 
′L Lij j ij� V  (8.124)

Therefore, the elements of each Jacobian submatrix can be redefined. For submatrix J1, from 
Equations 8.107 and 8.108, the off-diagonal and diagonal elements, respectively, can be expressed as
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L i ji

j
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 (8.125)
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 (8.126)

Thus, submatrix J1 can be expressed as,*

 

[ ] [ ]J L Qi1

0
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= ′ −
⌈
⌊ ⌈

⌊

 (8.127)

For submatrix J2,

 

∂
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= ≠P
K i ji

j
ij

V
 (8.128)

* Note that the off-diagonal elements of the Qi matrix in Equation 8.127 are all equal to zero.
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Therefore,
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For submatrix J3,
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Thus,
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For submatrix J4,
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Hence,
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Thus, the Jacobian matrix can be expressed as
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 (8.137)

Note that, the off-diagonal elements in the submatrices of the second matrix are all zero. The 
method of solution in the polar coordinates is very similar to that in the rectangular coordinates. 
Therefore, it will not be repeated here.

8.11.2.2 Method 2. Second Type of Formulation of Jacobian Matrix
It has been proved that it is more efficient if Equation 8.106 is modified as follows [18]:
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where submatrices J1 and J3 have remained unchanged, as given in Equation 8.137. However, sub-
matrices J2 and J4 are to be modified. For example, in the matrix multiplication, the ijth term in 
submatrix J2 becomes
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By multiplying the right side of Equation 8.138 by |Vj|/|Vj|,
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(8.141)

Since

 
′ = + −Kij i ij j ij i jV Y V cos( )θ δ δ
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Therefore, submatrix J2 becomes

 

[ ] [ ]J K Pi2

0

0
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⌊ ⌈
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 (8.142)

Similarly, submatrix J4 takes the form
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 (8.143)

The voltage-controlled buses can be included as before. Submatrix J5 remains the same (i.e., its 
elements are all zero). In submatrix J6, all off-diagonal elements are zero and the diagonal element 
is |Vi|. Therefore, the modified Jacobian matrix can be expressed as
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8.12 DECOUPLED POWER FLOW METHOD*

Consider the power flow problem defined in polar coordinating Equation 8.138,
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which is known in the literature [16–18] as
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 (8.145)

In general, in a given power system, the real power flow is considered to be much less sensitive 
to the change in voltage magnitude than to the change in voltage angle. Therefore, the elements of 
submatrix N (or J2) can be considered to be zero as an approximation. Likewise, the reactive power 

* It is also known as the decoupled Newton–Raphson method.
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is much less sensitive to change in voltage angle than voltage magnitude. Thus, the elements of sub-
matrix J (or J3) can be considered to be zero. Therefore, Equation 8.145 becomes
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δ
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V
 (8.146)

from which

 [ΔP] = [H][Δδ] (8.147)
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V

V
 (8.148)

which are known as the two decoupled power flow equations in the literature [28]. They are solved 
separately, so that

 [Δδ] = [H]−1[ΔP] (8.149)
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= −[ ] [ ]L Q1  (8.150)

Note that the solution involves the inversion of H and L matrices whose dimensions are approxi-
mately one-fourth the full-size Jacobian matrix. It is apparent that this approach significantly reduces 
not only the computation time for each iteration but also the computer memory requirement.

8.13 FAST DECOUPLED POWER FLOW METHOD

Consider the decoupled load flow of Equations 8.47 and 8.48 where the elements of submatrices H 
and L can be expressed as

 [ΔP] = [H][Δδ] (8.147)

 

[ ] [ ]∆
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Q L=












V

V
 (8.148)

 Hij = ViVj(Gij sin δij − Bij cos δij) i ≠ j (8.151)

 H B V Q i jii ii i i= − − =2  (8.152)

 Lij = ViVj(Gij sin δij − Bij cos δij) = Hij i ≠ j (8.153)

 L B V Q i jii ii i i= − − =2  (8.154)
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One can observe that even though the decoupled load flow method reduces the memory storage 
requirements considerably, it still requires significant amounts of computational effort. Thus, Stott 
and Alsac [30] have developed the fast decoupled power flow method. The basic assumptions used 
are the following:

 1. The power systems have high X/R ratios. Hence,

 Gij sin δij ≪ Bij (8.155)

 2. The difference between adjacent bus voltage angle is very small. Thus,

 sin δij = sin(δi − δj) ≅ δi − δj = δij (8.156)

 cos δij = cos(δi − δj) ≅ 1.0 (8.157)

 3. Also,

 Q B Vi ii i� 2  (8.158)

  Therefore, Equations 8.147 and 8.148 can be further approximated as

 [ΔP] = [V × Bʹ	×	V][Δδ] (8.159)
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 where the elements of the matrices [Bʹ] and [Bʺ] are the elements of the matrix [−B]. Thus,
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′′ = −B Bij ij  (8.163)

  The decoupling process in the fast decoupled power flow can be concluded [42] after 
additional modifications based on the simplifying assumptions as
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  Note that, both matrices Bʹ and Bʺ are real, sparse, and symmetrical owing to the 
fact that shunt susceptance, transformer off-nominal taps, and phase shifts are omitted. 
Therefore, both matrices Bʹ and Bʺ are always symmetrical. Because of this, their constant 
sparse upper triangular factors can be computed and stored only once at the start of the 
solution. The method is very fast and reliable.

8.14 THE DC POWER FLOW METHOD

In certain power system studies (e.g., reliability studies), a very large number of power flow runs 
may be needed. Therefore, a very fast (and not necessarily accurate, due to the linear approximation 
involved) method can be used for such studies. The method of calculating the real flows by solving 
first for the bus angles is known as the dc power flow method, in contrast with the exact nonlinear 
solution, which is known as the ac solution.

Assume that bus i is connected to bus j over an impedance of Zij. Thus, the active power flow can 
be expressed as

 
P

VV

Zij
i j

ij
i j= −sin( )δ δ  (8.166)

where

 Vi = |Vi|∠δi Vj = |Vj|∠δj

The following simplifying approximations are made:

 Xij ≅ Zij since Xij ≫ Rij

 |Vi| ≅ 1.0 pu

 |Vj| ≅ 1.0 pu

 sin(δi – δj) ≅ δi – δj

Hence, the active power flow Equation 8.166 can be expressed as

 
P

i
X

Bij
i

ij
ij i j≅ − ≅ −δ δ δ δ( )  (8.167)

Thus, in matrix form,

 [P] = [B][δ] (8.168)

from which

 [δ] = [B]−1[P] (8.169)
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or

 [δ] = [X][P] (8.170)

where the [B] matrix is an (n − 1) × (n − 1) matrix dimensionally for an n-bus system. The diagonal 
and off-diagonal elements of the [B] matrix can be found by adding the series susceptances of the 
branches connected to bus i and by setting them equal to the negated series susceptance of branch ij, 
respectively. The linear Equation 8.170 can be solved for δ by using matrix techniques. It is possible 
with the dc power flow method to carry out the thousands of power flow runs that are required for 
comprehensive contingency analysis on large-scale systems. Of course, the adequacy assessment 
provided by this representation is restricted to overload-related system problems.

In summary, the choice of a power flow method is a matter of choice between speed and accu-
racy. For a given degree of accuracy, the speed depends on the size, complexity, and configuration 
of the power system and on the numerical approach chosen.

EXAMPLE 8.4

Consider the IEEE five-bus system given in Example 8.1 and resolve by using the MATLAB® 
code.

Solution

 (a) Here is the input data in a summary format:

basemva = 1; accuracy = 0.0001; maxiter = 50;

% Bus Bus Voltage Angle ---Load-- -Generator----- Injected 

% No code Mag. Degree MW Mvar MW Mvar Qmin Qmax Inj.Mvar 

busdata = [1 1 1.02 0.0 0.0  0 0.0 0.0 0 0 0 
2 0 1.00 0.0 0.7 0.2 0.0 0.0 0 0 0 
3 0 1.00 0.0 0.4 0.1 0.0 0.0 0 0 0 
4 2 1.05 0.0 0  0 1.0 0.0 0 0 2 
5 0 1.00 0.0 0.6 0.3 0.0 0.0 0 0 0]; 

%     Line code
% Bus bus R X 1/2 B = 1 for lines

% nl nr p.u. p.u. p.u. > 1 or < 1 tr. tap at bus nl

Linedata = [1 2 0.200 0.400 0.0000 1
 1 5 0.100 0.200 0.0000 1
 2 3 0.000 0.200 0.0000 0.9091
 2 4 0.100 0.200 0.0000 1
 4 5 0.200 0.400 0.0000 1];

lfybus  % Form the bus admittance matrix

Lfgauss % Load flow solution by Gauss-Seidel method



515Power Flow Analysis

busout  % Prints the power flow solution on the screen

lineflow % Computes and displays the line flow and losses

 (b) Here is the MATLAB output:

= = = = = = = = = = = = = = = = = = = = = = = = =
Main MATLAB code:
= = = = = = = = = = = = = = = = = = = = = = = = =

Ybus =
3.0000 - 6.0000i -1.0000 + 2.0000i 0 0 -2.0000 + 4.0000i
-1.0000 + 2.0000i 3.0000 -12.0499i 0 + 5.4999i -2.0000 + 4.0000i 0
0 0 + 5.4999i 0 - 5.0000i 0 0
0 -2.0000 + 4.0000i 0 3.0000 - 6.0000i -1.0000 + 2.0000i
-2.0000 + 4.0000i 0 0 -1.0000 + 2.0000i 3.0000 - 6.0000i

Iteration # =

 1

 0.950 -2.137
Iteration # =

 2

 0.938 -3.949
Iteration # =

 3

 0.927 -4.907
Iteration # =

 4

 0.919 -5.664
Iteration # =

 5

 0.914 -6.279
Iteration # =

 6

 0.910 -6.772
Iteration # =

 7

 0.908 -7.166
Iteration # =

 8
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 0.906 -7.478
Iteration # =

 9

 0.905 -7.725
Iteration # =

 10

 0.903 -7.922
Iteration # =

 11

 0.903 -8.077
Iteration # =

 12

 0.902 -8.201
Iteration # =

 13

 0.901 -8.299
Iteration # =

 14

 0.901 -8.376
Iteration # =

 15

 0.901 -8.438
Iteration # =

 16

 0.900 -8.487
Iteration # =

 17

 0.900 -8.526
Iteration # =

 18

 0.900 -8.557
Iteration # =

 19
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 0.900 -8.582
Iteration # =

 20

 0.900 -8.601
Iteration # =

 21

 0.900 -8.617
Iteration # =

 22

 0.900 -8.629
Iteration # =

 23

 0.899 -8.639
Iteration # =

 24

 0.899 -8.647
Iteration # =

 25

 0.899 -8.653
Iteration # =

 26

 0.899 -8.658
Iteration # =

 27

 0.899 -8.662
Iteration # =

 28

 0.899 -8.665
Iteration # =

 29

 0.899 -8.667
Iteration # =

 30
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 0.899 -8.669
Iteration # =

 31

 0.899 -8.671
Iteration # =

 32

 0.899 -8.672
Iteration # =

 33

 0.899 -8.673
Iteration # =

 34

 0.899 -8.674
Iteration # =

 35

 0.899 -8.675
Iteration # =

 36

 0.899 -8.675  Power Flow Solution by Gauss-Seidel Method
  Maximum Power Mismatch = 9.22778e-005
   No. of Iterations = 36

Bus Voltage Angle ------Load------ ---Generation--- Injected
No. Mag. Degree MW Mvar MW Mvar Mvar

1 1.020 0.000 0.000 0.000 0.845 0.316 0.000
2 0.899 -8.675 0.700 0.200 0.000 0.000 0.000
3 0.965 -13.483 0.400 0.100 0.000 0.000 0.000
4 1.050 -1.548 0.000 0.000 1.000 -1.389 2.000
5 0.943 -4.067 0.600 0.300 0.000 0.000 0.000

Total 1.700 0.600 1.845 -1.073 2.000
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   Line Flow and Losses

--Line-- Power at bus & line flow --Line loss-- Transformer
from to MW Mvar MVA MW Mvar tap

 1 0.845 0.316 0.902
 2 0.410 0.129 0.430 0.036 0.071
 5 0.435 0.187 0.473 0.022 0.043

2  -0.700 -0.200 0.728
 1 -0.375 -0.058 0.379 0.036 0.071
 3 0.400 0.137 0.423 -0.000 0.037 0.909
 4 -0.725 -0.279 0.777 0.075 0.149

3  -0.400 -0.100 0.412
 2 -0.400 -0.100 0.412 -0.000 0.037

4  1.000 0.611 1.172
 2 0.800 0.428 0.907 0.075 0.149
 5 0.200 0.183 0.271 0.013 0.027

 5 -0.600 -0.300 0.671
 1 -0.413 -0.144 0.437 0.022 0.043
 4 -0.187 -0.156 0.244 0.013 0.027

Total loss   0.145 0.327
>>

EXAMPLE 8.5

Consider the IEEE five-bus system given in Example 8.3 and resolved by using the MATLAB:

 (a) By using the Newton–Raphson method
 (b) By using the decoupled method
 (c) By using the Gauss–Seidel method

Solution

 (a) By using the Newton–Raphson method

 Main MATLAB code:

= = = = = = = = = = = = = = = = = = = = = = = = =

%IEEE 6-Bus System: Power Flow

basemva = 1.0; accuracy = 0.0001; maxiter = 2;
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% Bus Bus Volt. Angle ---Load--- ---Generator---
% No code Mag. Degree MW Mvar MW Mvar Qmin Qmax Inj.Mvar

busdata = [1 1 1.02 0.0 0.0 0 0.0 0.0 0 0 0
 2 0 1.00 0.0 0.6 0.3 0.0 0.0 0 0 0
 3 2 1.04 0.0 0.0 0 1.0 0.0 0 10 0
 4 0 1.00 0.0 0.4 0.1 0.0 0.0 0 0 0
 5 0 1.00 0.0 0.6 0.2 0.0 0.0 0 0 0];

%     Line code
% Bus bus R X 1/2 B = 1 for lines

% nl nr p.u. p.u. p.u. > 1 or < 1 tr. tap at bus nl

linedata = [1 2 0.100 0.400 0.0000 1
 1 4 0.150 0.600 0.0000 1
 1 5 0.050 0.200 0.0000 1
 2 3 0.050 0.200 0.0000 1
 2 4 0.100 0.400 0.0000 1
 3 5 0.050 0.200 0.0000 1];

lfybus  % form the bus admittance matrix

lfnewton % Load flow solution by Newton-Raphson method

% decouple % Load flow solution by Fast Decoupled method

% Lfgauss % Load flow solution by Gauss-Seidel method

busout  % Prints the power flow solution on the screen

lineflow % Computes and displays the line flow and losses

= = = = = = = = = = = = = = = = = = = = = = = = =
Load flow solution by the Newton–Raphson method (3 Iterations, accuracy of 0.0001)
= = = = = = = = = = = = = = = = = = = = = = = = =

Ybus =

2.1569 - 8.6275i -0.5882 + 2.3529i 0 -0.3922 + 1.5686i -1.1765+ 4.7059i
-0.5882 + 2.3529i 2.3529 - 9.4118i -1.1765 + 4.7059i -0.5882 + 2.3529i 0
0 -1.1765 + 4.7059i 2.3529 - 9.4118i 0 -1.1765 + 4.7059i
-0.3922 + 1.5686i -0.5882 + 2.3529i 0 0.9804 - 3.9216i 0
-1.1765 + 4.7059i 0 -1.1765 + 4.7059i 0 2.3529 - 9.4118i

WARNING: Iterative solution did not converged after 2 iterations.

Press Enter to terminate the iterations and print the results

  ITERATIVE SOLUTION DID NOT CONVERGE
  Maximum Power Mismatch = 0.0457402
   No. of Iterations = 3

Bus Voltage Angle ---Load--- ---Generation--- Injected
No. Mag. Degree MW Mvar MW Mvar Mvar

1 1.020 0.000 0.000 0.000 0.651 0.328 0.000
2 0.955 -3.882 0.600 0.300 0.000 0.000 0.000
3 1.050 2.101 0.000 0.000 1.000 0.476 0.000
4 0.923 -7.973 0.400 0.100 0.000 0.000 0.000
5 0.998 -1.986 0.600 0.200 0.000 0.000 0.000

Total 1.600 0.600 1.651 0.805 0.000
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   Line Flow and Losses

---Line--- Power at bus & line flow ---Line loss--- Transformer
from to MW Mvar MVA MW Mvar tap

1  0.651 0.328 0.729
 2 0.196 0.123 0.231 0.005 0.021
 4 0.247 0.118 0.274 0.011 0.043
 5 0.193 0.065 0.204 0.002 0.008

2  -0.600 -0.300 0.671
 1 -0.190 -0.103 0.216 0.005 0.021
 3 -0.592 -0.279 0.655 0.024 0.094
 4 0.167 0.039 0.171 0.003 0.013

 3 1.000 0.476 1.108
 2 0.616 0.374 0.720 0.024 0.094
 5 0.419 0.180 0.456 0.009 0.038

4  -0.400 -0.100 0.412
 1 -0.236 -0.074 0.248 0.011 0.043
 2 -0.164 -0.026 0.166 0.003 0.013

5  -0.600 -0.200 0.632
 1 -0.191 -0.057 0.199 0.002 0.008
 3 -0.409 -0.142 0.433 0.009 0.038

Total loss 0.054 0.216

Main MATLAB code:
= = = = = = = = = = = = = = = = = = = = = = = = =

%IEEE 6-Bus System: Power Flow

basemva = 1.0; accuracy = 0.0001; maxiter = 2;

% Bus Bus Voltage Angle ---Load--- -----Generator----- Injected

% No code Mag. Degree MW Mvar MW Mvar Qmin Qmax Mvar

busdata = [1 1 1.02 0.0 0.0 0 0.0 0.0 0 0 0

2 0 1.00 0.0 0.6 0.3 0.0 0.0 0 0 0

3 2 1.04 0.0 0.0 0 1.0 0.0 0 10 0

4 0 1.00 0.0 0.4 0.1 0.0 0.0 0 0 0

5 0 1.00 0.0 0.6 0.2 0.0 0.0 0 0 0];

% Line code
% Bus bus R X 1/2 B = 1 for lines
% nl nr p.u. p.u. p.u. > 1 or < 1 tr. tap at bus nl
linedata = [1 2 0.100 0.400 0.0000 1

1 4 0.150 0.600 0.0000 1
1 5 0.050 0.200 0.0000 1
2 3 0.050 0.200 0.0000 1
2 4 0.100 0.400 0.0000 1
3 5 0.050 0.200 0.0000 1];

lfybus  % Form the bus admittance matrix

lfnewton % Load flow solution by Newton-Raphson method

% decouple % Load flow solution by Fast Decoupled method

% Lfgauss % Load flow solution by Gauss-Seidel method
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busout  % Prints the power flow solution on the screen

lineflow % Computes and displays the line flow and losses

Load flow solution by the Newton–Raphson method (3 Iterations, accuracy of 0.0001)
= = = = = = = = = = = = = = = = = = = = = = = = =

Ybus =

 2.1569 - 8.6275i -0.5882 + 2.3529i 0 -0.3922 + 1.5686i -1.1765 + 4.7059i

-0.5882 + 2.3529i 2.3529 - 9.4118i -1.1765 + 4.7059i -0.5882 + 2.3529i 0

 0 -1.1765 + 4.7059i 2.3529 - 9.4118i 0 -1.1765 + 4.7059i

-0.3922 + 1.5686i -0.5882 + 2.3529i 0 0.9804 - 3.9216i 0

-1.1765 + 4.7059i 0 -1.1765 + 4.7059i 0 2.3529 - 9.4118i

WARNING: Iterative solution did not converged after 2 iterations.

Press Enter to terminate the iterations and print the results

  ITERATIVE SOLUTION DID NOT CONVERGE
  Maximum Power Mismatch = 0.0457402
   No. of Iterations = 3

Bus Voltage Angle ---Load--- ---Generation--- Injected
No. Mag. Degree MW Mvar MW Mvar Mvar

1 1.020 0.000 0.000 0.000 0.651 0.328 0.000
2 0.955 -3.882 0.600 0.300 0.000 0.000 0.000
3 1.050 2.101 0.000 0.000 1.000 0.476 0.000
4 0.923 -7.973 0.400 0.100 0.000 0.000 0.000
5 0.998 -1.986 0.600 0.200 0.000 0.000 0.000

Total   1.600 0.600 1.651 0.805 0.000

   Line Flow and Losses

---Line--- Power at bus & line flow ---Line loss---  Transformer
from to MW Mvar MVA MW Mvar tap

1  0.651 0.328 0.729
 2 0.196 0.123 0.231 0.005 0.021
 4 0.247 0.118 0.274 0.011 0.043
 5 0.193 0.065 0.204 0.002 0.008

2  -0.600 -0.300 0.671
 1 -0.190 -0.103 0.216 0.005 0.021
 3 -0.592 -0.279 0.655 0.024 0.094
 4 0.167 0.039 0.171 0.003 0.013

3  1.000 0.476 1.108
 2 0.616 0.374 0.720 0.024 0.094
 5 0.419 0.180 0.456 0.009 0.038

4  -0.400 -0.100 0.412
 1 -0.236 -0.074 0.248 0.011 0.043
 2 -0.164 -0.026 0.166 0.003 0.013

5  -0.600 -0.200 0.632
 1 -0.191 -0.057 0.199 0.002 0.008
 3 -0.409 -0.142 0.433 0.009 0.038

Total loss 0.054 0.216
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= = = = = = = = = = = = = = = = = = = = = = = = =

 (b) Load flow solution by the fast decoupled method (3 Iterations, accuracy of 0.0001)

= = = = = = = = = = = = = = = = = = = = = = = = =

Ybus =

 2.1569 - 8.6275i -0.5882 + 2.3529i 0 -0.3922 + 1.5686i -1.1765 + 4.7059i

-0.5882 + 2.3529i 2.3529 - 9.4118i -1.1765 + 4.7059i -0.5882 + 2.3529i 0

 0  -1.1765 + 4.7059i 2.3529 - 9.4118i 0 -1.1765 + 4.7059i

-0.3922 + 1.5686i -0.5882 + 2.3529i 0 0.9804 - 3.9216i 0

-1.1765 + 4.7059i 0 -1.1765 + 4.7059i 0 2.3529 - 9.4118i

WARNING: Iterative solution did not converged after 2 iterations.

Press Enter to terminate the iterations and print the results
  ITERATIVE SOLUTION DID NOT CONVERGE
  Maximum Power Mismatch = 0.0364484
   No. of Iterations = 3

Bus Voltage Angle ---Load--- ---Generation--- Injected
No. Mag. Degree MW Mvar MW Mvar Mvar

1 1.020 0.000 0.000 0.000 0.682 0.329 0.000
2 0.953 -3.928 0.600 0.300 0.000 0.000 0.000
3 1.040 2.010 0.000 0.000 1.000 0.478 0.000
4 0.922 -8.009 0.400 0.100 0.000 0.000 0.000
5 0.992 -2.061 0.600 0.200 0.000 0.000 0.000

Total   1.600 0.600 1.682 0.807 0.000

   Line Flow and Losses

---Line--- Power at bus & line flow ---Line loss---  Transformer
from to MW Mvar MVA MW Mvar tap

1  0.682 0.329 0.757
 2 0.198 0.127 0.235 0.005 0.021
 4 0.248 0.120 0.276 0.011 0.044
 5 0.205 0.094 0.226 0.002 0.010

2  -0.600 -0.300 0.671
 1 -0.193 -0.105 0.220 0.005 0.021
 3 -0.574 -0.244 0.623 0.021 0.086
 4 0.166 0.038 0.170 0.003 0.013

3  1.000 0.478 1.108
 2 0.595  0.329 0.680 0.021 0.086
 5 0.406 0.160 0.437 0.009 0.035

4  -0.400 -0.100 0.412
 1 -0.237 -0.076 0.249 0.011 0.044
 2 -0.163 -0.025 0.165 0.003 0.013

5  -0.600 -0.200 0.632
 1 -0.203 -0.084 0.220 0.002 0.010
 3 -0.397 -0.125 0.417 0.009 0.035

Total loss 0.052 0.208

>>
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= = = = = = = = = = = = = = = = = = = = = = = = =

 (c) Load flow solution by the Gauss–Seidel method (3 Iterations, accuracy of 0.0001)

= = = = = = = = = = = = = = = = = = = = = = = = =

Ybus =

 2.1569 - 8.6275i -0.5882 + 2.3529i 0 -0.3922 + 1.5686i -1.1765 + 4.7059i

-0.5882 + 2.3529i 2.3529 - 9.4118i -1.1765 + 4.7059i -0.5882 + 2.3529i 0

 0 -1.1765 + 4.7059i 2.3529 - 9.4118i 0 -1.1765 + 4.7059i

-0.3922 + 1.5686i -0.5882 + 2.3529i 0 0.9804 - 3.9216i 0

-1.1765 + 4.7059i 0 -1.1765 + 4.7059i 0 2.3529 - 9.4118i

iter =

  1

 0.981 -3.066
WARNING: Iterative solution did not converged after 2 iterations.

Press Enter to terminate the iterations and print the results

iter =

  2

 0.964 -3.063
iter =

  3

 0.957 -3.332 ITERATIVE SOLUTION DID NOT CONVERGE
  Maximum Power Mismatch = 0.0555341
   No. of Iterations = 3

Bus Voltage Angle ---Load--- ---Generation--- Injected
No. Mag. Degree MW Mvar MW Mvar Mvar

1 1.020 0.000 0.000 0.000 0.556 0.310 0.000
2 0.957 -3.332 0.600 0.300 0.000 0.000 0.000
3 1.040 2.553 0.000 0.000 1.000 0.454 0.000
4 0.926 -7.614 0.400 0.100 0.000 0.000 0.000
5 0.993 -1.799 0.600 0.200 0.000 0.000 0.000

Total   1.600 0.600 1.556 0.765 0.000

   Line Flow and Losses

---Line--- Power at bus & line flow ---Line loss---  Transformer
from to MW Mvar MVA MW Mvar tap

1  0.556 0.310 0.636
 2 0.172 0.121 0.210 0.004 0.017
 4 0.237 0.114 0.263 0.010 0.040
 5 0.182 0.094 0.205 0.002 0.008

2  -0.600 -0.300 0.671
 1 -0.168 -0.104 0.197 0.004 0.017
 3 -0.567 -0.227 0.611 0.020 0.082
 4 0.175 0.037 0.179 0.003 0.014
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3  1.000 0.454 1.098
 2 0.588 0.309 0.664 0.020 0.082
 5 0.430 0.151 0.455 0.010 0.038

4  -0.400 -0.100 0.412
 1 -0.227 -0.074 0.239 0.010 0.040
 2 -0.171 -0.023 0.173 0.003 0.014

5  -0.600 -0.200 0.632
 1 -0.180 -0.086 0.200 0.002 0.008
 3 -0.420 -0.113 0.435 0.010 0.038

Total loss 0.050 0.199

>>
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PROBLEMS

 1. Use the results of Example 8.1 and the Gauss–Seidel method and determine the following:
 (a) Value of voltage V3 for the first iteration
 (b) Value of voltage V4 for the first iteration

 2. Consider the following the nonlinear equations

 f x x x x1 1 2 1
2

22 10 0( , ) = + − =

 f x x x x x2 1 2 1 2 2
23 5 0( , ) = − + =

  Determine the values of x1 and x2 by using the Newton–Raphson method. Use 3 and 2 
as the initial approximation for x1 and x2, respectively.

 3. Use the rectangular form for voltages and the bus admittance quantities as follows and 
develop an expression for the real power loss in line i to j:

 Yii = Gij − jBij

 Vi = ei + jfi

 Vj = ej + jfj

 4. Use the resultant real power loss expression from the solution of Problem 3 and determine 
the real power loss in line 1–2. Assume that Z12 = 0.1 + j0.3 pu, V1 = 0.98 − j0.06 pu, and 
V2 = 1.04 – j1.04 pu.

 5. Assume that the branch admittance of a line connecting buses 1 and 2 is given as 1 – j4 pu 
and that the bus voltages are given as 0.98 + j0.06 pu and 1.04 + 0.00 pu for buses 1 and 2, 
respectively. Neglect the line capacitance and determine the following:

 (a) Real and reactive powers in line at the bus 1 end
 (b) Real and reactive power losses in the line

 6. Assume that line 1–2 given in Problem 3 has a significant amount of line capacitance. Half 
of the total line-charging admittance, 1/2 y ,́ is given as j0.05 pu and is placed at each end 
of the line in the π representation. Determine the following:

 (a) Real and reactive powers in line at the bus 2 end
 (b) Real and reactive power losses in the line

 7. Assume that the data in Table P8.1 have been given for Example 8.3 and determine the 
following:

 (a) All individual branch admittances
 (b) All elements of bus admittance matrix

 8. Use the results of Problem 7 in the application of the Newton–Raphson method in rectan-
gular coordinates to Example 8.3 to determine the following after the first iteration:

 (a) Jacobian submatrix J1

 (b) Jacobian submatrix J2

 (c) Jacobian submatrices J3 and J5

 (d) Jacobian submatrices J4 and J6

 (e) Bus currents in terms of ci + jdi

 (f) The Δe and Δf voltage changes for four buses
 (g) The ΔP, ΔQ, and Δ|V|2 changes
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 9. Modify Example 8.3 using the data in Tables P8.2a and P8.2b and apply the Newton–
Raphson method in polar coordinates. Using the second type of formulation of the Jacobian 
matrix, determine the following:

 (a) Jacobian submatrix J3 for the second iteration
 (b) Jacobian submatrix J5 for the second iteration

 10. Consider a four-bus power system in which bus 1 is the slack bus with constant-voltage 
magnitude and angle. A generator is connected to bus 3 where the voltage magnitude is 
maintained at 1.02 pu. Buses 2 and 4 are designated as the load buses. Apply the Newton–
Raphson method in rectangular coordinates. Using the following data, given in per units, 
determine the value of the terms indicated in black (i.e., the elements in ΔP2, J1(2,2) and 
J3(2,3)) for the next iteration (Table P8.3).
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 11. Consider the four-bus power system given in Problem 10. Apply the modified version of 
the Newton–Raphson method in polar coordinates. Assume that the specified voltages are 
given in polar coordinates as 1.03∠0°, 0.9055∠−6.3402°, 1.02∠0°, and 1.0012∠−2.8624° 
for V1, V2, V3, and V4, respectively. Determine the values of the terms indicated by bold 
boxes (i.e., the elements in ΔP3, J1(2,3), J2(3,2), and J4(2,4)).

TABLE P8.1
Line Impedans Data for Problem 7

Line (Bus to Bus) R (pu) X (pu)

1−2 0.20 0.40

1−4 0.20 0.60

1−5 0.10 0.20

2−3 0.10 0.20

2−4 0.20 0.40

3−5 0.10 0.20
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 12. Consider a three-bus power system as shown in Figure P8.1. Assume that bus 1 is the slack bus 
with a voltage of 1.02 + j0.000 pu. Bus 2 is the regulated generator bus with a voltage magnitude 
of 1.02 pu. Use 1.02 + j0.000 pu and 0.5 pu as its initial voltage and real power values, respec-
tively. Bus 3 is the load bus with an initial voltage of 0.0.95 − j0.05 pu. Its load is made up of 
1.0 pu resistive load and 0.4 pu inductive load. Assume that the current components calculated 

TABLE P8.2a
Conductance, Susceptance, and Admittance Data of the Lines for Problem 9

i j Gij Bij Yij Φij

1 2 −1 −2 2.236 −116.565°

2 4 −1 −2 2.236 −116.565°

1 4 −0.5 −1.5 1.581 −108.435°

1 5 −2 −4 4.472 −116.565°

2 3 −2 −4 4.472 −116.565°

3 5 −2 −4 4.472 −116.565°

2 2 4 8 8.944 63.435°

3 3 4 8 8.944 63.435°

5 5 4 8 8.944 63.435°

1 1 3.5 7.5 8.2765 63.435°

4 4 1.5 7.5 3.808 66.801°

TABLE P8.2b
Specified Values, Initial Values, and Calculated Values of P, Q, and |V| at Each Bus for 
Problem 9

Specified Values Initial Values
Calculated Values (After 

First Iteration)

Bus Pi Qi |Vi| |Vi| δi Pi Qi

1 − − 1.02 1.02 0° − −

2 −0.6 −0.3 − 1.0 0° −0.1 −0.02

3 1.0 − 1.04 1.04 0° 0.1664 −a

4 −0.4 −0.1 − 1.0 0° −0.1 −0.03

5 −0.6 −0.2 − 1.0 0° −0.12 −0.24

a Calculated |Vi| = 1.04 after the first iteration.
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at each bus are d2, c3, and d3 with values of −0.200, −1.375, and 1.000 pu, respectively. Use the 
Newton–Raphson method in rectangular coordinates and determine the following:

 (a) Current component c3 for bus 2
 (b) Real and reactive power changes, ΔP3 and ΔQ3, for bus 3
 (c) Submatrices J1, J3, and J5

 13. Use the appropriate data given in Problem 12 and the Gauss–Seidel method and determine 
the following:

 (a) Value of voltage V3 for the first iteration
 (b) Value of voltage V2 for the first iteration

 14. Assume that the LTC transformer shown in Figure P8.2 has an off-nominal turns ratio as 
indicated. (Note that, in the event that the ratio is equal to the system nominal voltage ratio, 
it is represented as a 1:1 ratio in the per-unit system.) Use the two-port network theory and 
verify the equation
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Y Y
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1
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2
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a a

a

 15. Use the results of Problem 14 and verify the equivalent π circuit representation of the trans-
former shown in Figure 8.3b.

TABLE P8.3
For Problem 10 

Specified Values Calculated Values (After kth Iteration)

Bus Vi Pi Qi ci di 

1 1.03 + j0.0 − − − −

2 0.9 + j0.1 −1.2 −0.4 −1.50 −0.85

3 1.02 + j0.0 1.0 − 0.96 −0.43

4 1.0 − j0.05 −0.5 −0.1 −0.45 0.10
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FIGURE P8.2 LTC transformer connection for Problem 14.
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FIGURE P8.1 Three-bus system for Problem 12.
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TABLE A.7
Electrical Characteristics of Overhead Ground Wires [3]

Strand 
(AWG)

Resistance (Ω/mi)
60-Hz Reactance for 1-ft 

Radius 60-Hz 
Geometric 

Mean 
Radius (ft)

Small Currents 75% of Capacity

25°C oc 25°C 60 Hz 75°C oc 75°C 60 Hz

Inductive 

(Ω/mi)

Capacitive 

(MΩ-mi)

7 No. 5 1.217 1.240 1.432 1.669 0.707 0.1122 0.002958

7 No. 6 1.507 1.536 1.773 2.010 0.721 0.1157 0.002633

7 No. 7 1.900 1.937 2.240 2.470 0.735 0.1191 0.002345

7 No. 8 2.400 2.440 2.820 3.060 0.749 0.1226 0.002085

7 No. 9 3.020 3.080 3.560 3.800 0.763 0.1260 0.001858

7 No. 10 3.810 3.880 4.480 4.730 0.777 0.1294 0.001658

3 No. 5 2.780 2.780 3.270 3.560 0.707 0.1221 0.002940

3 No. 6 3.510 3.510 4.130 4.410 0.721 0.1255 0.002618

3 No. 7 4.420 4.420 5.210 5.470 0.735 0.1289 0.002333

3 No. 8 5.580 5.580 6.570 6.820 0.749 0.1324 0.002078

3 No. 9 7.040 7.040 8.280 8.520 0.763 0.1358 0.001853

3 No. 10 8.870 8.870 10.440 10.670 0.777 0.1392 0.001650

Part B: Single-Layer ACSR

Code

Resistance (Ω/mi) 60-Hz Reactance for 1-ft Radius

60 Hz, 75°C Inductive (Ω/mi) at 72°C Capacitive 

(MΩ-mi)25°C dc I = 0 A I = 100 A I = 200 A I = 0 A I = 100 A I = 200 A

Brahma 0.394 0.470 0.510 0.565 0.500 0.520 0.545 0.1043

Cochin 0.400 0.480 0.520 0.590 0.505 0.515 0.550 0.1065

Dorking 0.443 0.535 0.575 0.650 0.515 0.530 0.565 0.1079

Dotterel 0.479 0.565 0.620 0.705 0.515 0.530 0.575 0.1091

Guinea 0.531 0.630 0.685 0.780 0.520 0.545 0.590 0.1106

Leghorn 0.630 0.760 0.810 0.930 0.530 0.550 0.605 0.1131

Minorca 0.765 0.915 0.980 1.130 0.540 0.570 0.640 0.1460

Petrel 0.830 1.000 1.065 1.220 0.550 0.580 0.655 0.1172

Grouse 1.080 1.295 1.420 1.520 0.570 0.640 0.675 0.1240

(continued)
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TABLE A.7 (Continued)
Electrical Characteristics of Overhead Ground Wires [3]

Part C: Steel Conductors

Resistance (Ω/mi) at 60 Hz

60-Hz Reactance for 1-ft Radius

Inductive (Ω/mi) Capacitive 

(MΩ-mi)I = 0 A I = 30 A I = 60 A I = 0 A I = 30 A I = 60 A

Ordinary 1/4 9.5 11.4 11.3 1.3970 3.7431 3.4379 0.1354

Ordinary 9/32 7.1 9.2 9.0 1.2027 3.0734 2.5146 0.1319

Ordinary 5/16 5.4 7.5 7.8 0.8382 2.5146 2.0409 0.1288

Ordinary 3/8 4.3 6.5 6.6 0.8382 2.2352 1.9687 0.1234

Ordinary 1/2 2.3 4.3 5.0 0.7049 1.6893 1.4236 0.1148

E.B. 1/4 8.0 12.0 10.1 1.2027 4.4704 3.1565 0.1354

E.B. 9/32 6.0 10.0 8.7 1.1305 3.7783 2.6255 0.1319

E.B. 5/16 4.9 8.0 7.0 0.9843 2.9401 2.5146 0.1288

E.B. 3/8 3.7 7.0 6.3 0.8382 2.5997 2.4303 0.1234

E.B. 1/2 2.1 4.9 5.0 0.7049 1.8715 1.7616 0.1148

E.B.B. 1/4 7.0 12.8 10.9 1.6764 5.1401 3.9482 0.1354

E.B.B. 9/32 5.4 10.9 8.7 1.1305 4.4833 3.7783 0.1319

E.B.B. 5/16 4.0 9.0 6.8 0.9843 3.6322 3.0734 0.1288

E.B.B. 3/8 3.5 7.9 6.0 0.8382 3.1168 2.7940 0.1234

E.B.B. 1/2 2.0 5.7 4.7 0.7049 2.3461 2.2352 0.1148

TABLE A.8
Inductive Reactance Spacing Factor Xd (Ω/mi/Conductor) at 60 Hz [1]

Ft 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0 –0.2794 –0.1953 –0.1461 –0.1112 –0.0841 –0.0620 –0.0433 –0.0271 –0.0128

1 0.0 0.0116 0.0221 0.0318 0.0408 0.0492 0.0570 0.0644 0.0713 0.0779

2 0.0841 0.0900 0.0957 0.1011 0.1062 0.01112 0.0119 0.1205 0.1249 0.1292

3 0.1333 0.1373 0.1411 0.1449 0.1485 0.1520 0.1554 0.1588 0.1620 0.1651

4 0.1682 0.1712 0.1741 0.1770 0.1798 0.1825 0.1852 0.1878 0.1903 0.1928

5 0.1953 0.1977 0.2001 0.2024 0.2046 0.2069 0.2090 0.2112 0.2133 0.2154

6 0.2174 0.2194 0.2214 0.2233 0.2252 0.2271 0.2290 0.2308 0.2326 0.2344

7 0.2361 0.2378 0.2395 0.2412 0.2429 0.2445 0.2461 0.2477 0.2493 0.2508

8 0.2523 0.2538 0.2553 0.2568 0.2582 0.2597 0.2611 0.2625 0.2639 0.2653

9 0.2666 0.2680 0.2693 0.2706 0.2719 0.2732 0.2744 0.2757 0.2769 0.2782

10 0.2794 0.2806 0.2818 0.2830 0.2842 0.2853 0.2865 0.2876 0.2887 0.2899

11 0.2910 0.2921 0.2932 0.2942 0.2953 0.2964 0.2974 0.2985 0.2995 0.3005

12 0.3015 0.3025 0.3035 0.3045 0.3055 0.3065 0.3074 0.3084 0.3094 0.3103

(continued)
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TABLE A.8 (Continued)
Inductive Reactance Spacing Factor Xd (Ω/mi/Conductor) at 60 Hz [1]

Ft 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

13 0.3112 0.3122 0.3131 0.3140 0.3149 0.3158 0.3167 0.3176 0.3185 0.3194

14 0.3202 0.3211 0.3219 0.3228 0.3236 0.3245 0.3253 0.3261 0.3270 0.3278

15 0.3286 0.3294 0.3302 0.3310 0.3318 0.3326 0.3334 0.3261 0.3270 0.3278

16 0.3364 0.3372 0.3379 0.3387 0.3394 0.3402 0.3409 0.3416 0.3424 0.3431

17 0.3438 0.3445 0.3452 0.3459 0.3466 0.3473 0.3480 0.3487 0.3494 0.3500

18 0.3507 0.3514 0.3521 0.3527 0.3534 0.3540 0.3547 0.3554 0.3560 0.3566

19 0.3537 0.3579 0.3586 0.3592 0.3598 0.3604 0.3611 0.3617 0.3623 0.3629

20 0.3635 0.3641 0.3647 0.3563 0.3659 0.3665 0.3671 0.3677 0.3683 0.3688

21 0.3694 0.3700 0.3706 0.3711 0.3717 0.3723 0.3728 0.3734 0.3740 0.3745

22 0.3751 0.3756 0.3762 0.3767 0.3773 0.3778 0.3783 0.3789 0.3794 0.3799

23 0.3805 0.3810 0.3815 0.3820 0.3826 0.3831 0.3836 0.3841 0.3846 0.3851

24 0.3856 0.3861 0.3866 0.3871 0.3876 0.3881 0.3886 0.3891 0.3896 0.3901

25 0.3906 0.3911 0.3916 0.3920 0.3925 0.3930 0.3935 0.3939 0.3944 0.3949

26 0.3953 0.3958 0.3963 0.3967 0.3972 0.3977 0.3981 0.3986 0.3990 0.3995

27 0.3999 0.4004 0.4008 0.4013 0.4017 0.4021 0.4026 0.4030 0.4035 0.4039

28 0.4043 0.4048 0.4052 0.4056 0.4061 0.4065 0.4069 0.4073 0.4078 0.4082

29 0.4086 0.4090 0.4094 0.4098 0.4103 0.4107 0.4111 0.4115 0.4119 0.4123

30 0.4127 0.4131 0.4135 0.4139 0.4143 0.4147 0.4151 0.4155 0.4159 0.4163

31 0.4167 0.4171 0.4175 0.4179 0.4182 0.4186 0.4190 0.4194 0.4198 0.4202

32 0.4205 0.4209 0.4213 0.4217 0.4220 0.4224 0.4228 0.4232 0.4235 0.4239

33 0.4243 0.4246 0.4250 0.4254 0.4257 0.4261 0.4265 0.4268 0.4272 0.4275

34 0.4279 0.4283 0.4286 0.4290 0.4293 0.4297 0.4300 0.4304 0.4307 0.4311

35 0.4314 0.4318 0.4321 0.4324 0.4328 0.4331 0.4335 0.4338 0.4342 0.4345

36 0.4348 0.4352 0.4355 0.4358 0.4362 0.4365 0.4368 0.4372 0.4375 0.4378

37 0.4382 0.4385 0.4388 0.4391 0.4395 0.4398 0.4401 0.4404 0.4408 0.4411

38 0.4414 0.4417 0.4420 0.4423 0.4427 0.4430 0.4433 0.4436 0.4439 0.4442

39 0.4445 0.4449 0.4452 0.4455 0.4458 0.4461 0.4464 0.4467 0.4470 0.4473

40 0.4476 0.4479 0.4492 0.4485 0.4488 0.4491 0.4494 0.4497 0.4500 0.4503

41 0.4506 0.4509 0.4512 0.4515 0.4518 0.4521 0.4524 0.4527 0.4530 0.4532

42 0.4535 0.4538 0.4541 0.4544 0.4547 0.4550 0.4553 0.4555 0.4558 0.4561

43 0.4564 0.4567 0.4570 0.4572 0.4575 0.4578 0.4581 0.4584 0.4586 0.4589

44 0.4592 0.4595 0.4597 0.4600 0.4603 0.4606 0.4608 0.4611 0.4614 0.4616

45 0.4619 0.4622 0.4624 0.4627 0.4630 0.4632 0.4635 0.4638 0.4640 0.4643

46 0.4646 0.4648 0.4651 0.4654 0.4656 0.4659 0.4661 0.4664 0.4667 0.4669

47 0.4672 0.4674 0.4677 0.4680 0.4682 0.4685 0.4687 0.4690 0.4692 0.4695

48 0.4697 0.4700 0.4702 0.4705 0.4707 0.4710 0.4712 0.4715 0.4717 0.4720

49 0.4722 0.4725 0.4727 0.4730 0.4732 0.4735 0.4737 0.4740 0.4742 0.4744

50 0.4747 0.4749 0.4752 0.4754 0.4757 0.4759 0.4761 0.4764 0.4766 0.4769

51 0.4771 0.4773 0.4776 0.4778 0.4780 0.4783 0.4785 0.4787 0.4790 0.4792

52 0.4795 0.4797 0.4799 0.4801 0.4804 0.4806 0.4808 0.4811 0.4813 0.4815

53 0.4818 0.4820 0.4822 0.4824 0.4827 0.4829 0.4831 0.4834 0.4836 0.4838

54 0.4840 0.4843 0.4845 0.4847 0.4849 0.4851 0.4854 0.4856 0.4858 0.4860

55 0.4863 0.4865 0.4867 0.4869 0.4871 0.4874 0.4876 0.4878 0.4880 0.4882

56 0.4884 0.4887 0.4889 0.4891 0.4893 0.4895 0.4897 0.4900 0.4902 0.4904

57 0.4906 0.908 0.4910 0.912 0.4914 0.4917 0.4919 0.4921 0.4923 0.4925

58 0.4927 0.4929 0.4931 0.4933 0.4935 0.4937 0.4940 0.4942 0.4944 0.4946

59 0.4948 0.4950 0.4952 0.4954 0.4956 0.4958 0.4960 0.4962 0.4964 0.4966

(continued)
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TABLE A.8 (Continued)
Inductive Reactance Spacing Factor Xd (Ω/mi/Conductor) at 60 Hz [1]

Ft 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

60 0.4968 0.4970 0.4972 0.4974 0.4976 0.4978 0.4980 0.4982 0.4984 0.4986

61 0.4988 0.4990 0.4992 0.4994 0.4996 0.4998 0.5000 0.5002 0.5004 0.5006

62 0.5008 0.510 0.5012 0.5014 0.5016 0.5018 0.5020 0.5022 0.5023 0.5025

63 0.5027 0.5029 0.5031 0.5033 0.5035 0.5037 0.5039 0.0541 0.5043 0.5045

64 0.5046 0.5048 0.5050 0.5052 0.5054 0.5056 0.5058 0.5060 0.5062 0.5063

65 0.5065 0.5067 0.5069 0.5071 0.5073 0.5075 0.5076 0.5078 0.5080 0.5082

66 0.5084 0.5086 0.5087 0.5089 0.5091 0.5093 0.5095 0.5097 0.5098 0.5100

67 0.5102 0.5104 0.5106 0.5107 0.5109 0.5111 0.5113 0.5115 0.5116 0.5118

68 0.5120 0.5122 0.5124 0.5125 0.5127 0.5129 0.5131 0.5132 0.5134 0.5136

69 0.5138 0.5139 0.5141 0.5143 0.5145 0.5147 0.5148 0.5150 0.5152 0.5153

70 0.5155 0.5157 0.5159 0.5160 0.5162 0.5164 0.5166 0.5167 0.5169 0.5171

71 0.5172 0.5174 0.5176 0.5178 0.5179 0.5181 0.5183 0.5184 0.5186 0.5188

72 0.5189 0.5191 0.5193 0.5194 0.5196 0.5198 0.5199 0.5201 0.5203 0.5204

73 0.5206 0.5208 0.5209 0.5211 0.5213 0.5214 0.5216 0.5218 0.5219 0.5221

74 0.5223 0.5224 0.5226 0.5228 0.5229 0.5231 0.5232 0.5234 0.5236 0.5237

75 0.5239 0.5241 0.5242 0.5244 0.5245 0.5247 0.5249 0.5250 0.5252 0.5253

76 0.5255 0.5257 0.5258 0.5260 0.5261 0.5263 0.5265 0.5266 0.5268 0.5269

77 0.5271 0.5272 0.5274 0.5276 0.5277 0.5279 0.5280 0.5282 0.5283 0.5285

78 0.5287 0.5288 0.5290 0.5291 0.5293 0.5294 0.5296 0.5297 0.5299 0.5300

79 0.5302 0.5304 0.5305 0.5307 0.5308 0.5310 0.5311 0.5313 0.5314 0.5316

80 0.5317 0.5319 0.5320 0.5322 0.5323 0.5325 0.5326 0.5328 0.5329 0.5331

81 0.5332 0.5334 0.5335 0.5337 0.5338 0.5340 0.5341 0.5343 0.5344 0.5346

82 0.5347 0.5349 0.5350 0.5352 0.5353 0.5355 0.5356 0.5358 0.5359 0.5360

83 0.5362 0.5363 0.5365 0.5366 0.5368 0.5369 0.5371 0.5372 0.5374 0.5375

84 0.5376 0.5378 0.5379 0.53841 0.5382 0.5384 0.5385 0.5387 0.5388 0.5389

85 0.5391 0.5392 0.5394 0.5395 0.5396 0.5398 0.5399 0.5401 0.5402 0.5404

86 0.5405 0.5406 0.5408 0.5409 0.5411 0.5412 0.5413 0.5415 0.5416 0.5418

87 0.5419 0.5420 0.5422 0.5423 0.5425 0.5426 0.5427 0.5429 0.5430 0.5432

88 0.5433 0.5434 0.5436 0.5437 0.5438 0.5440 0.5441 0.5442 0.5444 0.5445

89 0.5447 0.5448 0.5449 0.5451 0.5452 0.5453 0.5455 0.5456 0.5457 0.5459

90 0.5460 0.5461 0.5463 0.5464 0.5466 0.5467 0.5468 0.5470 0.5471 0.5472

91 0.5474 0.5475 0.5476 0.5478 0.5479 0.5480 0.5482 0.5483 0.5484 0.5486

92 0.5487 0.5488 0.5489 0.5491 0.5492 0.5493 0.5495 0.5496 0.5497 0.5944

93 0.5500 0.5501 0.5503 0.5504 0.5505 0.5506 0.5508 0.5509 0.5510 0.5512

94 0.5513 0.5514 0.5515 0.5517 0.5518 0.5519 0.5521 0.5522 0.5523 0.5524

95 0.5526 0.5527 0.5528 0.5530 0.5531 0.5532 0.5533 0.5535 0.5536 0.5537

96 0.5538 0.5540 0.5541 0.5542 0.5544 0.5545 0.5546 0.5547 0.5549 0.5550

97 0.5551 0.5552 0.5554 0.5555 0.5556 0.5557 0.5559 0.5560 0.5561 0.5562

98 0.5563 0.5565 0.5566 0.5567 0.5568 0.5570 0.5571 0.5572 0.5573 0.5575

99 0.5576 0.5577 0.5578 0.5579 0.5581 0.5582 0.5583 0.5584 0.5586 0.5587

100 0.5588 0.5589 0.5590 0.5592 0.5593 0.5594 0.5595 0.5596 0.5598 0.5599

(continued)
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TABLE A.8 (Continued)
Inductive Reactance Spacing Factor Xd (Ω/mi/Conductor) at 60 Hz [1]

ρ (Ω.m) re, xe (f = 60 Hz)a

re All 0.2860

1 2.050

5 2.343

10 2.469

xe 50 2.762

100b 2.888b

500 3.181

1000 3.307

5000 3.600

10,000 3.726

a From the following formulas:

 

r f

x f
f

e

e

=

=

0 004764.

, ,0.006985 log 4 665 66010
ρ

where
 f = frequency
	 ρ = resistivity, Ω·m
b This is an average value that may be used in the absence of definite information. Fundamental 

equations:

 
z z r j x x

z r r j x x x

e a d

a e a e d

1 2

0 2

= = + +( )
= + + + −( )

where
 xd = ωk ln d
 d = separation, ft
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TABLE A.9
Shunt Capacitive Reactance Spacing Factor ′′Xd (MΩ/mi/Conductor) at 60 Hz [1]

Ft 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0 –0.0683 –0.0477 –0.0357 –0.0272 –0.0206 –0.0152 –0.0106 –0.0066 –0.0031

1 0.0000 0.0028 0.0054 0.0078 0.0100 0.0120 0.0139 0.0157 0.0174 0.0190

2 0.0206 0.0220 0.0234 0.0247 0.0260 0.0272 0.0283 0.0295 0.0305 0.0316

3 0.0326 0.0336 0.0345 0.0354 0.0363 0.0372 0.0380 0.0388 0.0396 0.0404

4 0.0411 0.0419 0.0426 0.0433 0.0440 0.0446 0.0453 0.0459 0.0465 0.0471

5 0.0477 0.0483 0.0489 0.0495 0.0500 0.0506 0.0511 0.0516 0.0521 0.0527

6 0.0532 0.0536 0.0541 0.0546 0.0551 0.0555 0.0560 0.0564 0.0569 0.0573

7 0.0577 0.0581 0.0586 0.0590 0.0594 0.0598 0.0602 0.0606 0.0609 0.0613

8 0.0617 0.0621 0.0624 0.0628 0.0631 0.0635 0.0638 0.0642 0.0645 0.0649

9 0.0652 0.0655 0.0658 0.0662 0.0665 0.0668 0.0671 0.0674 0.0677 0.0680

10 0.0683 0.0686 0.0689 0.0692 0.0695 0.0698 0.0700 0.0703 0.0706 0.0709

11 0.0711 0.0714 0.0717 0.0719 0.0722 0.0725 0.0727 0.0730 0.0732 0.0735

12 0.0737 0.0740 0.0742 0.0745 0.0747 0.0479 0.0752 0.0754 0.0756 0.0759

13 0.0761 0.0763 0.0765 0.0768 0.0770 0.0772 0.0774 0.0776 0.0779 0.0781

14 0.0783 0.0785 0.0787 0.0789 0.0791 0.0793 0.0795 0.0797 0.0799 0.0801

15 0.0803 0.0805 0.0807 0.0809 0.0811 0.0813 0.0815 0.0817 0.0819 0.0821

16 0.0823 0.0824 0.0826 0.0828 0.0830 0.0832 0.0833 0.0835 0.0837 0.0839

17 0.0841 0.0842 0.0844 0.0846 0.0847 0.0849 0.0851 0.0852 0.0854 0.0856

18 0.0857 0.0859 0.0861 0.0862 0.0864 0.0866 0.0867 0.0869 0.0870 0.0872

19 0.0874 0.0875 0.0877 0.0878 0.080 0.0881 0.0883 0.0884 0.0886 0.0887

20 0.0889 0.0890 0.0892 0.0893 0.0895 0.0896 0.0898 0.0899 0.0900 0.0902

21 0.0903 0.0905 0.0906 0.0907 0.0909 0.0910 0.0912 0.0913 0.0914 0.0916

22 0.0917 0.0918 0.0920 0.0921 0.0922 0.0924 0.0925 0.0926 0.0928 0.0929

23 0.0930 0.0931 0.0933 0.0934 0.0935 0.0937 0.0938 0.0939 0.0940 0.0942

24 0.0943 0.0944 0.0945 0.0947 0.0948 0.0949 0.0950 0.0951 0.0953 0.0954

25 0.0955 0.0956 0.0957 0.0958 0.0960 0.0961 0.0962 0.0963 0.0964 0.9565

26 0.0697 0.0968 0.0969 0.0970 0.0971 0.0972 0.0973 0.0974 0.0976 0.0977

27 0.0978 0.0979 0.0980 0.0981 0.0982 0.0983 0.0984 0.0985 0.0986 0.0987

28 0.0989 0.0990 0.00991 0.0992 0.0993 0.0994 0.0995 0.0996 0.0997 0.0998

29 0.0999 0.01000 0.01001 0.1002 0.1003 0.1004 0.1005 0.1006 0.01007 0.1008

30 0.1009 0.1010 0.1011 0.1012 0.1013 0.1014 0.1015 0.1016 0.01017 0.1018

31 0.1019 0.1020 0.0121 0.1022 0.1023 0.1023 0.1024 0.1025 0.1026 0.1027

32 0.1028 0.1029 0.1030 0.1031 0.1032 0.1033 0.1034 0.1035 0.1035 0.1036

33 0.1037 0.1038 0.1039 0.1040 0.1041 0.1042 0.1043 0.1044 0.1044 0.1045

34 0.1046 0.1047 0.1048 0.1049 0.1050 0.1050 0.1051 0.1052 0.1053 0.1054

35 0.1055 0.1056 0.1056 0.1057 01058 0.1059 0.1060 0.1061 0.1061 0.1062

36 0.1063 0.1064 0.1065 0.1066 0.1066 0.1067 0.1068 0.1069 0.1070 0.1070

37 0.1071 0.1072 0.1073 0.1074 0.1074 0.1075 0.1076 0.1077 0.1078 0.1078

38 0.1079 0.1080 0.1081 0.1081 0.1082 0.1083 0.1084 0.1085 0.1085 0.1086

39 0.1087 0.1088 0.1088 0.1089 0.1090 0.1091 0.1091 0.1092 0.1093 0.1094

40 0.1094 0.1095 0.1096 0.1097 0.1097 0.1098 0.1099 0.1100 0.1100 0.1101

41 0.1102 0.1102 0.1103 0.1104 0.1105 0.1105 0.1106 0.1107 0.1107 0.1108

42 0.1109 0.1110 0.1110 0.1111 0.1112 0.1112 0.1113 0.1114 0.1114 0.1115

43 0.1116 0.1117 0.1117 0.1118 0.1119 0.1119 0.1120 0.1121 0.1121 0.1122

44 0.1123 0.1123 0.1124 0.1125 0.1125 0.1126 0.1127 0.1127 0.1128 0.1129

45 0.1129 0.1130 0.1131 0.1131 0.1132 0.1133 0.1133 0.1134 0.1335 0.1135

46 0.1136 0.1136 0.1137 0.1138 0.1138 0.1139 0.1140 0.1140 0.1141 0.1142

(continued)
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TABLE A.9 (Continued)
Shunt Capacitive Reactance Spacing Factor ′′Xd (MΩ/mi/Conductor) at 60 Hz [1]

Ft 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

47 0.1142 0.1143 0.1143 0.1144 0.1145 0.1145 0.1146 0.1147 0.1147 0.1148

48 0.1148 0.1149 0.1150 0.1150 0.1151 0.1152 0.1152 0.1153 0.1153 0.1154

49 0.1155 0.1155 0.1156 0.1156 0.1157 0.1158 0.1158 0.1159 0.1159 0.1160

50 0.1161 0.1161 0.1162 0.1162 0.1163 0.1164 0.1164 0.1165 0.1165 0.1166

51 0.1166 0.1167 0.1168 0.1168 0.1169 0.1169 0.1170 0.1170 0.1171 0.1172

52 0.1172 0.1173 0.1173 0.1174 0.1174 0.1175 0.1176 0.1176 0.1177 0.1177

53 0.1178 0.1178 0.1179 0.1180 0.1180 0.1181 0.1181 0.1182 0.1182 0.1183

54 0.1183 0.1184 0.1184 0.1185 0.1186 0.1186 0.1187 0.1187 0.1188 0.1188

55 0.1189 0.1189 0.1190 0.1190 0.1191 0.1192 0.1192 0.1193 0.1193 0.1194

56 0.1194 0.1195 0.1195 0.1196 0.1196 0.1197 0.1197 0.1198 0.1198 0.1199

57 0.1199 0.1200 0.1200 0.1201 0.1202 0.1202 0.1203 0.1203 0.1204 0.1204

58 0.1205 0.1205 0.1206 0.1206 0.1207 0.1207 0.1208 0.1208 0.1209 0.1209

59 0.1210 0.1210 0.1211 0.1211 0.1212 0.1212 0.1213 0.1213 0.1214 0.1214

60 0.1215 0.1215 0.1216 0.1216 0.1217 0.1217 0.1218 0.1218 0.1219 0.1219

61 0.1220 0.1220 0.1221 0.1221 0.1221 0.1222 0.1222 0.1223 0.1223 0.1224

62 0.1224 0.1225 0.1225 0.1226 0.1226 0.1227 0.1227 0.1228 0.1228 0.1229

63 0.1229 0.1230 0.1230 0.1231 0.1231 0.1231 0.1232 0.1232 0.1233 0.1233

64 0.1234 0.1234 0.1235 0.1235 0.1236 0.1236 0.1237 0.1237 0.1237 0.1238

65 0.1238 0.1239 0.1239 0.124 0.1240 0.1241 0.1241 0.1242 0.1242 0.1242

66 0.1243 0.1243 0.1244 0.1244 0.1245 0.1245 0.1246 0.1246 0.1247 0.1247

67 0.1247 0.1248 0.1248 0.1249 0.1249 0.1250 0.1250 0.150 0.1251 0.1251

68 0.1252 0.1252 0.1253 0.1253 0.1254 0.1254 0.1254 0.1255 0.1255 0.1256

69 0.1256 0.1257 0.1257 0.1257 0.1258 0.1258 0.1259 0.1259 0.1260 0.1260

70 0.1260 0.1261 0.1261 0.1262 0.1262 0.1262 0.1263 0.1263 0.1264 0.1264

71 0.1265 0.1265 0.1265 0.1266 0.1266 0.1267 0.1267 0.1268 0.1268 0.1268

72 0.1269 0.1269 0.1270 0.1270 0.1274 0.10271 0.1271 0.1272 0.1272 0.1272

73 0.1273 0.1273 0.1274 0.1274 0.1274 0.1275 0.1275 0.1276 0.1276 0.1276

74 0.1277 0.1277 0.1278 0.1278 0.1278 0.1279 0.1279 0.1280 0.1280 0.1280

75 0.1281 0.1281 0.1282 0.1282 0.1282 0.1283 0.1283 0.1284 0.1284 0.1284

76 0.1285 0.1285 0.286 0.1286 0.1286 0.1287 0.1287 0.1288 0.1288 0.1288

77 0.1289 0.1289 0.1289 0.1290 0.1290 0.1291 0.1291 0.1291 0.1292 0.1292

78 0.1292 0.1293 0.1293 0.1294 0.1294 0.1294 0.1295 0.1295 0.1296 0.1296

79 0.1296 0.1297 0.1297 0.1297 0.1298 0.1298 0.1299 0.1299 0.1299 0.1300

80 0.1300 0.1300 0.1301 0.1301 0.1301 0.1302 0.1302 0.1303 0.1303 0.1303

81 0.1304 0.1304 0.1304 0.1305 0.1305 0.1306 0.1306 0.1306 0.1307 0.1307

82 0.1307 0.1308 0.1308 0.1308 0.1309 0.1309 0.1309 0.1310 0.1310 0.1311

83 0.1311 0.1311 0.1312 0.1312 0.1312 0.1313 0.1313 0.1313 0.1314 0.1314

84 0.1314 0.1315 0.1315 0.1316 0.1316 0.1316 0.1317 0.1317 0.1317 0.1318

85 0.1318 0.1318 0.1319 0.1319 0.1319 0.1320 0.1320 0.1320 0.1321 0.1321

86 0.1321 0.1322 0.1322 0.1322 0.1323 0.1323 0.1324 0.1324 0.1324 0.1325

87 0.1325 0.1325 0.1326 0.1326 0.1326 0.1327 0.1327 0.1327 0.1328 0.1328

89 0.1332 0.1332 0.1332 0.1333 0.1333 0.1333 0.1334 0.1334 0.1334 0.1335

90 0.1335 0.1335 0.1336 0.1336 0.1336 0.1337 0.1337 0.1377 0.1338 0.1338

91 0.1338 0.1339 0.1339 0.1339 0.1340 0.1340 0.1340 0.1340 0.1341 0.1341

92 0.1341 0.1342 0.1342 0.1342 0.1343 0.1343 0.1343 0.1344 0.1344 0.1344

93 0.1345 0.1345 0.1345 0.1346 0.1346 0.1346 0.1347 0.1347 0.1347 0.1348

94 0.1348 0.1348 0.1348 0.1349 0.1349 0.1349 0.1350 0.1350 0.1350 0.1351

(continued)
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TABLE A.9 (Continued)
Shunt Capacitive Reactance Spacing Factor ′′Xd (MΩ/mi/Conductor) at 60 Hz [1]

Ft 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

95 0.1351 0.1351 0.1352 0.1352 0.1352 0.1353 0.1353 0.1353 0.1353 0.1354

96 0.1354 0.1354 0.1355 0.1355 0.1355 0.1356 0.1356 0.1356 0.1357 0.1357

97 0.1357 0.1357 0.1358 0.1358 0.1358 0.1359 0.1359 0.1359 0.1360 0.1360

98 0.1360 0.1361 0.1361 0.1361 0.1361 0.1362 0.1362 0.1362 0.1363 0.1363

99 0.1363 0.1364 0.1364 0.1364 0.1364 0.1365 0.1365 0.1365 0.1366 0.1366

100 0.1366 0.1366 0.1367 0.1367 0.1367 0.1368 0.1368 0.1368 0.1369 0.1369

Conductor Height Above Ground (ft) ′′ ==x f0( )60 Hz

10 0.267

15 0.303

20 0.328

25 0.318

30 0.364

40 0.390

50 0.410

60 0.426

70 0.440

80 0.452

90 0.462

100 0.472

Notes: 

 ′ =x
f

h0 10
12 30

2
.

log

where
 h = height above ground
 f = frequency
Fundamental equations:

 
′ = ′ = ′ = ′

′ = ′ + ′ = − ′

x x x x

x x x x

a d

a c d

0 2

0 2

where
 ′xd  = ωk ln d
 d = separation, ft
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TABLE A.29
Resistance of ACSR Conductors (Ω/mi)
Expanded 3,108,000 62/8 19 2.500 0.0294 0.0333 0.0362 0.0389 0.0418

Expanded 2,294,000 66/6 19 2.320 0.0399 0.0412 0.0453 0.0493 0.0533

Expanded 1,414,000 58/4 19 1.750 0.0644 0.0663 0.0728 0.0793 0.0859

Expanded 1,275,000 50/4 19 1.600 0.0716 0.0736 0.0808 0.0881 0.0953

Kiwi 2,167,000 72 7 1.737 0.0421 0.0473 0.0515 0.0552 0.0586

Bluebird 2,156,000 84 19 1.762 0.0420 0.0464 0.0507 0.0545 0.0586

Chukar 1,780,000 84 19 1.602 0.0510 0.0548 0.0599 0.0647 0.0696

Falcon 1,590,000 54 19 1.545 0.0567 0.0594 0.0653 0.0707 0.0763

Lapwing 1,590,000 45 7 1.502 0.0571 0.0608 0.0686 0.0719 0.0774

Parrot 1,510,500 54 19 1.506 0.0597 0.0625 0.0686 0.0744 0.0802

Nuthatch 1,510,500 45 7 1.466 0.0602 0.0636 0.0697 0.0755 0.0813

Plover 1,431,000 54 19 1.465 0.0630 0.0657 0.0721 0.0782 0.0843

Bobolink 1,431,000 45 7 1.427 0.0636 0.0668 0.0733 0.0794 0.0856

Martin 1,351,000 54 19 1.424 0.0667 0.0692 0.0760 0.0825 0.0890

Dipper 1,351,000 45 7 1.385 0.0672 0.0705 0.0771 0.0836 0.0901

Pheasant 1,272,000 54 19 1.382 0.0709 0.0732 0.0805 0.0874 0.0944

Bittern 1,272,000 45 7 1.345 0.0715 0.0746 0.0817 0.0886 0.0956

Grackle 1,192,500 54 19 1.333 0.0756 0.0778 0.0855 0.0929 0.1000

Bunting 1,192,500 45 7 1.302 0.0762 0.0792 0.0867 0.0942 0.1002

Finch 1,113,000 54 19 1.293 0.0810 0.0832 0.0914 0.0993 0.1080

Bluejay 1,113,000 45 7 1.259 0.0818 0.0844 0.0926 0.1010 0.1090

Curlew 1,033,500 54 7 1.246 0.0871 0.0893 0.0979 0.1070 0.1150

Ortolan 1,033,500 45 7 1.213 0.0881 0.0905 0.0994 0.1080 0.1170

Tanager 1,033,500 36 1 1.186 0.0885 0.0905 0.0994 0.1080 0.1170

Cardinal 954,000 54 7 1.196 0.0944 0.0963 0.1060 0.1150 0.1250

Rail 954,000 45 7 1.165 0.0954 0.0978 0.1080 0.1170 0.1260

Catbird 954,000 36 1 1.140 0.0959 0.0987 0.1090 0.1180 0.1270

Canary 900,000 54 7 1.162 0.1000 0.1020 0.1120 0.1220 0.1320

Ruddy 900,000 45 7 1.131 0.1010 0.1030 0.1130 0.1230 0.1340

Mallard 795,000 30 19 1.140 0.111 0.114 0.125 0.137 0.147

Drake 795,000 26 7 1.108 0.112 0.114 0.125 0.137 0.147

Condor 795,000 54 7 1.093 0.113 0.115 0.127 0.138 0.149

Cuckoo 795,000 24 7 1.092 0.113 0.114 0.127 0.137 0.148

Tern 795,000 45 7 1.063 0.114 0.116 0.128 0.139 0.150

Coot 795,000 36 1 1.040 0.115 0.117 0.129 0.141 0.152

Redwing 715,500 30 19 1.081 0.124 0.126 0.139 0.151 0.164

Starling 715,500 26 7 0.051 0.125 0.126 0.139 0.151 0.164

Stilt 715,500 24 7 1.036 0.126 0.127 0.141 0.153 0.165

Gannet 666,600 25 7 1.014 0.134 0.135 0.149 0.162 0.176

Flamingo 666,600 24 7 1.000 0.135 0.137 0.151 0.164 0.177

— — — 653,900 18 3 0.953 0.140 0.142 0.156 0.171 0.184

Egret 636,000 30 19 1.019 1.139 0.143 0.157 0.172 0.186

Grosbeak 636,000 26 7 0.990 0.140 0.142 0.156 0.170 0.184

Rook 636,000 24 7 0.977 0.142 0.143 0.157 0.172 0.186

Kingbird 636,000 18 1 0.940 0.143 0.145 0.160 0.174 0.188

Swift 636,000 36 1 0.930 0.144 0.146 0.161 0.175 0.189

Teal 605,000 30 19 0.994 0.146 0.150 0.165 0.180 0.195

Squab 605,000 26 7 0.966 0.147 0.149 0.164 0.179 0.193

(contiuned)
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TABLE A.29 (Continued)
Resistance of ACSR Conductors (Ω/mi)
Peacock 605,000 24 7 0.953 0.149 0.150 0.165 0.180 0.195

Eagle 556,500 30 7 0.953 0.158 0.163 0.179 0.196 0.212

Dove 556,500 26 7 0.927 0.160 0.162 0.178 0.194 0.211

Parakeet 556,500 24 7 0.914 0.162 0.163 0.179 0.196 0.212

Osprey 556,500 18 1 0.879 0.163 0.166 0.183 0.199 0.215

Hen 477,000 30 7 0.883 0.185 0.190 0.209 0.228 0.247

Hawk 477,000 26 7 0.858 0.187 0.188 0.207 0.226 0.247

Flicker 477,000 24 7 0.846 0.189 0.190 0.209 0.228 0.247

Pelican 477,000 18 1 0.824 0.191 0.193 0.212 0.232 0.250

Lark 397,500 30 7 0.806 0.222 0.227 0.250 0.273 0.295

Ibis 397,500 26 7 0.783 0.224 0.226 0.249 0.271 0.294

Brant 397,500 24 7 0.772 0.226 0.227 0.250 0.273 0.295

Chickadee 397,500 18 1 0.743 0.229 0.231 0.254 0.277 0.300

Oriole 336,400 30 7 0.741 0.262 0.268 0.295 0.322 0.349

Linnet 336,400 26 7 0.721 0.265 0.267 0.294 0.321 0.347

Merlin 336,400 18 1 0.684 0.270 0.273 0.300 0.328 0.355

Ostrich 300,000 26 7 0.680 0.297 0.299 0.329 0.359 0.3829

TABLE A.30
Resistance of ACAR Conductors (Ω/mi)

Area 62% Eq. 
EC-Al (cmil) Strands EC/6201 Dia. (in.)

dc ac-60 Hz

20°C 30°C 50°C 75°C 100°C

2,413,000 72 19 1.821 0.0373 0.0456 0.0483 0.0516 0.0565

2,375,000 63 28 1.821 0.0379 0.0462 0.0488 0.0521 0.0555

2,338,000 54 37 1.821 0.0385 0.0467 0.0493 0.0527 0.0561

2,297,000 54 7 1.762 0.0392 0.0474 0.0502 0.0538 0.0573

2,262,000 48 13 1.762 0.0399 0.0479 0.0507 0.0543 0.0580

2,226,000 42 19 1.762 0.0405 0.0485 0.0513 0.0549 0.0585

2,227,000 54 7 1.735 0.0405 0.0485 0.0514 0.0551 0.089

2,159,000 42 19 1.735 0.0417 0.0497 0.0526 0.0562 0.0601

1,899,000 54 7 1.602 0.0474 0.0550 0.0585 0.0629 0.0674

1,870,000 48 13 1.602 0.0482 0.0557 0.0592 0.0636 0.0682

1,841,000 42 19 1.602 0.0489 0.0564 0.0599 0.0644 0.0689

1,673,000 54 7 1.504 0.0539 0.0611 0.0651 0.0702 0.0754

1,647,000 48 13 1.504 0.0546 0.0619 0.0659 0.0711 0.0762

1,622,000 42 19 1.504 0.0555 0.0627 0.0667 0.0719 0.0771

1,337,000 54 7 1.345 0.0674 0.0742 0.0794 0.0860 0.0925

1,296,000 42 19 1.345 0.0695 0.0763 0.0815 0.0881 0.0947

1,243,000 30 7 1.302 0.0725 0.0793 0.0849 0.0919 0.0989

1,211,000 24 13 1.302 0.0744 0.0812 0.0868 0.0937 0.1008

1,179,000 18 19 1.302 0.0764 0.0831 0.0887 0.0957 0.1028

1,163,000 30 7 1.259 0.0775 0.0842 0.0902 0.0977 0.1052

1,133,000 24 13 1.259 0.0795 0.0862 0.0922 0.0997 0.1073

1,104,000 18 19 1.259 0.0816 0.0882 0.0942 0.1018 0.1095

(continued)
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TABLE A.30 (Continued)
Resistance of ACAR Conductors (Ω/mi)

Area 62% Eq. 
EC-Al (cmil) Strands EC/6201 Dia. (in.)

dc ac-60 Hz

20°C 30°C 50°C 75°C 100°C

1,153,000 33 4 1.246 0.0781 0.0850 0.0910 0.0987 0.1064

1,138,000 30 7 1.246 0.0791 0.0859 0.0920 0.0997 0.1074

1,109,000 24 13 1.246 0.0812 0.0880 0.0941 0.1017 0.1095

1,080,000 18 19 1.246 0.0834 0.0900 0.0962 0.1039 0.1117

1,077,000 30 7 1.212 0.0836 0.0904 0.0969 0.1050 0.1132

1,049,000 24 13 1.212 0.0859 0.0926 0.0991 0.1072 0.1154

1,022,000 18 19 1.212 0.0882 0.0948 0.1013 0.1096 0.1177

1,050,000 30 7 1.196 0.0859 0.0926 0.0993 0.1076 0.1160

1,023,000 24 13 1.196 0.0881 0.0948 0.1015 0.1099 0.1160

996,000 18 19 1.196 0.0881 0.0971 0.1038 0.1123 0.1207

994,800 30 7 1.165 0.0906 0.0974 0.1044 0.1133 0.1221

954,600 30 7 1.141 0.0944 0.1072 0.1086 0.1178 0.1271

969,300 24 13 1.165 0.0929 0.0997 0.1068 0.1156 0.1246

958,000 24 13 1.158 0.0941 0.1008 0.1080 0.1170 0.1260

943,900 18 19 1.165 0.0955 0.1021 0.1092 0.1182 0.1271

900,300 30 7 1.108 0.1001 0.1070 0.1148 0.1246 0.1345

795,000 30 7 1.042 0.1133 0.1204 0.1293 0.1404 0.1516

877,300 24 13 0.108 0.1027 0.1096 0.1174 0.1272 0.1372

795,000 24 13 1.055 0.1133 0.1204 0.1290 0.1400 0.1509

854,200 18 19 1.108 0.1054 0.1123 0.1201 0.1300 0.1400

795,000 18 19 1.069 0.1134 0.1203 0.1288 0.1394 0.1501

807,700 24 13 1.063 0.1115 0.1185 0.1271 0.1378 0.1486

786,500 18 19 1.063 0.1145 0.1216 0.1302 0.1410 0.1518

727,500 33 4 0.990 0.1238 0.1312 0.1411 0.1534 0.1658

718,300 30 7 0.990 0.1254 0.1327 0.1427 0.1550 0.1675

700,000 24 13 0.990 0.1287 0.1360 0.1459 0.1584 0.1709

681,600 18 19 0.990 0.1322 0.1394 0.1494 0.1619 0.1743

632,000 15 4 0.927 0.1425 0.1503 0.1615 0.1756 0.1897

616,200 12 7 0.927 0.1462 0.1539 0.1652 0.1794 0.1935

487,400 15 4 0.814 0.1849 0.1938 0.2085 0.2268 0.2453

475,200 12 7 0.814 0.1896 0.1986 0.2133 0.2317 0.2501

343,600 15 4 0.684 0.2623 0.2739 0.2948 0.3209 0.3470

335,000 12 7 0.684 0.2690 0.2806 0.3015 0.3278 0.3540
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Appendix B: Standard 
Device Numbers Used in 
Protection Systems
Some of the frequently used device numbers are listed below. A complete list and definitions are 
given in the American National Standards Institute/Institute of Electrical and Electronics Engineers 
(ANSI/IEEE) Standard C37.2-1079.

 1. Master element: normally used for hand-operated devices
 2. Time-delay starting or closing relay
 3. Checking or interlocking relay
 4. Master contactor
 5. Stopping device
 6. Starting circuit breaker
 7. Anode circuit breaker
 8. Control power-disconnecting device
 9. Reversing device
 10. Unit sequence switch
 12. Synchronous-speed device
 14. Underspeed device
 15. Speed- or frequency-matching device
 17. Shunting or discharge switch
 18. Accelerating or decelerating device
 20. Electrically operated valve
 21. Distance relay
 23. Temperature control device
 25. Synchronizing or synchronism-check device
 26. Apparatus thermal device
 27. Undervoltage relay
 29. Isolating contactor
 30. Annunciator relay
 32. Directional power relay
 37. Undercurrent or underpower relay
 46. Reverse-phase or phase-balance relay
 47. Phase-sequence voltage relay
 48. Incomplete-sequence relay
 49. Machine or transformer thermal relay
 50. Instantaneous overcurrent or rate-of-rise relay
 51. Ac time overcurrent relay
 52. Ac circuit breaker: the mechanism-operated contacts are
 (a) 52a, 52aa: open when breaker, closed when breaker contacts closed
 (b) 52b, 52bb: operates just as the mechanism motion start; known as high-speed contacts

 55. Power factor relay
 57. Short-circuiting or grounding device
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 59. Overvoltage relay
 60. Voltage or current balance relay
 62. Time-delay stopping or opening relay
 64. Ground detector relay
 67. Ac directional overcurrent relay
 68. Blocking relay
 69. Permissive control device
 72. Ac circuit breaker
 74. Alarm relay
 76. Dc overcurrent relay
 78. Phase-angle measuring or out-of-step protective relay
 79. Ac reclosing relay
 80. Flow switch
 81. Frequency relay
 82. Dc reclosing relay
 83. Automatic selective control or transfer relay
 84. Operating mechanism
 85. Carrier or pilot-wire receiver relay
 86. Lockout relay
 87. Differential protective relay
 89. Line switch
 90. Regulating device
 91. Voltage directional relay
 92. Voltage and power directional relay
 93. Field-changing contactor
 94. Tripping or trip-free relay
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Appendix C: Unit Conversions 
from English System to SI System
The following are useful when converting from the English system to the SI system:

Length: 1 in. = 2.54 cm = 0.0245 m
  1 ft = 30.5 cm = 0.305 m
  1 mile = 1609 m
Area: 1 square mile = 2.59 × 106 m2

  1 in.2 = 0.000645 m2

  1 in.2 = 6.45 cm2

Volume: 1 ft3 = 0.0283 m3

Linear speed: 1 ft/s = 0.305 m/s = 30.3 cm/s
  1 mph = 0.447 m/s
  1 in./s = 0.0254 m/s = 2.54 cm/s
Rotational speed: 1 rev/min = 0.105 rad/s = 6 deg/s
Force: 1 lb = 4.45 N
Power: 1 hp = 746 W = 0.746 kW
Torque: 1 ft-lb = 1.356 N-m
Magnetic flux: 1 line = 1 maxwell = 10−8 Wb
  1 kiloline = 1000 maxwells = 10−5 Wb
Magnetic flux density: 1 line/in2 = 15.5 × 10−6 T
  100 kilolines/in2 = 1.55 T = 1.55 Wb/m2

Magnetomotive force: 1 ampere-turn = 1 A
Magnetic field intensity: 1 A-turn/in. = 39.37 A/m
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Appendix D: Unit Conversions 
from SI System to English System
The following are useful when converting from the SI system to the English system:

Length: 1 m = 100 cm = 39.7 in.
  1 m = 3.28 ft
  1 m = 6.22 × 10−4 mile
Area: 1 m2 = 0.386 × 10−6 mile2

  1 m2 = 1550 in.2

  1 cm2 = 0.155 in.2

Volume: 1 m3 = 35.3 ft3

Linear speed: 1 m/s = 100 cm/s = 3.28 ft/s
  1 m/s = 2.237 mph
  1 m/s = 39.37 in./s
Rotational speed: 1 rad/s = 9.55 rev/min = 57.3 deg/s
Force: 1 N = 0.225 lb
Power: 1 kW = 1000 W = 1.34 hp
Torque: 1 N-m = 0.737 lb
Magnetic flux: 1 Wb = 108 lines = 108 maxwells
  1 Wb = 105 kilolines
Magnetic flux density: 1 T = 6.45 × 104/line/in2

  1 T = 64.5 kilolines/in2

  1 T = 1 Wb/m2

Magnetomotive force: 1 A = 1 A-turn
Magnetic field intensity: 1 A/m = 0.0254 A-turn/in.
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Appendix E: Prefixes

E.1 PREFIXES

The prefixes indicating decimal multiples or submultiples of units and their symbols are given in 
Table E.1.

TABLE E.1
Recommended Prefixes

Multiple Prefix Symbol

1012 tera T

109 giga G

106 mega M

103 kilo k

102 hecto h

10 deca da

10−1 deci d

10−2 centi c

10−3 mili m

10−6 micro A

10−9 nano n

10−12 pico p

10−15 femto f

10−18 atto a
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Appendix F: Greek Alphabet 
Used for Symbols
Table F.1 presents capital and lowercase Greek alphabet symbols.

TABLE F.1
Greek Alphabet Symbols

Greek Letter Greek Name English Equivalent Greek Letter Greek Name English Equivalent

Αα Alpha a Νν Nu n

Ββ Beta b Ξξ Xi x

Γγ Gamma g Οο Omicron ǒ

Δδ Delta d Ππ Pi p

Εε Epsilon ě Ρρ Rho r

Ζζ Zeta z Σσς Sigma s

Ηη Eta ē Ττ Tau t

Θθ Theta th Υυ Upsilon u

Ιι Iota i Φφ Phi ph

Κκ Kappa k Χχ Chi ch

Λλ Lambda l Ψψ Psi ps

Μμ Mu m Ωω Omega ō
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Appendix G: Additional Solved 
Examples of Shunt Faults

Example G.1

Consider the system shown in Figure G.1 and the following data:

Generator G1: 15 kV, 50 MVA, X1 = X2 = 0.10 pu and X0 = 0.05 pu based on its own ratings
Synchronous motor M: 15 kV, 20 MVA, X1 = X2 = 0.20 pu and X0 = 0.07 pu based on its own 

ratings
Transformer T1: 15/115 kV, 30 MVA, X1 = X2 = X0 = 0.06 pu based on its own ratings
Transformer T2: 115/15 kV, 25 MVA, X1 = X2 = X0 = 0.07 pu based on its own ratings
Transmission line TL23: X1 = X2 = 0.03 pu and X0 = 0.10 pu based on its own ratings

Assume a single line-to-ground (SLG) fault at bus 4 and determine the fault current in per units 
and amperes. Use 50 MVA as the megavolt-ampere base and assume that Zf is j0.1 pu based on 
50 MVA.

Solution

Assuming an SLG fault at bus 4 with a Zf = j0.1 pu on a 50 MVA base, the given reactance has to 
be adjusted on the basis of the new SB. Hence, using

 
Zadjusted pu(old)

new

old

= ×






X

S
S
B

B

( )

( )

where in this example SB(new) = 50 MVA. Therefore, for generator G1:

 
Z Z1 2

50 MVA
50 MVA

0.10 pu= = ×





=j j0 10.

 
Z0

50 MVA
50 MVA

0.00 pu= ×





=j j0 05.

For transformer T1:

 
Z Z Z1 2 0

50 MVA
50 MVA

0.01pu= = = ×





=j j0 06.
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For transmission line TL23:

 
Z Z1 2

50 MVA
50 MVA

0.03pu= = ×





=j j0 03.

and

 
Z0

50 MVA
50 MVA

0.10 pu= ×





=j j0 10.

For transformer T2:

 
Z Z Z1 2 0

50 MVA
25MVA

0.14 pu= = = ×





=j j0 07.

For synchronous motor M:

 
Z Z1 2

50 MVA
20 MVA

0.5pu= = ×





=j j0 20.

and

 
Z0

50 MVA
20 MVA

0.175pu= ×





=j j0 07.

Thus, the Thévenin impedance at the faulted bus 4 is

 

Z
Z Z Z Z Z
Z Z1

1 1 12
,

, , ,( )( )
th

1, 1,

1, 1,

1 1

1

=
+ + +
+

G T TL T M

G T11
+ + +

= + + +

Z Z Z1 1 12

0 10 0 10 0 03 0 14 0 5

, , ,

( . . . . )( . )

TL T M

j
(( . . . . . )

.

0 10 0 10 0 03 0 14 0 5

0 213

+ + + +

= j pu

and since

 Z2,th = Z1,th = j0.213 pu

1 2 3 4

TL23
115 kV

G2
G1

1T 2T

FIGURE G.1 System for Problem G.1.
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and

 

Z
Z Z Z Z Z

Z Z Z0
0 0 0

,
, , ,( )( )

th
0, 0,

0, 0,

1

1

=
+ + +
+ +

G T TL M M

G T 00 0 02

0 05 0 10 0 03 0 14 0 175

, , ,

( . . . . )( . )
(

TL T M

j

+ +

= + + +

Z Z

00 05 0 10 0 10 0 14 0 175

0 1208

. . . . . )

.

+ + + +

= j pu

Since the voltage at the faulted bus 4 before the fault took place is 1.0∠0° pu V, then

 

I I
V

Z Z Z Zaf a
F

f
= =

+ + +







= ∠

3 3
3

3 0 0

1
0 1( )

.

, ,th th 2,th

°°
+ + +

≅ ∠− °

j j j j0 1208 0 2126 0 2126 3 0 1

3 555 90

. . . ( . )

. pu

Since the current base at bus 4 is

 

I
S

V
B

B=
×

= ×
× ×

=

−

( )

( )

3

3
φ

L L

6

3

50 10 VA

3 15 10 V

192.45 A

Thus, the phase fault current in amperes is

 

I If af B= ×

=

≅

I

( )( )5.555pu 192.45 A

684.16 A

Example G.2

Consider the system given in Example G.1 and assume that there is a line-to-line fault at bus 3 
involving phases b and c. Determine the fault currents for both phases in per units and amperes.

Consider the system shown in Figure G.1 and the following data:

Generator G1: 15 kV, 50 MVA, X1 = X2 = 0.10 pu and X0 = 0.05 pu based on its own ratings
Synchronous motor M: 15 kV, 20 MVA, X1 = X2 = 0.20 pu and X0 = 0.07 pu based on its own ratings
Transformer T1: 15/115 kV, 30 MVA, X1 = X2 = X0 = 0.06 pu based on its own ratings
Transformer T2: 115/15 kV, 25 MVA, X1 = X2 = X0 = 0.07 pu based on its own ratings
Transmission line TL23: X1 = X2 = 0.03 pu and X0 = 0.10 pu based on its own ratings

Assume an SLG fault at bus 3 and determine the fault current in per units and amperes. Use 
50 MVA as the megavolt-ampere base and assume that Zf is j0.1 pu based on 50 MVA.
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Solution

Assuming a line-to-line fault at bus 3 with a Zf = j0.1 pu on a 50 MVA base, the given reactance 
has already been adjusted on the basis of the new SB(new) = 50 MVA. Hence,

For generator G1:

 Z1 = Z2 = j0.10 pu

and

 Z0 = j0.05 pu

For transformer T1:

 Z1 = Z2 = Z0 = j0.01 pu

For transmission line TL23:

 Z1 = Z2 = j0.03 pu

and

 Z0 = j0.10 pu

For transformer T2:

 Z1 = Z2 = Z0 = j0.14 pu

For synchronous motor M:

 Z1 = Z2 = j0.5 pu

and

 Z0 = j0.175 pu

Thus, the Thévenin impedance at the faulted bus 3 is

 

Z
Z Z Z Z Z

Z Z1
1 1 1 2

,
, , ,

th
1, 1, TL

1, 1

1 1 23

1

=
+ +( ) +( )
+

G T M T

G ,, TL1 23T T M

j

+ + +

= + + +

Z Z Z1 1 12

0 10 0 10 0 03 0 14

, , ,

( . . . )( . 00 5
0 10 0 10 0 03 0 14 0 5

0 1692

. )
( . . . . . )

.

+ + + +

= j pu

and since

 Z2,th = Z1,th = j0.1692 pu

Since the voltage at the faulted bus 3 before the fault took place is 1.0∠0° pu V, then

 

I
V

Z Za
F

j j

1
1 2

1 0 0
0 1692 0 1692

2

=
+








= ∠ °
+

=

, ,

.
. .

th th

..9552 90∠− ° pu
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Hence, the faulted phase currents for phases b and c are

 

I Ibf a

j

= ∠− °

= − ∠− °

= −

3 901

3 2.9552pu 90

5.1186 pu

( )

where

 ∠−90° = −j

Since current base 3 is

 

I
S

V
B

B=
×

= ×
× ×

=

−

( )

( )

.

3

6

3

3

50 10

3 115 10

251 02

φ

L L

VA

V

A

Thus, phase fault current in amperes is

 

I Ibf bf B= ×

=

= −

I

( )( )5.1186 pu 251.02A

1284.9 A

and

 

I I

I I

cf bf

cf bf

= − = − − =

= − = − −

( . ) .

( .

5 1186 5 1186

1284 9

pu

A)) .=1284 9 A

Example G.3

Consider the system given in Example G.1 and assume that there is a DLG fault at bus 2, involv-
ing phases b and c. Assume that Zf is j0.1 pu and Zg is j0.2 pu (where Zg is the neutral-to-ground 
impedance) both based on 50 VA. Consider the system shown in Figure G.1 and the following 
data:

Generator G1: 15 kV, 50 MVA, X1 = X2 = 0.10 pu and X0 = 0.05 pu based on its own ratings
Synchronous motor: 15 kV, 20 MVA, X1 = X2 = 0.20 pu and X0 = 0.07 pu based on its own 

ratings
Transformer T1: 15/115 kV, 30 MVA, X1 = X2 = X0 = 0.06 pu based on its own ratings
Transformer T2: 115/15 kV, 25 MVA, X1 = X2 = X0 = 0.07 pu based on its own ratings
Transmission line TL23: X1 = X2 = 0.03 pu and X0 = 0.10 pu based on its own ratings
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Assume a DLG fault at bus 2, involving phases b and c, and determine the fault current in per 
units and amperes. Use 50 MVA as the megavolt-ampere base and assume that Zf is j0.1 pu and Zg 
is j0.2 pu (where Zg is the neutral-to-ground impedance) both based on 50 MVA.

Solution

The Thévenin impedance at the faulted bus 2 is

 

Z
Z Z Z Z Z

Z Z1
1 1

1 1

1 23 2
,

, ,

, ,
th

1, 1, TL 1,=
+( ) + +( )
+

G T T M

G T11 23 21 1

0 10 0 10 0 03 0 14 0

+ + +

= + + +

Z Z Z, ,

( . . )( . . .

TL 1,T M

j
005

0 10 0 10 0 03 0 14 0 05

0 15402

)
( . . )( . . . )

.

+ + +

= j pu

and since

 Z2,th = Z1,th = j0.15402 pu

and

 

Z
Z Z Z Z Z

Z Z0
0 0

0 0

1 23 2
,

, ,

, ,
th

0, 0, TL 0,=
+( ) + +( )
+

G T T M

G T11 23 20 0

0 05 0 10 0 10 0 14 0

+ + +

= + + +

Z Z Z, ,

( . . )( . . .

TL 0,T M

j
1175

0 05 0 10 0 10 0 14 0 175

0 11018

)
( . . )( . . . )

.

+ + +

= j pu

thus

 

I
V

Z Z
Z Z Z Z Z

Z

a
F

f
f f g

1
0 23

3
=

+ +
+( ) + +( )

+1,th
2,th TL

2,th

,

ZZ Z Z0 3

1 0 0

0 1 0 154
0 154 0 1 0

,

.

. .
( . . )( .

th 2+ +

= − ∠ °

+ + +

f g

j
1110 0 1 0 6

0 154 0 110 0 2 0 6

2 2351

+ +
+ + +

= −

. . )
. . . .

.j pu

Here, by applying current division,

 

I
Z Z

Z Z Z Z
Ia

f

f g
a

j

0
2

2 0
12 3

0

= −
+

+ + +










= −

,

, ,

( .

th

th th

2254 2 2354
0 154 0 110 0 2 0 6

)( . )
. . . .

(
−

+ + +





−j

j j j j
j22 2351

0 53351

. )

.= j pu
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and similarly

 

I
Z Z Z

Z Z Z Z
Ia

f g

f g
a2

0

2 0
1

3

2 3
= −

+ +
+ + +











= −

,

, ,

th

th th

(( . )( . )
. . . .

j j
j j j j

0 254 2 2352
0 154 0 110 0 2 0 6

−
+ + +






−

=

( . )

.

j

j

2 2351

1 70161pu

or

 

I I Ia a a

j j

j

2 1 0

2 2351 0 53351

1 70161

= − +

= − − +

≅

( )

( . . )

. pu

Hence, the ground current is

 

I IG a=

= − ∠− °

≅ ∠− °

3

3 0 53351 90

1 6005 90

0

( . )

. pu

or since

 

IB =

=

50,000 kVA

3 115kV

251.02A

( )

or

 

I I IG G B= ×

= ∠− °

=

,

( . ) ( . )

.

pu

A

1 6005 90 251 02

401 77

Thus, the faulted phase current is

 

I I I Ibf a a aa a= + +

= ∠− ° + ∠ °

0
2

1 2

( . ) ( )( .0 53351 90 1 240 2 23551 90 1 120 1 70161 90

3 5017 166 79

∠ ° + ∠ ° ∠ °

= ∠ °

) ( )( . )

. . pu



638 Appendix G

or

 

I I Ibf bf B= ×

= ×

=

,

. .

.

pu

A

3 5017 251 02

879 62

and

 

I I I Icf a a aa a= + +

= ∠− ° + ∠ °

0 1
2

2

( . ) ( )( .0 53351 90 1 120 2 23551 90 1 240 1 70161 90

3 5017 13 21

∠− ° + ∠ ° ∠− °

= ∠ °

) ( )( . )

. . puu

or

 

I I Icf cf B= ×

= ×

=

,

. .

.

pu

A

3 5017 251 02

879 62

Example G.4

Consider the system shown in Figure G.2 and assume that the generator is loaded and running 
at the rated voltage with the circuit breaker open at bus 3. Assume that the reactance values of 
the generator are given as ′′ = = =X X Xd 1 2 0 14. pu and X0 = 0.08 pu based on its ratings. The trans-
former impedances are Z1 = Z2 = Z0 = j0.05 pu based on its ratings. The transmission line TL23 
has Z1 = Z2 = j0.04 pu and Z0 = j0.10 pu. Assume that the fault point is located on bus 1. Select 
25 MVA as the megavolt-ampere base, and 8.5 and 138 kV as the low-voltage and high-voltage 
bases, respectively, and determine the following:

 (a) Subtransient fault current for a three-phase fault in per units and amperes
 (b) Line-to-ground fault [Also find the ratio of this line-to-ground fault current to the three-

phase fault current found in part (a)]

TL23

138 kV
8.5 kV

25 MVA

8.5/138 kV
25 MVA

LoadG

1 2 3

FIGURE G.2 System for Problem G.4.
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 (c) Line-to-line fault (Also find the ratio of this line-to-line fault current to previously calculated 
three-phase fault current)

 (d) Double line-to-ground (DLG) fault

Solution

 (a) The subtransient fault current is
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  Since If(L−L) is about 86.6% of If(3ϕ) so that
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 (b) The SLG fault current is
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 (c) Since Ia0 = 0 and Iaf = 0,
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  Therefore,
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 (d) To calculate the DLG fault current,
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 and
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  The faulted phase currents
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Example G.5

Repeat Example G.4 assuming that the fault is located on bus 2.
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Solution

 (a) The subtransient fault current is
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  Since If(L−L) is about 86.6% of If(3ϕ) so that
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 (c) The SLG fault current is
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  Also,
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 (c) Since Ia0 = 0 and Iaf = 0,
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 (d) To calculate the DLG fault current,
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  The faulted phase currents
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Example G.6

Repeat Example G.4 assuming that the fault is located on bus 3.

Solution

 (b) The subtransient fault current is
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 (d) The SLG fault current is
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 (c) Since Ia0 = 0 and Iaf = 0 for a line-to-line fault,
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  Therefore,
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 (d) To calculate the DLG fault current,
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 so that
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  The faulted phase currents
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Example G.7

Consider the system shown in Figure G.3. Assume that loads, line capacitance, and transformer-
magnetizing currents are neglected and that the following data are given based on 20 MVA and 
the line-to-line voltages as shown in Figure G.3. Do not neglect the resistance of the transmis-
sion line TL23. The prefault positive-sequence voltage at bus 3 is Van = 1.0∠0° pu, as shown in 
Figure G.3.

Generator G1: X1 = 0.20 pu, X2 = 0.10 pu, X0 = 0.05 pu
Transformer T1: X1 = X2 = 0.05 pu, X0 = X1 (looking into the high-voltage side)
Transformer T2: X1 = X2 = 0.05 pu, X0 = ∞ (looking into the high-voltage side)
Transmission line TL23: Z1 = Z2 = 0.2 + j0.2 pu, Z0 = 0.6 + j0.6 pu

Assume that there is a bolted (i.e., with zero fault impedance) line-to-line fault on phases b and 
c at bus 3 and determine the following:

 (a) Fault current Ibf in per units and amperes
 (b) Phase voltages Va, Vb, and Vc at bus 2 in per units and kilovolts
 (c) Line-to-line voltages Vab, Vbc, and Vca at bus 2 in kilovolts
 (d) Generator line currents Ia, Ib, and Ic

Given: Per-unit positive-sequence currents on the low-voltage side, of the delta–wye-connecte d 
transformer bank, lag positive-sequence currents on the high-voltage side by 30°, and similarly, 
for negative-sequence currents, on the low-voltage side of the transformer bank, lead positive-
sequence currents on the high-voltage side by 30°.

Solution

When fault is located on bus 3,
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1 2
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30°
30°

0°

b

c

a nLoad

(b)(a)

TL
20 kV

10/20 kV 20/4 kV

T T1 2

3 4

23

FIGURE G.3 System for Example G.7.
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 (a) Since there is a bolted line-to-line fault, Ia0 = 0, Iaf = 0, and Zf = 0, then
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 (b) The positive-sequence voltage at bus 2 is
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 (c) The faulted line-to-line voltages are
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 (d) The generator line current is
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NOTE: Some of the calculations were done by slide rule and thus the answers are approximate.
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Appendix H: Additional 
Solved Examples of Shunt 
Faults Using MATLAB

EXAMPLE H.1 Solve Example G.1 Given in Appendix G Using MATLAB

Consider the system shown in Figure G.1 and the following data:

Generator G1: 15 kV, 50 MVA, X1 = X2 = 0.10 pu and X0 = 0.05 pu based on its own ratings
Synchronous motor M: 15 kV, 20 MVA, X1 = X2 = 0.20 pu and X0 = 0.07 pu based on its own 

ratings
Transformer T1 : 15/115 kV, 30 MVA, X1 = X2 = X0 = 0.06 pu based on its own ratings
Transformer T2: 115/15 kV, 25 MVA, X1 = X2 = X0 = 0.07 pu based on its own ratings
Transmission line TL23: X1 = X2 = 0.03 pu and X0 = 0.10 pu based on its own ratings

Assume a single line-to-ground fault at bus 4 and determine the fault current in per units and 
amperes. Use 50 MVA as the megavolt-ampere base and assume that Zf is j0.l pu based on 50 MVA.

Solution

 (a) MATLAB Script for Example H.1

%
%Data
clear; clc;
format short g
Zb=50 % System base
Zf=i*0.10 % Fault impedance
Vf=1+i*0 %The voltage to ground of phase "a" at the fault point F before the fault
% occurred is Vf and it is usually selected as l.O/_O pu.
Sb=50e6 % 50MVA base
VLL=115e3 %Voltage line to line

%Generator G1
G1b=50
Z1G1=i*0.10*(Zb/G1b)
Z2G1=i*0.10*(Zb/G1b)
Z0G1=i*0.05*(Zb/G1b)

%Generator G2
G2b=20
Z1G2=i*0.20*(Zb/G2b)
Z2G2=i*0.20*(Zb/G2b)
Z0G2=i*0.07*(Zb/G2b)

%Transformer T1
T1b=30
Z1T1=i*0.06*(Zb/T1b)
Z2T1=i*0.06*(Zb/T1b)
Z0T1=i*0.06*(Zb/T1b)
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%Transformer T2
T2b=25
Z1T2=i*0.07*(Zb/T2b)
Z2T2=i*0.07*(Zb/T2b)
Z0T2=i*0.07*(Zb/T2b)

%Transmission line TL23
TL23b=50
Z1TL23=i*0.03*(Zb/TL23b)
Z2TL23=i*0.03*(Zb/TL23b)
Z0TL23=i*0.10*(Zb/TL23b)

%Z1 Thevenin
Z1Th= ((Z1G1+Z1T1+Z1TL23+Z1T2)*(Z1G2))/(Z1G1+Z1T1+Z1TL23+Z1T2+Z1G2)
%Z2 Thevenin
Z2Th= Z1Th
%Z0 Thevenin
Z0Th= ((Z0G1+Z0T1+Z0TL23+Z0T2)*(Z0G2))/(Z0G1+Z0T1+Z0TL23+Z0T2+Z0G2)

%Iaf=3*Ia1=3*(Vf/Z1Th+Z2Th+Z0Th+3*Zf)

Ia1=Vf/(Z1Th+Z2Th+Z0Th+3*Zf)
%the fault current for phase ‘a’ can be found as
Iaf_pu=3*Ia1

IB_A = Sb/(sqrt(3)*VLL)

If_A = abs(Iaf_pu)*IB_A

disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ########################## OR IN SUMMARY ##########################');
disp('     ');
disp(' **** 1st Row G1; 2nd Row G2; 3rd Row T1; 4th Row T2; 5th Row TL23 ****')
disp(' Z1 Z2 Z0 ');
disp('
********************************************************************************’);
[Z1G1 Z2G1 Z0G1 ;Z1G2 Z2G2 Z0G2; Z1T1 Z2T1 Z0T1; Z1T2 Z2T2 Z0T2;Z1TL23 Z2TL23 Z0TL23]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Z1Th Z2Th Z0Th');
disp('
********************************************************************************’);
[Z1Th Z2Th Z0Th]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Iaf_pu IB_A If_A ') ;
disp('
*******************************************************************************');
[Iaf_pu IB_A If_A]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
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 (b) MATLAB Results for Example H.1

Zb = 50
Zf = 0 + 0.1i
Vf = 1
Sb = 50000000
VLL = 115000
G1b = 50
Z1G1 = 0 + 0.1i
Z2G1 = 0 + 0.1i
Z0G1 = 0 + 0.05i
G2b = 20
Z1G2 = 0 + 0.5i
Z2G2 = 0 + 0.5i
Z0G2 = 0 + 0.175i
T1b = 30
Z1T1 = 0 + 0.1i
Z2T1 = 0 + 0.1i
Z0T1 = 0 + 0.1i
T2b = 25
Z1T2 = 0 + 0.14i
Z2T2 = 0 + 0.14i
Z0T2 = 0 + 0.14i
TL23b = 50
Z1TL23 = 0 + 0.03i
Z2TL23 = 0 + 0.03i
Z0TL23 = 0 + 0.1i
Z1Th = 0 + 0.21264i
Z2Th = 0 + 0.21264i
Z0Th = 0 + 0.1208i
Ia1 = 0 - 1.1819i
Iaf_pu = 0 - 3.5457i

IB_A =
192.45
If_A =
890.06
_________________________________________________________________________________
######################### OR IN SUMMARY #########################
**** 1st Row G1; 2nd Row G2; 3rd Row T1; 4th Row T2; 5th Row TL23 ****
 Z1 Z2 Z0
********************************************************************************
ans =
 0 + 1i 0 + 0.1i 0 + 0.05i
 0 + 0.5i 0 + 0.5i 0 + 0.175i
 0 + 0.1i 0 + 0.1i 0 + 0.1i
 0 + 0.14i 0 + 0.14i 0 + 0.14i
 0 + 0.03i 0 + 0.03i 0 + 0.1i
_________________________________________________________________________________
 Z1Th Z2Th Z0Th
*********************************************************************************
ans =
 0 + 0.21264i 0 + 0.21264i 0 + 0.1208i
_________________________________________________________________________________
 Iaf_pu IB_A If_A
*********************************************************************************
ans =
 0 - 3.5457i 192.45 682.37
____________________________________________________________________________________
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EXAMPLE H.2 Solve Example G.2 Using MATLAB

Consider the system given in Example H.1 and assume that there is a line-to-line fault at bus 3 
involving phases b and c. Determine the fault currents for both phases in per units and amperes.

Consider the system shown in Figure F.1 and the following data:

Generator G1: 15 kV, 50 MVA, X1 = X2 = 0.10 pu and X0 = 0.05 pu based on its own ratings
Generator G2: 15 kV, 20 MVA, X1 = X2 = 0.20 pu and X0 = 0.07 pu based on its own ratings
Transformer T1: 15/115 kV, 30 MVA, X1 = X2 = X0 = 0.06 pu based on its own ratings
Transformer T2: 115/15 kV, 25 MVA, X1 = X2 = X0 = 0.07 pu based on its own ratings
Transmission line TL23: X1 = X2 = 0.03 pu and X0 = 0.10 pu based on its own ratings

Assume a single line-to-ground fault at bus 4 and determine the fault current in per units and 
amperes. Use 50 MVA as the megavolt-ampere base and assume that Zf is j0.l pu based on 50 
MVA.

Solution

 (a) MATLAB Script for Example H.2

%
clear; clc;
format short g
%Data
Zb=50 % System base
Zf=i*0.10 % Fault impedance
Vf=1+i*0 %The voltage to ground of phase “a” at the fault point F before the fault
% occurred is Vf and it is usually selected as l.O/_O pu.
Sb=50e6 % 50MVA base
VLL=115e3 %Voltage line to line

%Generator G1
G1b=50
Z1G1=i*0.10*(Zb/G1b)
Z2G1=i*0.10*(Zb/G1b)
Z0G1=i*0.05*(Zb/G1b)

%Generator G2
G2b=20
Z1G2=i*0.20*(Zb/G2b)
Z2G2=i*0.20*(Zb/G2b)
Z0G2=i*0.07*(Zb/G2b)

%Transformer T1
T1b=30
Z1T1=i*0.06*(Zb/T1b)
Z2T1=i*0.06*(Zb/T1b)
Z0T1=i*0.06*(Zb/T1b)

%Transformer T2
T2b=25
Z1T2=i*0.07*(Zb/T2b)
Z2T2=i*0.07*(Zb/T2b)
Z0T2=i*0.07*(Zb/T2b)

%Transmission line TL23
TL23b=50
Z1TL23=i*0.03*(Zb/TL23b)
Z2TL23=i*0.03*(Zb/TL23b)
Z0TL23=i*0.10*(Zb/TL23b)
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%Z1 Thevenin
Z1Th=((Z1G1+Z1T1+Z1TL23)*(Z1T2+Z1G2))/(Z1G1+Z1T1+Z1TL23+Z1T2+Z1G2)
%Z2 Thevenin
Z2Th=Z1Th

%Iaf=3*Ia1=3*(Vf/Z1Th+Z2Th+Z0Th+3*Zf)

Ia1_pu=Vf/(Z1Th+Z2Th)
Ibf_pu=sqrt(3)*Ia1_pu*(-i)

IB_A=Sb/(sqrt(3)*VLL)

IBf_A=Ibf_pu*IB_A

Icf_pu=-Ibf_pu
Icf_A=-IBf_A

disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ###################### OR IN SUMMARY ######################');
disp('     ');
disp(' **** 1st Row G1; 2nd Row G2; 3rd Row T1; 4th Row T2; 5th Row TL23 ****')
disp(' Z1 Z2 Z0 ');
disp('
********************************************************************************');
[Z1G1 Z2G1 Z0G1 ;Z1G2 Z2G2 Z0G2; Z1T1 Z2T1 Z0T1; Z1T2 Z2T2 Z0T2;Z1TL23 Z2TL23 
Z0TL23]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Z1Th Z2Th Ia1_pu');
disp('
********************************************************************************’);
[Z1Th Z2Th Ia1_pu]
disp('
________________________________________________________________________________’);
disp('     ');
disp('     ');
disp('     ');
disp(' Ibf_pu IB_A IBf_A Icf_pu Icf_A') ;
disp('
********************************************************************************');
[Ibf_pu IB_A IBf_A Icf_pu Icf_A]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');

 (b) MATLAB Results for Example H.2

Zb = 50
Zf = 0 + 0.1i
Vf = 1
Sb = 50000000
VLL = 115000
G1b = 50
Z1G1 = 0 + 0.1i



660 Appendix H

Z2G1 = 0 + 0.1i
Z0G1 = 0 + 0.05i
G2b = 20
Z1G2 = 0 + 0.5i
Z2G2 = 0 + 0.5i
Z0G2 = 0 + 0.175i
T1b = 30
Z1T1 = 0 + 0.1i
Z2T1 = 0 + 0.1i
Z0T1 = 0 + 0.1i
T2b = 25
Z1T2 = 0 + 0.14i
Z2T2 = 0 + 0.14i
Z0T2 = 0 + 0.14i
TL23b = 50
Z1TL23 = 0 + 0.03i
Z2TL23 = 0 + 0.03i
Z0TL23 = 0 + 0.1i
Z1Th = 0 + 0.1692i
Z2Th = 0 + 0.1692i
Ia1_pu = 0 - 2.9552i
Ibf_pu = -5.1185
IB_A =
251.02
IBf_A =
-1284.9
Icf_pu =
5.1185
Icf_A =
1284.9

_________________________________________________________________________________
########################## OR IN SUMMARY ##########################
**** 1st Row G1; 2nd Row G2; 3rd Row T1; 4th Row T2; 5th Row TL23 ****
 Z1 Z2 Z0
*******************************************************************************
ans =
 0 + 0.1i 0 + 0.1i 0 + 0.05i
 0 + 0.5i 0 + 0.5i 0 + 0.175i
 0 + 0.1i 0 + 0.1i 0 + 0.1i
 0 + 0.14i 0 + 0.14i 0 + 0.14i
 0 + 0.03i 0 + 0.03i 0 + 0.1i
_________________________________________________________________________________
 Z1Th Z2Th Ia1_pu
*********************************************************************************
ans =
 0 + 0.1692i 0 + 0.1692i 0 - 2.9552i
_________________________________________________________________________________
Ibf_pu IB_A IBf_A Icf_pu Icf_A
*********************************************************************************
ans =
-5.1185 251.02 -1284.9 5.1185 1284.9
_________________________________________________________________________________

EXAMPLE H.3 Solve Example G.3 Using MATLAB

Consider the system given in Example G.3 and assume that there is a double line-to-ground (DLG) 
fault at bus 2, involving phases b and c. Assume that Zf is j0.l pu and Zg is j0.2pu (where Zg is the 
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neutral-to-ground impedance) both based on 50 VA. Consider the system shown in Figure G.1 
and the following data:

Generator G1: 15 kV, 50 MVA, X1 = X2 = 0.10 pu and X0 = 0.05 pu based on its own ratings
Generator G2: 15 kV, 20 MVA, X1 = X2 = 0.20 pu and X0 = 0.07 pu based on its own ratings
Transformer T1: 15/115 kV, 30 MVA, X1 = X2 = X0 = 0.06 pu based on its own ratings
Transformer T2: 115/15 kV, 25 MVA, X1 = X2 = X0 = 0.07 pu based on its own ratings
Transmission line TL23: X1 = X2 = 0.03 pu and X0 = 0.10 pu based on its own ratings

Assume a single line-to-ground fault at bus 4 and determine the fault current in per units and 
amperes. Use 50 MVA as the megavolt-ampere base and assume that Zf is j0.l pu based on 50 MVA.

Solution

 (a) MATLAB Script for Example H.3

%
clear; clc;
format short g
%Data
Zb=50 % System base 50VA
Zf=i*0.10 % Fault impedance
Vf=1+i*0 %The voltage to ground of phase “a” at the fault point F before the fault
% occurred is Vf and it is usually selected as l.O/_O pu.
Zg=i*0.20 % System base 50VA
Sb=50e6 % 50MVA base
VLL=115e3 %Voltage line to line

%Generator G1
G1b=50
Z1G1=i*0.10*(Zb/G1b)
Z2G1=i*0.10*(Zb/G1b)
Z0G1=i*0.05*(Zb/G1b)

%Generator G2
G2b=20
Z1G2=i*0.20*(Zb/G2b)
Z2G2=i*0.20*(Zb/G2b)
Z0G2=i*0.07*(Zb/G2b)

%Transformer T1
T1b=30
Z1T1=i*0.06*(Zb/T1b)
Z2T1=i*0.06*(Zb/T1b)
Z0T1=i*0.06*(Zb/T1b)

%Transformer T2
T2b=25
Z1T2=i*0.07*(Zb/T2b)
Z2T2=i*0.07*(Zb/T2b)
Z0T2=i*0.07*(Zb/T2b)

%Transmission line TL23
TL23b=50
Z1TL23=i*0.03*(Zb/TL23b)
Z2TL23=i*0.03*(Zb/TL23b)
Z0TL23=i*0.10*(Zb/TL23b)

%Z1 Thevenin
Z1Th=((Z1G1+Z1T1)*(Z1TL23+Z1T2+Z1G2))/(Z1G1+Z1T1+Z1TL23+Z1T2+Z1G2)
%Z2 Thevenin
Z2Th=Z1Th
%Z0 Thevenin
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Z0Th=((Z0G1+Z0T1)*(Z0TL23+Z0T2+Z0G2))/(Z0G1+Z0T1+Z0TL23+Z0T2+Z0G2)
%Iaf=3*Ia1 = 3*(Vf/Z1Th+Z2Th+Z0Th+3*Zf)
%
Ia1_pu=Vf/(Zf+Z1Th+(((Z2Th+Zf)*(Z0Th+Zf+3*Zg))/(Z2Th+Z0Th+2*Zf+3*Zg)))

Ia2_pu=-(((Z0Th+Zf+3*Zg)/(Z2Th+Z0Th+2*Zf+3*Zg)))*(Ia1_pu)

Ia0_pu=-(((Z2Th+Zf)/(Z2Th+Z0Th+2*Zf+3*Zg)))*(Ia1_pu)

IG=3*Ia0_pu

IB_A=Sb/(sqrt(3)*VLL)
IB__A=abs(IG)*IB_A

a=-0.5+i*0.866
a2=a^2

Ibf_pu = a^2*Ia1_pu+a*Ia2_pu+Ia0_pu

IBf_A = abs(Ibf_pu)*IB_A
%
Icf_pu = a*Ia1_pu+a^2*Ia2_pu+Ia0_pu

ICf_A = abs(Icf_pu)*IB_A

disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ######################### OR IN SUMMARY #########################');
disp('     ');
disp(' **** 1st Row G1; 2nd Row G2; 3rd Row T1; 4th Row T2; 5th Row TL23 ****')
disp(' Z1 Z2 Z0 ');
disp(' ************************************************************************');
[Z1G1 Z2G1 Z0G1;Z1G2 Z2G2 Z0G2; Z1T1 Z2T1 Z0T1; Z1T2 Z2T2 Z0T2;Z1TL23 Z2TL23 
Z0TL23]
disp('
________________________________________________________________________________’);
disp('     ');
disp('     ');
disp('     ');
disp(' Z1Th Z2Th Z0Th');
disp('
********************************************************************************');
[Z1Th Z2Th Z0Th]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Ia1_pu Ia2_pu Ia0_pu ');
disp('
********************************************************************************');
[Ia1_pu Ia2_pu Ia0_pu]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' IG IB_A IB__A ');
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disp('
********************************************************************************');
[IG IB_A IB__A]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Ibf_pu IBf_A') ;
disp('
********************************************************************************');
[Ibf_pu IBf_A]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Icf_pu ICf_A') ;
disp('
********************************************************************************');
[Icf_pu ICf_A]
disp('
('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');

 (b) MATLAB Results for Example H.3

Zb = 50
Zf = 0 + 0.1i
Vf = 1
Zg = 0 + 0.2i
Sb = 50000000
VLL = 115000
G1b = 50
Z1G1 = 0 + 0.1i
Z2G1 = 0 + 0.1i
Z0G1 = 0 + 0.05i
G2b = 20
Z1G2 = 0 + 0.5i
Z2G2 = 0 + 0.5i
Z0G2 = 0 + 0.175i
T1b = 30
Z1T1 = 0 + 0.1i
Z2T1 = 0 + 0.1i
Z0T1 = 0 + 0.1i
T2b = 25
Z1T2 = 0 + 0.14i
Z2T2 = 0 + 0.14i
Z0T2 = 0 + 0.14i
TL23b = 50
Z1TL23 = 0 + 0.03i
Z2TL23 = 0 + 0.03i
Z0TL23 = 0 + 0.1i
Z1Th = 0 + 0.15402i
Z2Th = 0 + 0.15402i
Z0Th = 0 + 0.11018i
Ia1_pu = 0 - 2.2351i
Ia2_pu = 0 + 1.7016i
Ia0_pu = 0 + 0.53351i
IG = 0 + 1.6005i
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IB_A = 251.02
IB__A = 401.77
a = -0.5 + 0.866i
a2 = -0.49996 - 0.866i
Ibf_pu = -3.4091 + 0.80017i
IBf_A = 879.02
Icf_pu = 3.4091 + 0.80034i
ICf_A = 879.03

_________________________________________________________________________________

########################## OR IN SUMMARY ##########################
**** 1st Row G1; 2nd Row G2; 3rd Row T1; 4th Row T2; 5th Row TL23 ****
 Z1 Z2 Z0
**********************************************************************************
ans =
 0 + 0.1i 0 + 0.1i 0 + 0.05i
 0 + 0.5i 0 + 0.5i 0 + 0.175i
 0 + 0.1i 0 + 0.1i 0 + 0.1i
 0 + 0.14i 0 + 0.14i 0 + 0.14i
 0 + 0.03i 0 + 0.03i 0 + 0.1i
_________________________________________________________________________________
 Z1Th Z2Th Z0Th
*********************************************************************************
ans =
 0 + 0.15402i 0 + 0.15402i 0 + 0.11018i
_________________________________________________________________________________
 Ia1_pu Ia2_pu Ia0_pu
*********************************************************************************
ans =
 0 - 2.2351i 0 + 1.7016i 0 + 0.53351i
_________________________________________________________________________________
 IG IB_A IB__A
*********************************************************************************
ans =
 0 + 1.6005i 251.02 401.77
_________________________________________________________________________________
 Ibf_pu IBf_A
*********************************************************************************
ans =
-3.4091 + 0.80017i 879.02
_________________________________________________________________________________
 Icf_pu ICf_A
*********************************************************************************
ans =
3.4091 + 0.80034i 879.03
_________________________________________________________________________________

EXAMPLE H.4 Solve Example G.4 Using MATLAB

Consider the system shown in Figure G.2 and assume that the generator is loaded and running at 
the rated voltage with the circuit breaker open at bus 3. Assume that the reactance values of the 
generator are given as Xd̋ = X1 = X2 = 0.14 pu and X0 = 0.08 pu based on its ratings. The transformer 
impedances are Z1 = Z2 = Z0 = j0.05 pu based on its ratings. The transmission line TL23 has Z1 = 
Z2 = j0.04 pu and Z0 = j0.10 pu. Assume that the fault point is located on bus 1. Select 25 MVA as 
the megavolt-ampere base, and 8.5 and 138 kV as the low-voltage and high-voltage voltage bases, 
respectively, and determine the following:

 (a) Subtransient fault current for three-phase fault in per units and amperes
 (b) Line-to-ground fault [Also find the ratio of this line-to-ground fault current to the three-

phase fault current found in part (a)]
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 (c) Line-to-line fault (Also find the ratio of this line-to-line fault current to previously calculated 
three-phase fault current)

 (d) DLG fault

Solution

 (a) MATLAB Script for Example H.4

%
%Data
clear; clc;
format short g
Sb=25 % System base 50VA
S=25e6
Vf=1+i*0 %The voltage to ground of phase “a” at the fault point F before the fault
% occurred is Vf and it is usually selected as l.O/_O pu.

VLL=115e3 %Voltage line to line
%Generator G
Gb=25
VLLG=8.5e3
Z1G=i*0.14*(Sb/Gb)
Z2G=i*0.14*(Sb/Gb)
Z0G=i*0.08*(Sb/Gb)

% Part a L-G fault
%Iaf=3*Ia0
Iaf_pu=3*(Vf/(Z0G+Z1G+Z2G))

%If_LL=(sqrt(3)/2)*If_3phase
If_LG_pu=abs(Iaf_pu)
% See part “c” for If_3phase

%Part b L-L fault
% Ia0=0 ans Iaf = 0 therefore
Ia1_pu=Vf/(Z1G+Z2G)

Ibf_pu=sqrt(3)*Ia1_pu*(-i)
VLLG=8.5e3
IB_A=S/(sqrt(3)*VLLG)
IBf_A=Ibf_pu*IB_A

Icf_pu=-Ibf_pu
Icf_A=-IBf_A

%If_LL=(sqrt(3)/2)*If_3phase
If_LL_pu=abs(Ibf_pu)
If_3phase=(2/sqrt(3))*If_LL_pu

If_LL_div_If_3phase=If_LL_pu/If_3phase
% Thus If_LL=86.66% of If_3phase (check result to confirm)

%After finding If_3phase from If_Line-to-Line plug back into Part “a” to find
%Line-to-Grnd/If3pase ratio

If_LG_div_If_3phase=If_LG_pu/If_3phase

%Part c DLG fault
I_a1_pu=Vf/((Z1G + ((Z2G*Z0G)/(Z2G+Z0G))))
Va1 = Vf-I_a1_pu*Z1G
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I_a2_pu=-Va1/Z2G
I_a0_pu=-Va1/Z0G
I_nf_pu=3*I_a0_pu

a=-0.5+i*0.866
a2=a^2
I_bf_pu=a^2*I_a1_pu+a*I_a2_pu+I_a0_pu
abs_I_bf_pu=abs(I_bf_pu)

I_cf_pu=a*I_a1_pu+a^2*I_a2_pu+I_a0_pu
abs_I_cf_pu=abs(I_cf_pu)

I_Bf_A=abs(I_bf_pu)*IB_A
I_Cf_A=abs(I_cf_pu)*IB_A

disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ######################## OR IN SUMMARY ########################');
disp('     ');
disp(' ############# RESULTS FOR LINE TO GROUND FAULT ###############')
disp(' Z1G Z2G Z0G ');
disp('
********************************************************************************');
[Z1G Z2G Z0G]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Iaf_pu If_LG_pu ') ;
disp(‘
**********************************************************************************');
[Iaf_pu If_LG_pu]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' If_3phase If_LG_div_If_3phase  ') ;
disp('
**********************************************************************************');
[If_3phase If_LG_div_If_3phase]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ############### RESULTS FOR LINE TO LINE FAULT ###################')
disp(' Ia1_pu Ibf_pu IB_A
IBf_A      ') ;
disp('
********************************************************************************');
[Ia1_pu Ibf_pu IB_A IBf_A]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Icf_pu Icf_A If_LL_pu' ) ;
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disp('
********************************************************************************');
[Icf_pu Icf_A If_LL_pu]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' If_3phase If_LL_div_If_3phase  ' ) ;
disp('
********************************************************************************');
[If_3phase If_LL_div_If_3phase]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ############## RESULTS FOR DOUBLE LINE TO LINE FAULT ################')
disp(' I_a1_pu Va1 I_a2_pu  
I_a0_pu ') ;
disp(‘
**********************************************************************************');
[I_a1_pu Va1 I_a2_pu I_a0_pu ]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' I_nf_pu I_bf_pu I_cf_pu 
' ) ;
disp('
**********************************************************************************');
[I_nf_pu I_bf_pu I_cf_pu]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' abs_I_bf_pu I_Bf_A abs_I_cf_pu I_Cf_A ' ) ;
disp('
**********************************************************************************');
[abs_I_bf_pu I_Bf_A abs_I_cf_pu I_Cf_A]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');

 (b) MATLAB Results for Example H.4

Sb = 25
S = 25000000
Vf = 1
VLL = 115000
Gb = 25
VLLG = 8500
Z1G = 0 + 0.14i
Z2G = 0 + 0.14i
Z0G = 0 + 0.08i
Iaf_pu = 0 - 8.3333i
If_LG_pu = 8.3333
Ia1_pu = 0 - 3.5714i
Ibf_pu = -6.1859
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VLLG = 8500
IB_A = 1698.1
IBf_A = -10504
Icf_pu = 6.1859
Icf_A = 10504
If_LL_pu = 6.1859
If_3phase = 7.1429
If_LL_div_If_3phase = 0.86603
If_LG_div_If_3phase = 1.1667
I_a1_pu = 0 - 5.2381i
Va1 = 0.26667
I_a2_pu = 0 + 1.9048i
I_a0_pu = 0 + 3.3333i
I_nf_pu = 0 + 10i
a = -0.5 + 0.866i
a2 = -0.49996 - 0.866i
I_bf_pu = -6.1857 + 4.9998i
abs_I_bf_pu = 7.9537
I_cf_pu = 6.1857 + 5.0001i
abs_I_cf_pu = 7.9539
I_Bf_A = 13506
I_Cf_A = 13506

_____________________________________________________________________________________
########################### OR IN SUMMARY ###########################
######################## RESULTS FOR LINE TO GROUND FAULT ######################
 Z1G Z2G Z0G
*************************************************************************************
ans =
 0 + 0.14i 0 + 0.14i 0 + 0.08i
_____________________________________________________________________________________
 Iaf_pu If_LG_pu
*************************************************************************************
ans =
 0 - 8.3333i 8.3333
_____________________________________________________________________________________
If_3phase If_LG_div_If_3phase
*************************************************************************************
ans =
 7.1429 1.1667
_____________________________________________________________________________________
###################### RESULTS FOR LINE TO LINE FAULT ######################
 Ia1_pu Ibf_pu IB_A 
IBf_A
*************************************************************************************
ans =
 0 - 3.5714i -6.1859 1698.1 -10504
_____________________________________________________________________________________
 Icf_pu Icf_A If_LL_pu
*************************************************************************************
ans =
 6.1859 10504 6.1859
_____________________________________________________________________________________
If_3phase If_LL_div_If_3phase
*************************************************************************************
ans =
 7.1429 0.86603
_____________________________________________________________________________________
##################### RESULTS FOR DOUBLE LINE TO LINE FAULT ###################
 I_a1_pu Va1 I_a2_pu  
I_a0_pu
*************************************************************************************
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ans =
 0 - 5.2381i 0.26667 0 + 1.9048i 
0 + 3.3333i
_____________________________________________________________________________________
 I_nf_pu I_bf_pu I_cf_pu
*************************************************************************************
ans =
 0 + 10i -6.1857 + 4.9998i 6.1857 + 5.0001i
_____________________________________________________________________________________
 abs_I_bf_pu I_Bf_A abs_I_cf_pu I_Cf_A
*************************************************************************************
ans =
 7.9537 13506 7.9539 13506
_____________________________________________________________________________________

EXAMPLE H.5 Solve Example G.5 Using MATLAB

Consider the system shown in Figure G.2 and assume that the generator is loaded and running at 
the rated voltage with the circuit breaker open at bus 3. Assume that the reactance values of the 
generator are given as Xd̋ = X1 = X2 = 0.14 pu and X0 = 0.08 pu based on its ratings. The transformer 
impedances are Z1 = Z2 = Z0 = j0.05 pu based on its ratings. The transmission line TL23 has Z1 = 
Z2 = j0.04 pu and Z0 = j0.10 pu. Assume that the fault point is located on bus 1. Select 25 MVA as 
the megavolt-ampere base, and 8.5 and 138 kV as the low-voltage and high-voltage voltage bases, 
respectively, and determine the following:

 (a) Subtransient fault current for three-phase fault in per units and amperes
 (b) Line-to-ground fault [Also find the ratio of this line-to-ground fault current to the three-

phase fault current found in part (a)]
 (c) Line-to-line fault (Also find the ratio of this line-to-line fault current to previously calculated 

three-phase fault current)
 (d) DLG fault

Solution

 (a) MATLAB Script for Example H.5

%
%Data
clear; clc;
format short g
Sb=25 % System base 50VA
S=25e6
Vf=1+i*0 %The voltage to ground of phase “a” at the fault point F before the fault
% occurred is Vf and it is usually selected as l.O/_O pu.

%

%Generator G
Gb=25
VLLG=8.5e3
Z1G=i*0.14*(Sb/Gb)
Z2G=i*0.14*(Sb/Gb)
Z0G=i*0.08*(Sb/Gb)
%Transformer T
Tb=25
VLLT=138e3
Z1T=i*0.05*(Sb/Tb)
Z2T=i*0.05*(Sb/Tb)
Z0T=i*0.05*(Sb/Tb)
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% Part a L-G fault

Z1=Z1G+Z1T
Z2=Z2G+Z2T
Z0=Z0T
%Iaf=3*Ia0
Iaf_pu=3*(Vf/(Z0+Z1+Z2))

IB_A=S/(sqrt(3)*VLLT)
Iaf_A=abs(Iaf_pu)*IB_A
%If_LL=(sqrt(3)/2)*If_3phase
If_LG_pu=abs(Iaf_pu)

%Part b L-L fault
%Assuming that the faulted phases are “b” and “c” Iaf = 0

Ia1_pu=Vf/(Z1+Z2)

Ibf_pu=sqrt(3)*Ia1_pu*(-i)
IB_A=S/(sqrt(3)*VLLT)
IBf_A=Ibf_pu*IB_A

Icf_pu=-Ibf_pu
Icf_A=-IBf_A

%If_LL=(sqrt(3)/2)*If_3phase
If_LL_pu=abs(Ibf_pu)
If_3phase=(2/sqrt(3))*If_LL_pu

If_LL_div_If_3phase=If_LL_pu/If_3phase

%After finding If_3phase from If_Line-to-Line plug back into Part “a” to find
%Line-to-Grnd/If3pase ratio

If_LG_div_If_3phase = If_LG_pu/If_3phase

%Part c DLG fault
I_a1_pu=Vf/((Z1 + ((Z2*Z0)/(Z2+Z0))))
Va1=Vf-I_a1_pu*Z1

I_a2_pu=-Va1/Z2
I_a0_pu=-Va1/Z0
I_nf_pu=3*I_a0_pu

a=-0.5+i*0.866
a2=a^2
I_bf_pu=a^2*I_a1_pu+a*I_a2_pu+I_a0_pu
abs_I_bf_pu=abs(I_bf_pu)

I_cf_pu=a*I_a1_pu+a^2*I_a2_pu+I_a0_pu
abs_I_cf_pu=abs(I_cf_pu)

I_Bf_A=abs(I_bf_pu)*IB_A
I_Cf_A=abs(I_cf_pu)*IB_A

disp('
__________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ###################### OR IN SUMMARY ########################');
disp('     ');
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disp(' ################## RESULTS FOR LINE TO GROUND FAULT ####################')
disp(' ***************** 1st Row G; 2nd Row T *****************')
disp(' Z1 Z2 Z0 ');
disp('
**********************************************************************************');
[Z1G Z2G Z0G;Z1T Z2T Z0T]
disp('
__________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Iaf_pu IB_A Iaf_A If_LG_pu ') ;
disp('
**********************************************************************************');
[Iaf_pu IB_A Iaf_A If_LG_pu]
disp('
__________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' If_3phase If_LG_div_If_3phase  ') ;
disp('
**********************************************************************************');
[If_3phase If_LG_div_If_3phase]
disp('
__________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' #################### RESULTS FOR LINE TO LINE FAULT #####################')
disp(' Ia1_pu Ibf_pu   IB_A  IBf_A ') ;
disp('
**********************************************************************************');
[Ia1_pu Ibf_pu IB_A IBf_A]
disp('
__________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Icf_pu Icf_A If_LL_pu' ) ;
disp('
**********************************************************************************');
[Icf_pu Icf_A If_LL_pu]
disp('
__________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' If_3phase If_LL_div_If_3phase  ' ) ;
disp('
**********************************************************************************');
[If_3phase If_LL_div_If_3phase]
disp('
__________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ############### RESULTS FOR DOUBLE LINE TO LINE FAULT ###################');
disp(' I_a1_pu Va1 I_a2_pu I_a0_pu ') 
;
disp('
**********************************************************************************');
[I_a1_pu Va1 I_a2_pu I_a0_pu ]
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disp('
__________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' I_nf_pu I_bf_pu I_cf_pu ');
disp('
**********************************************************************************');
[I_nf_pu I_bf_pu I_cf_pu]
disp('
__________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' abs_I_bf_pu I_Bf_A abs_I_cf_pu I_Cf_A     
 ');
disp('
**********************************************************************************');
[abs_I_bf_pu I_Bf_A abs_I_cf_pu I_Cf_A]
disp('
__________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');

 (b) MATLAB Results for Example H.5

Sb = 25
S = 25000000
Vf = 1
Gb = 25
VLLG = 8500
Z1G = 0 + 0.14i
Z2G = 0 + 0.14i
Z0G = 0 + 0.08i
Tb = 25
VLLT = 138000
Z1T = 0 + 0.05i
Z2T = 0 + 0.05i
Z0T = 0 + 0.05i
Z1 = 0 + 0.19i
Z2 = 0 + 0.19i
Z0 = 0 + 0.05i
Iaf_pu = 0 - 6.9767i
IB_A = 104.59
Iaf_A = 729.71
If_LG_pu = 6.9767
Ia1_pu = 0 - 2.6316i
Ibf_pu = -4.558
IB_A = 104.59
IBf_A = -476.74
Icf_pu = 4.558
Icf_A = 476.74
If_LL_pu = 4.558
If_3phase = 5.2632
If_LL_div_If_3phase = 0.86603
If_LG_div_If_3phase = 1.3256
I_a1_pu = 0 - 4.3557i
Va1 = 0.17241
I_a2_pu = 0 + 0.90744i
I_a0_pu = 0 + 3.4483i
I_nf_pu = 0 + 10.345i
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a = -0.5 + 0.866i
a2 = -0.49996 - 0.866i
I_bf_pu = -4.5579 + 5.1722i
abs_I_bf_pu = 6.8939
I_cf_pu = 4.5579 + 5.1725i
abs_I_cf_pu = 6.8941
I_Bf_A = 721.05
I_Cf_A = 721.07
__________________________________________________________________________________
############################# OR IN SUMMARY ##############################
###################### RESULTS FOR LINE TO GROUND FAULT ######################
***************** 1st Row G; 2nd Row T *****************
 Z1 Z2 Z0
************************************************************************************
ans =
 0 + 0.14i 0 + 0.14i 0 + 0.08i
 0 + 0.05i 0 + 0.05i 0 + 0.05i
____________________________________________________________________________________
 Iaf_pu IB_A Iaf_A   
If_LG_pu
*************************************************************************************
ans =
 0 - 6.9767i 104.59 729.71    
6.9767
____________________________________________________________________________________
 If_3phase If_LG_div_If_3phase
************************************************************************************
ans =
 5.2632 1.3256
_____________________________________________________________________________________
########################### RESULTS FOR LINE TO LINE FAULT ########################
 Ia1_pu Ibf_pu IB_A IBf_A
*************************************************************************************
ans =
 0 - 2.6316i -4.558 104.59 -476.74
_____________________________________________________________________________________
 Icf_pu Icf_A If_LL_pu
*************************************************************************************
ans =
 4.558 476.74 4.558
_____________________________________________________________________________________
 If_3phase If_LL_div_If_3phase
*************************************************************************************
ans =
 5.2632 0.86603
_____________________________________________________________________________________
##################### RESULTS FOR DOUBLE LINE TO LINE FAULT ####################
I_a1_pu Va1 I_a2_pu I_a0_pu
************************************************************************************
ans =
0 - 4.3557i 0.17241 0 + 0.90744i 0 + 3.4483i
__________________________________________________________________________________
 I_nf_pu I_bf_pu I_cf_pu
*************************************************************************************
ans =
 0 + 10.345i -4.5579 + 5.1722i 4.5579 + 5.1725i
_____________________________________________________________________________________
abs_I_bf_pu I_Bf_A abs_I_cf_pu I_Cf_A
*************************************************************************************
ans =
 6.8939 721.05 6.8941 721.07
_____________________________________________________________________________________
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EXAMPLE H.6 Solve Example G.6 Using MATLAB

Repeat G.5 assuming that the fault is located on bus 3.
Consider the system shown in Figure G.2 and assume that the generator is loaded and running 

at the rated voltage with the circuit breaker open at bus 3. Assume that the reactance values of the 
generator are given as Xd̋ = X1 = X2 = 0.14 pu and X0 = 0.08 pu based on its ratings. The transformer 
impedances are Z1 = Z2 = Z0 = j0.05 pu based on its ratings. The transmission line TL23 has Z1 = 
Z2 = j0.04pu and Z0 = j0.10 pu. Assume that the fault point is located on bus 1. Select 25 MVA as 
the megavolt-ampere base, and 8.5 and 138 kV as the low-voltage and high-voltage voltage bases, 
respectively, and determine the following:

 (a) Subtransient fault current for three-phase fault in per units and amperes
 (b) Line-to-ground fault [Also find the ratio of this line-to-ground fault current to the three-

phase fault current found in part (a)]
 (c) Line-to-line fault (Also find the ratio of this line-to-line fault current to previously calculated 

three-phase fault current)
 (d) DLG fault

Solution

 (a) MATLAB Script for Example H.6

%
%Data
clear; clc;
format short g
Sb=25 % System base 50VA
S=25e6
Vf=1+i*0 %The voltage to ground of phase “a” at the fault point F before the fault
% occurred is Vf and it is usually selected as l.O/_O pu.

%Generator G
Gb=25
VLLG=8.5e3
Z1G=i*0.14*(Sb/Gb)
Z2G=i*0.14*(Sb/Gb)
Z0G=i*0.08*(Sb/Gb)

%Transformer T
Tb=25
VLLT=138e3
Z1T=i*0.05*(Sb/Tb)
Z2T=i*0.05*(Sb/Tb)
Z0T=i*0.05*(Sb/Tb)

%Transmission Line TL23
TL23b=25
VLLT=138e3
Z1TL=i*0.04*(Sb/Tb)
Z2TL=i*0.04*(Sb/Tb)
Z0TL=i*0.10*(Sb/Tb)
% Part a L-G fault

Z1=Z1G+Z1T+Z1TL
Z2=Z2G+Z2T+Z2TL
Z0=Z0T+Z0TL
%Iaf=3*Ia0
Iaf_pu=3*(Vf/(Z0+Z1+Z2))
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IB_A=S/(sqrt(3)*VLLT)
Iaf_A=abs(Iaf_pu)*IB_A

%If_LL=(sqrt(3)/2)*If_3phase
If_LG_pu=abs(Iaf_pu)

%Part b L-L fault
%Assuming that the faulted phases are “b” and “c” Iaf = 0

Ia1_pu=Vf/(Z1+Z2)

Ibf_pu=sqrt(3)*Ia1_pu*(-i)
IB_A=S/(sqrt(3)*VLLT)
IBf_A=Ibf_pu*IB_A

Icf_pu=-Ibf_pu
Icf_A=-IBf_A

%If_LL=(sqrt(3)/2)*If_3phase
If_LL_pu=abs(Ibf_pu)
If_3phase=(2/sqrt(3))*If_LL_pu

If_LL_div_If_3phase=If_LL_pu/If_3phase

%After finding If_3phase from If_Line-to-Line plug back into Part “a” to find
%Line-to-Grnd/If3pase ratio

If_LG_div_If_3phase=If_LG_pu/If_3phase

%Part c DLG fault
I_a1_pu=Vf/((Z1 + ((Z2*Z0)/(Z2+Z0))))
Va1=Vf-I_a1_pu*Z1

I_a2_pu=-Va1/Z2
I_a0_pu=-Va1/Z0
I_nf_pu=3*I_a0_pu

a=-0.5+i*0.866
a2=a^2
I_bf_pu=a^2*I_a1_pu+a*I_a2_pu+I_a0_pu
abs_I_bf_pu=abs(I_bf_pu)

I_cf_pu=a*I_a1_pu+a^2*I_a2_pu+I_a0_pu
abs_I_cf_pu=abs(I_cf_pu)

I_Bf_A=abs(I_bf_pu)*IB_A
I_Cf_A=abs(I_cf_pu)*IB_A

disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ####################### OR IN SUMMARY ######################');
disp('     ');
disp(' ################### RESULTS FOR LINE TO GROUND FAULT ###################')
disp(' ****** 1st Row G; 2nd Row T; 3rd Row TL23 ***********')
disp(' Z1 Z2 Z0 ');
disp('
********************************************************************************');
[Z1G Z2G Z0G;Z1T Z2T Z0T;Z1TL Z2TL Z0TL]



676 Appendix H

disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Iaf_pu IB_A Iaf_A  
If_LG_pu   ') ;
disp('
********************************************************************************');
[Iaf_pu IB_A Iaf_A If_LG_pu]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' If_3phase If_LG_div_If_3phase   ') ;
disp('
********************************************************************************');
[If_3phase If_LG_div_If_3phase]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ################## RESULTS FOR LINE TO LINE FAULT ###################')
disp(' Ia1_pu Ibf_pu IB_A  
IBf_A      ') ;
disp('
********************************************************************************');
[Ia1_pu Ibf_pu IB_A IBf_A]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Icf_pu Icf_A If_LL_pu' ) ;
disp(' ***************************************************************************');
[Icf_pu Icf_A If_LL_pu]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' If_3phase If_LL_div_If_3phase  ' ) ;
disp('
********************************************************************************');
[If_3phase If_LL_div_If_3phase]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ################ RESULTS FOR DOUBLE LINE TO LINE FAULT ################')
disp(' I_a1_pu Va1 I_a2_pu  
I_a0_pu    ');
disp('
********************************************************************************');
[I_a1_pu Va1 I_a2_pu I_a0_pu ]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
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disp(' I_nf_pu  I_bf_pu  I_cf_pu      
');
disp('
********************************************************************************');
[I_nf_pu I_bf_pu I_cf_pu]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' abs_I_bf_pu I_Bf_A abs_I_cf_pu I_Cf_A    
  ');
disp('
********************************************************************************');
[abs_I_bf_pu I_Bf_A abs_I_cf_pu I_Cf_A]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');

 (b) MATLAB Results for Problem H.6

Sb = 25
S = 25000000
Vf = 1
Gb = 25
VLLG = 8500
Z1G = 0 + 0.14i
Z2G = 0 + 0.14i
Z0G = 0 + 0.08i
Tb = 25
VLLT = 138000
Z1T = 0 + 0.05i
Z2T = 0 + 0.05i
Z0T = 0 + 0.05i
TL23b = 25
VLLT = 138000
Z1TL = 0 + 0.04i
Z2TL = 0 + 0.04i
Z0TL = 0 + 0.1i
Z1 = 0 + 0.23i
Z2 = 0 + 0.23i
Z0 = 0 + 0.15i
Iaf_pu = 0 - 4.918i
IB_A = 104.59
Iaf_A = 514.39
If_LG_pu = 4.918
Ia1_pu = 0 - 2.1739i
Ibf_pu = -3.7653
IB_A = 104.59
IBf_A = -393.82
Icf_pu = 3.7653
Icf_A = 393.82
If_LL_pu = 3.7653
If_3phase = 4.3478
If_LL_div_If_3phase = 0.86603
If_LG_div_If_3phase = 1.1311
I_a1_pu = 0 - 3.1173i
Va1 = 0.28302
I_a2_pu = 0 + 1.2305i
I_a0_pu = 0 + 1.8868i
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I_nf_pu = 0 + 5.6604i
a = -0.5 + 0.866i
a2 = -0.49996 - 0.866i
I_bf_pu = -3.7652 + 2.8301i
abs_I_bf_pu = 4.7102
I_cf_pu = 3.7652 + 2.8302i
abs_I_cf_pu = 4.7103
I_Bf_A = 492.65
I_Cf_A = 492.66

_____________________________________________________________________________________
########################## OR IN SUMMARY ##########################
##################### RESULTS FOR LINE TO GROUND FAULT #######################
***************** 1st Row G; 2nd Row T; 3rd Row TL23 *****************
 Z1 Z2 Z0
*************************************************************************************
ans =
 0 + 0.14i 0 + 0.14i 0 + 0.08i
 0 + 0.05i 0 + 0.05i 0 + 0.05i
 0 + 0.04i 0 + 0.04i 0 + 0.1i
_____________________________________________________________________________________
 Iaf_pu IB_A Iaf_A If_LG_pu
*************************************************************************************
ans =
 0 - 4.918i 104.59 514.39 4.918
_____________________________________________________________________________________
 If_3phase If_LG_div_If_3phase
*************************************************************************************
ans =
 4.3478 1.1311
_____________________________________________________________________________________
######################## RESULTS FOR LINE TO LINE FAULT ######################
 Ia1_pu Ibf_pu IB_A IBf_A
*************************************************************************************
ans =
 0 - 2.1739i -3.7653 104.59 -393.82
_____________________________________________________________________________________
 Icf_pu Icf_A If_LL_pu
*************************************************************************************
ans =
 3.7653 393.82 3.7653
_____________________________________________________________________________________
If_3phase If_LL_div_If_3phase
*************************************************************************************
ans =
 4.3478 0.86603
_____________________________________________________________________________________
#################### RESULTS FOR DOUBLE LINE TO LINE FAULT ######################
 I_a1_pu Va1 I_a2_pu I_a0_pu
*************************************************************************************
ans =
 0 - 3.1173i 0.28302 0 + 1.2305i 0 + 1.8868i
_____________________________________________________________________________________
 I_nf_pu I_bf_pu I_cf_pu
*************************************************************************************
ans =
 0 + 5.6604i -3.7652 + 2.8301i 3.7652 + 2.8302i
_____________________________________________________________________________________
 abs_I_bf_pu I_Bf_A abs_I_cf_pu I_Cf_A
*************************************************************************************
ans =
 4.7102 492.65 4.7103 492.66
_____________________________________________________________________________________
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EXAMPLE H.7 Solve Example G.7 Using MATLAB

Consider the system shown in Figure G.3. Assume that loads, line capacitance, and transformer-
magnetizing currents are neglected and that the following data are given based on 20 MVA and 
the line-to-line voltages as shown in Figure G.3. Do not neglect the resistance of the transmission 
line TL23. The prefault positive-sequence voltage at bus 3 is Van = l.0/_0 pu, as shown in Figure 
G.3.

Generator G1: X1 = 0.20 pu, X2 = 0.10 pu, X0 = 0.05 pu
Transformer T1 : X1 = X2 = 0.05 pu, X0 = X1 (looking into the high-voltage side)
Transformer T2: X1 = X2 = 0.05 pu, X0 = inf. (looking into the high-voltage side)
Transmission line TL23: Z1 = Z2 = 0.2 + j0.2 pu, Z0 = 0.6 + j0.6 pu

Assume that there is a bolted (i.e., with zero fault impedance) line-to-line fault on phases b and 
c at bus 3 and determine the following:

 (a) Fault current Ibf in per units and amperes
 (b) Phase voltages Va, Vb, and Vc at bus 2 in per units and kilovolts

Solution

 (a) MATLAB Script for Example H.7

%
%Data
clear;
clc;
format short g
%data
S=20 % System base 20 MVA
Sb=20e6
VLL=20e3
Vf=1+i*0 %The voltage to ground of phase “a” at the fault point F before the fault
% occurred is Vf and it is usually selected as l.O/_O pu.

%Generator G
Gb=20
VLLG=10e3
Z1G=i*0.2*(S/Gb); Z2G = i*0.1*(S/Gb)
Z0G=i*0.05*(S/Gb)

%Transformer T1
T1b=20
VLLT1=20e3
Z1T1=i*0.05*(S/T1b)
Z2T1=i*0.05*(S/T1b)
Z0T1=i*0.05*(S/T1b)

%Transformer T2
T2b=20
VLLT2=4e3
Z1T2=i*0.05*(S/T2b)
Z2T2=i*0.05*(S/T2b)
Z0T2=i*Inf*(S/T2b)

%Transmission Line TL23
TLb=20
VLLT=20e3
Z1TL=0.2+i*0.2
Z2TL=0.2+i*0.2
Z0TL=0.6+i*0.6
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% Part (a) Fault current Ibf in per units and amperes.

Z1=Z1G+Z1T1+Z1TL
Z2=Z2G+Z2T1+Z2TL

Ia1_pu=Vf/(Z1+Z2)
abs_Ia1_pu=abs(Ia1_pu)
angle_Ia1_rad=angle(Ia1_pu)
angle_Ia1_deg=angle(Ia1_pu)*(180/pi)

%'a' in rectangular form
 a=(-0.5+i*0.866) % polar: 1/_120
 a2=(-0.5-i*0.866) % polar: 1/_-120

a2=a^2
Ibf_pu=(a^2-a)*Ia1_pu
abs_Ibf_pu=abs(Ibf_pu)
angle_Ibf_rad=angle(Ibf_pu)
angle_Ibf_deg=angle(Ibf_pu)*(180/pi) %Convert rad into degrees

IB_A=Sb/(sqrt(3)*VLL)
Ibf_A=abs(Ibf_pu)*IB_A
angle_Ibf_deg=angle_Ibf_deg+360 %Convert negative to positive angle (+360)

% Part (b) Phase voltages Va, Vb, and Vc at bus 2 in per units and kilovolts.
% The positive-sequence voltage at bus 2 is
Z1_2=Z1G+Z1T1
Va1_2_pu=Vf-Z1_2*Ia1_pu
abs_Va1_2_pu=abs(Va1_2_pu)
angle_Va1_2_pu=angle(Va1_2_pu)
angle_Va1_2_deg_pu=angle_Va1_2_pu*(180/pi)

% The negative-sequence voltage at bus 2 is
Z2_2=Z2G+Z2T1
Va2_2_pu=-Z2_2*Ia1_pu
abs_Va2_2_pu=abs(Va2_2_pu)
angle_Va2_2_rad_pu=angle(Va2_2_pu)
angle_Va2_2_deg_pu=angle(Va2_2_pu)*(180/pi)
angle_Va2_2_deg_pu=angle_Va2_2_deg_pu + 360

disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' ######################## OR IN SUMMARY ###################');
disp('     ');
disp(' ############## RESULTS FOR FAULT CURRENT Ibf IN pu AND AMPER ###############')
disp(' *************** 1st Row G; 2nd Row T1; 3rd Row T2; 4th Row TL23 *************')
disp(' Z1 Z2 Z0 ');
disp(' **************************************************************************');
[Z1G Z2G Z0G;Z1T1 Z2T1 Z0T1;Z1T1 Z2T1 Z0T1; Z1TL Z2TL Z0TL]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Z1 Z2 ') ;
disp('
********************************************************************************');
[Z1 Z2]
disp('
________________________________________________________________________________');
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disp('     ');
disp('     ');
disp('     ');
disp(' Ia1_pu abs_Ia1_pu angle_Ia1_deg 
') ;
disp('
********************************************************************************');
[Ia1_pu abs_Ia1_pu angle_Ia1_deg]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' Ibf_pu abs_Ibf_pu angle_Ibf_deg 
') ;
disp('
********************************************************************************');
[Ibf_pu abs_Ibf_pu angle_Ibf_deg]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');
disp(' IB_A Ibf_A angle_Ibf_deg ' ) ;
disp('
********************************************************************************');
[IB_A Ibf_A angle_Ibf_deg]
disp('
________________________________________________________________________________');
disp('     ');
disp('     ');
disp('     ');

 (b) MATLAB Results for Example H.7

S = 20
Sb = 20000000
VLL = 20000
Vf = 1
Gb = 20
VLLG = 10000
Z2G = 0 + 0.1i
Z0G = 0 + 0.05i
T1b = 20
VLLT1 = 20000
Z1T1 = 0 + 0.05i
Z2T1 = 0 + 0.05i
Z0T1 = 0 + 0.05i
T2b = 20
VLLT2 = 4000
Z1T2 = 0 + 0.05i
Z2T2 = 0 + 0.05i
Z0T2 = 0 + Infi
TLb = 20
VLLT = 20000
Z1TL = 0.2 + 0.2i
Z2TL = 0.2 + 0.2i
Z0TL = 0.6 + 0.6i
Z1 = 0.2 + 0.45i
Z2 = 0.2 + 0.35i
Ia1_pu = 0.5 - 1i
abs_Ia1_pu = 1.118
angle_Ia1_rad = -1.1071
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angle_Ia1_deg = -63.435
a = -0.5 + 0.866i
a2 = -0.5 - 0.866i
a2 = -0.49996 - 0.866i
Ibf_pu = -1.732 - 0.86604i
abs_Ibf_pu = 1.9364
angle_Ibf_rad = -2.6779
angle_Ibf_deg = -153.43
IB_A = 577.35
Ibf_A = 1118
angle_Ibf_deg = 206.57
Z1_2 = 0 + 0.25i
Va1_2_pu = 0.75 - 0.125i
abs_Va1_2_pu = 0.76035
angle_Va1_2_pu = -0.16515
angle_Va1_2_deg_pu = -9.4623
Z2_2 = 0 + 0.15i
Va2_2_pu = -0.15 - 0.075i
abs_Va2_2_pu = 0.16771
angle_Va2_2_rad_pu = -2.6779
angle_Va2_2_deg_pu = -153.43
angle_Va2_2_deg_pu = 206.57

_____________________________________________________________________________________
################# OR IN SUMMARY #####################
################ RESULTS FOR FAULT CURRENT Ibf IN pu AND AMPERS ###############
*************** 1st Row G; 2nd Row T1; 3rd Row T2; 4th Row TL23 ***************
 Z1 Z2 Z0
*************************************************************************************
ans =
 0 + 0.2i 0 + 0.1i 0 + 0.05i
 0 + 0.05i 0 + 0.05i 0 + 0.05i
 0 + 0.05i 0 + 0.05i 0 + 0.05i
 0.2 + 0.2i 0.2 + 0.2i 0.6 + 0.6i
_____________________________________________________________________________________
 Z1 Z2
*************************************************************************************
ans =
 0.2 + 0.45i 0.2 + 0.35i
_____________________________________________________________________________________
 Ia1_pu abs_Ia1_pu angle_Ia1_deg
*************************************************************************************
ans =
 0.5 - 1i 1.118 -63.435
_____________________________________________________________________________________
 Ibf_pu abs_Ibf_pu angle_Ibf_deg
*************************************************************************************
ans =
 -1.732 - 0.86604i 1.9364 206.57
_____________________________________________________________________________________
 IB_A Ibf_A angle_Ibf_deg
*************************************************************************************
ans =
 577.35 1118 206.57
_____________________________________________________________________________________
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Appendix I: Glossary for Modern 
Power System Analysis Terminology
Some of the most commonly used terms, both in this book and in general usage, are defined on the 
following pages. Most of the definitions given in this glossary are based on References 1 through 8.

AA: Abbreviation for all-aluminum conductors.
AAAC: Abbreviation for all-aluminum-alloy conductors. Aluminum-alloy conductors have higher 

strength than that of the ordinary electric-conductor grade of aluminum.
AC circuit breaker: A circuit breaker whose principal function is usually to interrupt short circuit 

or fault currents.
ACAR: Abbreviation for aluminum conductor alloy-reinforced. It has a central core of higher-

strength aluminum surrounded by layers of electric-conductor-grade aluminum.
Accuracy classification: The accuracy of an instrument transformer at specified burdens. The 

number used to indicate accuracy is the maximum allowable error of the transformer for 
specified burdens. For example, a 0.2 accuracy class means the maximum error will not 
exceed 0.2% at rated burdens.

ACSR: Abbreviation for aluminum conductor, steel-reinforced. It consists of a central core of steel 
strands surrounded by layers of aluminum strands.

Admittance: The ratio of the phasor equivalent of the steady-state sine-wave current to the phasor 
equivalent of the corresponding voltage.

Adverse weather: Weather conditions that cause an abnormally high rate of forced outages for 
exposed components during the periods such conditions persist, but that do not qualify as 
major storm disasters. Adverse weather conditions can be defined for a particular system 
by selecting the proper values and combinations of conditions reported by the Weather 
Bureau: thunderstorms, tornadoes, wind velocities, precipitation, temperature, etc.

Air-blast transformer: A transformer cooled by forced circulation of air through its core and coils.
Air circuit breaker: A circuit breaker in which the interruption occurs in air.
Air switch: A switch in which the interruptions of the circuit occur in air.
Al: Symbol for aluminum.
Ampacity: Current rating in amperes, as of a conductor.
ANSI: Abbreviation for American National Standards Institute.
Apparent sag (at any point): The departure of the wire at the particular point in the span from the 

straight line between the two points of the span, at 60°F, with no wind loading.
Arcback: A malfunctioning phenomenon in which a valve conducts in the reverse direction.
Arcing time of fuse: The time elapsing from the severance of the fuse link to the final interruption 

of the circuit under specified conditions.
Arc-over of insulator: A discharge of power current in the form of an arc following a surface dis-

charge over an insulator.
Armored cable: A cable provided with a wrapping of metal, usually steel wires, primarily for the 

purpose of mechanical protection.
Askarel: A generic term for a group of nonflammable synthetic chlorinated hydrocarbons used as 

electrical insulating media. Askarels of various compositional types are used. Under arcing 
conditions, the gases produced, while consisting predominantly of noncombustible hydro-
gen chloride, can include varying amounts of combustible gases depending on the askarel 
type. Because of environmental concerns, it is not used in new installations anymore.
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Automatic reclosing: An intervention that is not manual. It probably requires specific interlocking 
such as a full or check synchronizing, voltage or switching device checks, or other safety 
or operating constrains. It can be high speed or delayed.

Automatic substations: Those in which switching operations are so controlled by relays that trans-
formers or converting equipment are brought into or taken out of service as variations in 
load may require, and feeder circuit breakers are closed and reclosed after being opened 
by overload relays.

Autotransformer: A transformer in which at least two windings have a common section.
Auxiliary relay: A relay that operates in response to the opening or closing of its operating circuit 

to assist another relay in the performance of its function.
AWG: Abbreviation for American Wire Gauge. It is also sometimes called the Brown and Sharpe 

Wire Gauge.
Base load: The minimum load over a given time.
Basic impulse insulation level: See BIL.
BIL: Abbreviation for basic impulse insulation levels, which are reference levels expressed in 

impulse-crest voltage with a standard wave not longer than 1.5 × 50 μs. The impulse waves 
are defined by a combination of two numbers. The first number is the time from the start 
of the wave to the instant crest value; the second number is the time from the start to the 
instant of half-crest value on the tail of the wave.

Blocking: Preventing the relay from tripping either due to its own characteristic or to an additional 
relay.

Breakdown: Also termed puncture, denoting a disruptive discharge through insulation.
Breaker, primary-feeder: A breaker located at the supply end of a primary feeder that opens on a 

primary-feeder fault if the fault current is of sufficient magnitude.
Breaker-and-a-half scheme: A scheme that provides the facilities of a double main bus at a reduc-

tion in equipment cost by using three circuit breakers for each two circuits.
Bundled conductor: In 345-kV and above voltages, instead of having one large conductor per 

phase, two or more conductors of approximately the same cross section are suspended per 
phase in close proximity compared with the spacing between phase; the voltage gradient 
at the conductor surface is significantly reduced. The use of bundled conductors provide 
(1) reduced voltage gradient; (2) reduced line inductive reactance; and (3) increased corona 
critical voltage, hence less corona power loss, radio noise, and audible noise. If the sub-
conductors of a bundle are transposed, the current will be divided exactly between the 
conductors of the bundle. The disadvantages of using bundled conductors are (1) increased 
cost, (2) increased clearance requirements at structures, (3) increased wind and ice load-
ing, (4) increased tendency of conductor galloping (or dancing), (5) requirement for more 
complex suspension, (6) increased requirement for duplex or quadruple insulator strings, 
and (7) increased charging kilovolt-amperes per conductor. The bundles used at the extra-
high-voltage level usually have two, three, and four subconductors. On the other hand, the 
bundle conductors used at the ultrahigh-voltage level may have 8, 12, 16, and even higher 
number of conductors. Bundled conductors are also called duplex, triplex, and so on, con-
ductors, referring to grouped or multiple conductors.

Burden: The loading imposed by the circuits of the relay on the energizing input power source or 
sources, that is, the relay burden is the power required to operate the relay.

Bus: A conductor or group of conductors that serves as a common connection for two or more cir-
cuits in a switchgear assembly.

Bus, auxiliary: See Transfer bus.
Bus (or busbar): An electrical connection of zero impedance joining several items such as lines, 

loads, etc. “Bus” in a one-line diagram is essentially the same as a “node” in a circuit 
diagram. It is the term used for a main bar or conductor carrying an electric current to 
which many connections may be made. Buses are simply convenient means of connecting 
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switches and other equipment into various arrangements. They can be in a variety of sizes 
and shapes. They can be made of rectangular bars, round solid bars, square tubes, open 
pairs, or even stranded cables. In substations, they are built above the head and supported 
by insulated metal structures. Bus materials, in general use, are aluminum and copper, with 
hard-drawn aluminum, especially in the tubular shape, being the most widely used in high-
voltage and extra-high-voltage open-type outdoor stations. Copper or aluminum tubing as 
well as special shapes are sometimes used for low-voltage-distribution substation buses.

Bus–tie circuit breaker: A circuit breaker that serves to connect buses or bus sections together.
Bus, transfer: A bus to which one circuit at a time can be transferred from the main bus.
Bushing: An insulating structure including a through conductor, or providing a passageway for 

such a conductor, with provision for mounting on a barrier, conductor or otherwise, for the 
purpose of insulating the conductor from the barrier and conducting from one side of the 
barrier to the other.

BVR: Abbreviation for bus voltage regulator or regulation.
BW: Abbreviation for bandwidth.
BX cable: A cable with galvanized interlocked steel spiral armor. It is known as an alternating cur-

rent (ac) cable and used in a damp or wet location in buildings at low voltage.
Cable: Either a standard conductor (single-conductor cable) or a combination of conductors insu-

lated from one another (multiple-conductor cable).
Cable fault: A partial or total load failure in the insulation or continuity of the conductor.
Capability: The maximum load-carrying ability expressed in kilovolt-amperes or kilowatts of gen-

erating equipment or other electric apparatus under specified conditions for a given time 
interval.

Capability, net: The maximum generation expressed in kilowatt-hours per hour that a generating 
unit, station, power source, or system can be expected to supply under optimum operating 
conditions.

Capacitor bank: An assembly at one location of capacitors and all necessary accessories (switch-
ing equipment, protective equipment, controls, etc.) required for a complete operating 
installation.

Capacity: The rated load-carrying ability expressed in kilovolt-amperes or kilowatts of generating 
equipment or other electric apparatus.

Capacity factor: The ratio of the average load on a machine or equipment for the period considered 
to the capacity of the machine or equipment.

Characteristic quantity: The quantity or the value that characterizes the operation of the relay.
Characteristics (of a relay in steady state): The locus of the pickup or reset when draw on a graph.
Charge: The amount paid for a service rendered or facilities used or made available for use.
Choppe-wave insulation level: It is determined by test using waves of the same shape to determine 

the BIL, with exception that the wave is chopped after about 3 μs.
CIGRÉ: The international conference of large high-voltage electric systems. It is recognized as a 

permanent nongovernmental and nonprofit international association based in France. It 
focuses on issues related to the planning and operation of power systems, as well as the 
design, construction, maintenance, and disposal of high-voltage equipment and plants.

Circuit, earth (ground) return: An electric circuit in which the earth serves to complete a path 
for current.

Circuit breaker: A device that interrupts a circuit without injury to itself so that it can be reset and 
reused over again.

Circuit-breaker mounting: Supporting structure for a circuit breaker.
Circular mil: A unit of area equal to i/4 of a square mil (= 0.7854 square mil). The cross-sectional 

area of a circle in circular mils is therefore equal to the square of its diameter in mils. A 
circular inch is equal to 1 million circular mils. A mil is one-thousandth of an inch. There 
are 1974 circular mils in a square millimeter. Abbreviated cmil.
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CL: Abbreviation for current-limiting (fuse).
cmil: Abbreviation for circular mil.
Component: A piece of equipment, a line, a section of a line, or a group of items that is viewed as 

an entity.
Computer usage:

Offline usage: It includes research, routine calculations of the system performance, and 
data assimilations and retrieval.

Online usage: It includes data logging and the monitoring of the system state, including 
switching, safe interlocking, plant loading, postfault control, and load shedding.

Condenser: Also termed capacitor; a device whose primary purpose is to introduce capacitance 
into an electric circuit. The term condenser is deprecated.

Conductor: A substance that has free electrons or other charge carriers that permit charge flow 
when an electromotive force is applied across the substance.

Conductor tension, final unloaded: The longitudinal tension in a conductor after the conductor 
has been stretched by the application for an appreciable period, with subsequent release, of 
the loadings of ice and wind, at the temperature decrease assumed for the loading district 
in which the conductor is strung (or equivalent loading).

Congestion cost: The difference between the actual price of electricity at the point of usage and the 
lowest price on the grid.

Contactor: An electric power switch, not operated manually and designed for frequent operation.
Counterpoise: A grounding system that is made of buried metal (usually galvanized steel wire) 

strips, wires, or cables that is buried into ground under the transmission line.
Conventional RTU: Designated primarily for hardwired input/output (I/O) and has little or no 

capability to talk to downstream intelligent electronic devices.
Converter: A machine, device, or system for changing ac power to dc power or vice versa.
Cress factor: A value that is displayed on many power quality monitoring instruments representing 

the ratio of the crest value of the measured waveform to the root mean square (rms) value 
of the waveform. For example, the cress factor of a sinusoidal wave is 1.414.

Critical flashover voltage (CFO): The peak voltage for a 50% probability of flashover or disruptive 
discharge.

CT: Abbreviation for current transformers.
Cu: Symbol for copper.
Current transformers: They are usually rated on the basis of 5-A secondary current and used to 

reduce primary current to usable levels for transformer-rated meters and to insulate and 
isolate meters from high-voltage circuits.

Current transformer burdens: CT burdens are normally expressed in ohms impedance such as 
B-0.1, B-0.2, B-0.5, B-0.9, or B-1.8. Corresponding volt-ampere values are 2.5, 5.0, 12.5, 
22.5, and 45.

Current transformer ratio: CT ratio is the ratio of primary to secondary current. For current 
transformer rated 200:5, the ratio is 200:5, or 40:1.

Demand: The load at the receiving terminals averaged over a specified interval of time.
Demand factor: The ratio of the maximum coincident demand of a system, or part of a system, to 

the total connected load of the system, or part of the system, under consideration.
Demand, instantaneous: The load at any instant.
Demand, integrated: The demand integrated over a specified period.
Demand interval: The period of time during which the electric energy flow is integrated in deter-

mining demand.
Dependability (in protection): The certainty that a relay will respond correctly for all faults for 

which it is designed and applied to operate.
Dependability (in relays): The ability of a relay or relay system to provide correct operation when 

required.
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Dependent time-delay relay: A time-delay relay in which the time delay varies with the value of 
the energizing quantity.

Depreciation: The component that represents an approximation of the value of the portion of plant 
consumed or “used up” in a given period by a utility.

Differential current relay: A fault-detecting relay that functions on a differential current of a given 
percentage or amount.

Directional (or directional overcurrent) relay: A relay that functions on a desired value of power 
flow in a given direction on a desired value of overcurrent with ac power flow in a given 
direction.

Disconnecting or isolating switch: A mechanical switching device used for changing the connec-
tions in a circuit or for isolating a circuit or equipment from the source of power.

Disconnector: A switch that is intended to open a circuit only after the load has been thrown off by 
other means. Manual switches designed for opening loaded circuits are usually installed 
in a circuit with disconnectors to provide a safe means for opening the circuit under load.

Displacement factor (DPF): The ratio of active power (watts) to apparent power (volt-amperes).
Distance relay: A relay that responds to input quantities as a function of the electrical circuit dis-

tance between the relay location and the point of faults.
Distribution center: A point of installation for automatic overload protective devices connected to 

buses where an electric supply is subdivided into feeders and/or branch circuits.
Distribution switchboard: A power switchboard used for the distribution of electric energy at the 

voltages common for such distribution within a building.
Distribution system: That portion of an electric system that delivers electric energy from transfor-

mation points in the transmission, or bulk power system, to the consumers.
Distribution transformer: A transformer for transferring electric energy from a primary distribu-

tion circuit to a secondary distribution circuit or consumer’s service circuit; it is usually 
rated in the order of 5–500 kVA.

Diversity factor: The ratio of the sum of the individual maximum demands of the various subdivi-
sions of a system to the maximum demand of the whole system.

Double line-to-ground (DLG) fault: Fault that exists between two lines and the ground.
Dropout or reset: A relay drops out when it moves from the energized position to the unenergized 

position.
Effectively grounded: Grounded by means of a ground connection of sufficiently low imped-

ance that fault grounds that may occur cannot build up voltages dangerous to connected 
equipment.

EHV: Abbreviation for extra high voltage.
Electric system loss: Total electric energy loss in the electric system. It consists of transmission, 

transformation, and distribution losses between sources of supply and points of delivery.
Electrical fields: They exist whenever voltage exists on a conductor. They are not dependent on the 

current.
Electrical reserve: The capability in excess of that required to carry the system load.
Element: See Unit.
Emergency rating: Capability of installed equipment for a short time interval.
Energizing quantity: The electrical quantity, that is, current or voltage either alone or in combina-

tion with other electrical quantities required for the function of the relay.
Energy: That which does work or is capable of doing work. As used by electric utilities, it is gener-

ally a reference to electric energy and is measured in kilowatt-hours.
Energy loss: The difference between energy input and output as a result of transfer of energy 

between two points.
Energy management system (EMS): A computer system that monitors, controls, and optimizes 

the transmission and generation facilities with advanced applications. A SCADA system 
is a subject of an EMS.
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Equivalent commutating resistance (Rc): The ratio of drop of direct voltage to direct current. 
However, it does not consume any power.

Express feeder: A feeder that serves the most distant networks and that must traverse the systems 
closest to the bulk power source.

Extra high voltage: A term applied to voltage levels higher than 230 kV. Abbreviated EHV.
Facilities charge: The amount paid by the customer as a lump sum, or periodically, as reimburse-

ment for facilities furnished. The charge may include operation and maintenance as well 
as fixed costs.

Fault: A malfunctioning of the network, usually due to the short circuiting of two or more conduc-
tors or live conductors connecting to the earth.

Feeder: A set of conductors originating at a main distribution center and supplying one or more sec-
ondary distribution centers, one or more branch-circuit distribution centers, or any combi-
nation of these two types of load.

Feeder, multiple: Two or more feeders connected in parallel.
Feeder, tie: A feeder that connects two or more independent sources of power and has no tapped 

load between the terminals. The source of power may be a generating system, substation, 
or feeding point.

Fiber optics cable: It is made up of varying numbers of either single or multimode fibers, with a 
strength member in the center of the cable and additional outer layers to provide support 
and protection against physical damage to the cable. Large amounts of data as high as 
gigabytes per second can be transmitted over the fiber. They have inherent immunity from 
electromagnetic interference and have high bandwidth. Two types of them used by utilities: 
(1) optical power grid wire (OPGW) type or (2) all dielectric self-supporting (ADSS) type.

First-contingency outage: The outage of one primary feeder.
Fixed-capacitor bank: A capacitor bank with fixed, not switchable, capacitors.
Flash: A term encompassing the entire electrical discharge from cloud to the stricken object.
Flashover: An electrical discharge completed from an energized conductor to a grounded support. 

It may clear itself and trip a circuit breaker.
Flexible ac transmission systems (FACTS): They are the converter stations for ac transmission. 

It is an application of power electronics for control of the ac system to improve the power 
flow, operation, and control of the ac system.

Flicker: Impression of unsteadiness of visual sensation induced by a light stimulus whose lumi-
nance or spectral distribution fluctuates with time.

Forced interruption: An interruption caused by a forced outage.
Forced outage: An outage that results from emergency conditions directly associated with a compo-

nent, requiring that component to be taken out of service immediately, either automatically 
or as soon as switching operations can be performed, or an outage caused by improper 
operation of equipment or human error.

Frequency deviation: An increase or decrease in the power frequency. Its duration varies from a 
few cycles to several hours.

Fuse: An overcurrent protective device with a circuit-opening fusible part that is heated and severed 
by the passage of overcurrent through it.

Fuse cutout: An assembly consisting of a fuse support and holder; it may also include a fuse link.
Gas-insulated transmission line (GIL): A system for the transmission of electricity at high power 

ratings over long distances. The GIL consists of three single-phase encapsulated aluminum 
tubes that can be directly buried into the ground, laid in a tunnel, or installed on steel struc-
tures at heights of 1–5 m above the ground.

Gauss–Seidel iterative method: It is based on the Gauss iterative method. The only difference is 
that a more efficient substitution technique is used in this method.

Grip, conductor: A device designed to permit the pulling of conductor without splicing on fittings.
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Ground: Also termed earth; a conductor connected between a circuit and the soil; an accidental 
ground occurs due to cable insulation faults, an insulator defect, etc.

Ground protective relay: Relay that functions on the failure of insulation of a machine, trans-
former, or other apparatus to ground.

Ground wire: A conductor, having grounding connections at intervals, that is suspended usually 
above but not necessarily over the line conductor to provide a degree of protection against 
lightning discharges.

Grounding: The connection of a conductor or frame of a device to the main body of the earth. 
Thus, it must be done in a way to keep the resistance between the item and the earth under 
the limits. It is often that the burial of large assemblies of conducting rods in the earth, and 
the use of connectors in large cross diameters are needed.

Grounding resistance: The resistance of a buried electrode that has functions of (1) the resistance 
of the electrode itself and connections to it, (2) contact resistance between the electrode 
and the surrounding soil, and (3) resistance of the surrounding soil, from the electrode 
surface outward.

GTOs: Abbreviation for gate turn-off thyristors.
Harmonic distortion: Periodic distortion of the sine wave.
Harmonic resonance: A condition in which the power system is resonating near one of the major 

harmonics being produced by nonlinear elements in the system, hence increasing the har-
monic distortion.

Harmonics: Sinusoidal voltages or currents having frequencies that are integer multiples of the 
fundamental frequency at which the supply system is designed to operate.

Hazardous open circulating (in CTs): The operation of the CTs with the secondary winding 
open can result in a high voltage across the secondary terminals, which may be dangerous 
to personnel or equipment. Therefore, the secondary terminals should always be short-
circuited before a meter is removed from service.

High-speed relay: A relay that operates in less than a specified time. The specified time in present 
practice is 50 ms (i.e., three cycles on a 60-Hz system).

HV: Abbreviation for high voltage.
IED: Any device incorporating one or more processors with the capability to receive or send data or 

control from or to an external source (e.g., electronic multifunction meters, digital relays, 
or controllers).

IED integration: Integration of protection, control, and data acquisition functions into a minimal 
number of platforms to reduce capital and operating costs, reduce panel and control room 
space, and eliminate redundant equipment and database.

Impedance: The ratio of the phasor equivalent of a steady-state sine-wave voltage to the phasor 
equivalent of a steady-state sine-wave current.

Impedance relay: A relay that operates for all impedance values that are less than its setting, that 
is, for all points within the cross-hatched circles.

Impulse ratio (flashover or puncture of insulation): The ratio of impulse peak voltage to the peak 
values of the 60-Hz voltage to cause flashover or puncture.

Impulsive transient: A sudden (nonpower) frequency change in the steady-state condition of the 
voltage or current that is unidirectional in polarity.

Incremental energy costs: The additional cost of producing or transmitting electric energy above 
some base cost.

Independent time-delay relay: A time-delay relay in which the time delay is independent of the 
energizing quantity.

Index of reliability: A ratio of cumulative customer minutes that service was available during a 
year to total customer minutes demanded; can be used by the utility for feeder reliability 
comparisons.
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Infinite bus: A bus that represents a very large external system. It is considered that at such bus, 
voltage and frequency are constant. Typically, a large power system is considered as an 
infinite bus.

Installed reserve: The reserve capability installed on a system.
Instantaneous relay: A relay that operates and resets with no intentional time delay. Such relay 

operates as soon as a secure decision is made. No intentional time delay is introduced to 
slow down the relay response.

Instrument transformer: A transformer that is used to produce safety for the operator and equip-
ment from high voltage and to permit proper insulation levels and current-carrying capa-
bility in relays, meters, and other measurements.

Insulation coordination: The process of determining the proper insulation levels of various com-
ponents in a power system and their arrangements. That is, it is the selection of an insula-
tion structure that will withstand the voltage stresses to which the system or equipment will 
be subjected together with the proper surge arrester.

Insulator: A material that prevents the flow of an electric current and can be used to support electri-
cal conductors.

Insulator flashover: If an overhead line is built along the seashore, especially in California, it 
will be subjected to winds blowing in from the ocean, which carry a fine salt vapor that 
deposits salt crystals on the windward side of the insulator. However, if the line is built 
in areas where rain is seasonal, the insulator surface leakage resistance may become so 
low during the dry seasons that insulators flash over without warning. Also, if the line is 
going to be built near gravel pits, cement mills, and refineries, its insulators may become so 
contaminated that extra insulation is required. Contamination flashovers on transmission 
systems are initiated by airborne particles deposited on the insulators. These particles may 
be of natural origins or they may be generated by pollution that is mostly a result of indus-
trial, agricultural, or construction activities, Hence, when line insulators are contaminated, 
many insulator flashovers occur during light fogs unless arcing rings protect the insulators 
or special fog-type insulators are used.

Insulator testing: The insulators used on overhead lines are subjected to tests that can be classified 
as (1) design tests, (2) performance tests, and (3) routine tests.

Integrated services digital network: A switched, end-to-end wide-area network designed to com-
bine digital telephony and data transport services.

Intelligent electronic devices (IED): Any device incorporating one or more processors with the 
capability to receive or send data and control from or to an external source (e.g., electronic 
multifunction meters, digital relays, and controllers).

Interconnections: See Tie lines.
International Electrotechnical Commission (IEC): An international organization whose mission 

is to prepare and publish standards for all electrical, electronic, and related technologies.
Interruptible load: A load that can be interrupted as defined by contract.
Interruption: The loss of service to one or more consumers or other facilities and is the result of 

one or more component outages, depending on system configuration.
Interruption duration: The period from the initiation of an interruption to a consumer until ser-

vice has been restored to that consumer.
Inverse time-delay relay: A dependent time-delay relay having an operating time that is an inverse 

function of the electrical characteristic quantity.
Inverse time-delay relay with definite minimum: A relay in which the time delay varies inversely 

with the characteristic quantity up to a certain value, after which the time delay becomes 
substantially independent.

Inverter: A converter for changing direct current to alternating current.
Investment-related charges: Those certain charges incurred by a utility that are directly related to 

the capital investment of the utility.
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ISO: Independent system operator.
Isokeraunic level: The average number of thunder-days per year at that locality (i.e., the average 

number of thunder that will be heard during a 24-h period).
Isokeraunic map: A map showing mean annual days of thunderstorm activity within the continen-

tal United States.
Isolated ground: It originates at an isolated ground-type receptacle or equipment input terminal block 

and terminates at the point where neutral and ground are bonded at the power source. Its 
conductor is insulated from the metallic raceway and all ground points throughout its length.

K-factor: A factor used to quantify the load impact of electric arc furnaces on the power system.
kcmil: Abbreviation for a thousand circular mils.
Keraunic level: See Isokeraunic level.
Knee-point emf: That sinusoidal electromotive force (emf) applied to the secondary terminals of a 

current transformer, which, when increased by 10%, causes the exciting current to increase 
by 50%.

L–L: Abbreviation for line to line.
L–L fault: Fault that exists between two phases.
L–N: Abbreviation for line to neutral.
Lag: Denotes that a given sine wave passes through its peak at a later time than a reference time 

wave.
Lambda: The incremental operating cost at the load center, commonly expressed in mils per 

kilowatt-hour.
Let-go current: The maximum current level at which a human holding an energized conductor can 

control his muscles enough to release it.
Lightning arrestor: A device that reduces the voltage of a surge applied to its terminals and restores 

itself to its original operating condition.
Line: A component part of a system extending between adjacent stations or from a station to an 

adjacent interconnection point. A line may consist of one or more circuits.
Line loss: Energy loss on a transmission or distribution line.
Line, pilot: A lightweight line, normally synthetic fiber rope, or wire rope, used to pull heavier pull-

ing lines that in turn are used to pull the conductor.
Line, pulling: A high-strength line, normally synthetic fiber rope, used to pull the conductor.
Load: It may be used in a number of ways to indicate a device or collection of devices that consume 

electricity, or to indicate the power required from a given supply circuit, or the power or 
current being passed through a line or machine.

Load, interruptible: A load that can be interrupted as defined by contract.
Load center: A point at which the load of a given area is assumed to be concentrated.
Load diversity: The difference between the sum of the maxima of two or more individual loads and 

the coincident or combined maximum load, usually measured in kilowatts over a specified 
period.

Load duration curve: A curve of loads, plotted in descending order of magnitude, against time 
intervals for a specified period.

Load factor: The ratio of the average load over a designated period to the peak load occurring in 
that period.

Load-interrupter switch: An interrupter switch designed to interrupt currents not in excess of the 
continuous-current rating of the switch.

Load losses, transformer: Those losses that are incident to the carrying of a specified load. They 
include I2R loss in the winding due to load and eddy currents, stray loss due to leakage 
fluxes in the windings, etc., and the loss due to circulating currents in parallel windings.

Load management: (also called demand-side management): It extends remote supervision and 
control to subtransmission and distribution circuits, including control of residential, com-
mercial, and industrial loads.
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Load tap changer: A selector switch device applied to power transformers to maintain a constant 
low-side or secondary voltage with a variable primary voltage supply, or to hold a constant 
voltage out along the feeders on the low-voltage side for varying load conditions on the 
low-voltage side. Abbreviated LTC.

Load-tap-changing transformer: A transformer used to vary the voltage, or phase angle, or both, 
of a regulated circuit in steps by means of a device that connects different taps of tapped 
winding(s) without interrupting the load. The voltage magnitude at a given bus is con-
trolled by changing its taps, and hence, it can be kept constant or within certain limits.

Local backup: Those relays that do not suffer from the same difficulties as remote backup, but 
they are installed in the same substation and use some of the same elements as the primary 
protection.

Loss factor: The ratio of the average power loss to the peak-load power loss during a specified 
period.

Low-side surges: The current surge that appears to be injected into the transformer secondary ter-
minals upon a lighting strike to grounded conductors in the vicinity.

LTC: Abbreviation for load tap changer.
LV: Abbreviation for low voltage.
Magnetic fields: Such fields exist whenever current flows in a conductor. They are not voltage 

dependent.
Main bus: A bus that is normally used. It has a more elaborate system of instruments, relays, and 

so on, associated with it.
Main distribution center: A distribution center supplied directly by mains.
Maintenance expenses: The expense required to keep the system or plant in proper operating 

repair.
Maximum demand: The largest of a particular type of demand occurring within a specified period.
Messenger cable: A galvanized steel or copperweld cable used in construction to support a sus-

pended current-carrying cable.
Metal-clad switchgear, outdoor: A switchgear that can be mounted in suitable weatherproof enclo-

sures for outdoor installations. The base units are the same for both indoor and outdoor 
applications. The weatherproof housing is constructed integrally with the basic structure 
and is not merely a steel enclosure. The basic structure, including the mounting details 
and withdrawal mechanisms for the circuit breakers, bus compartments, transformer com-
partments, etc., is the same as that of indoor metal-clad switchgear. (Used in distribution 
systems.)

Minimum demand: The smallest of a particular type of demand occurring within a specified 
period.

Momentary interruption: An interruption of duration limited to the period required to restore 
service by automatic or supervisory-controlled switching operations or by manual switch-
ing at locations where an operator is immediately available. Such switching operations are 
typically completed in a few minutes.

Monthly peak duration curve: A curve showing the total number of days within the month during 
which the net 60-min clock-hour integrated peak demand equals or exceeds the percent of 
monthly peak values shown.

MOV: The metal oxide varistor that is built from zinc oxide disks connected in series and parallel 
arrangements to achieve the required protective level and energy requirement. It is similar 
to a high-voltage surge arrester.

N.C.: Abbreviation for normally closed.
NESC: Abbreviation for National Electrical Safety Code.
Net system energy: Energy requirements of a system, including losses, defined as (1) net genera-

tion of the system, plus (2) energy received from others, less (3) energy delivered to other 
systems.
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Network configurator: An application that determines the configuration of the power system based 
on telemetered breaker and switch statuses.

Network transmission system: A transmission system that has more than one simultaneous path 
of power flow to the load.

Newton–Raphson method: This method of power-flow solution technique is very reliable and 
extremely fast in convergence. It is not sensitive to factors that cause poor or no conver-
gence with other power-flow techniques. Rate of convergence is relatively independent of 
system size. Rectangular or polar coordinates can be used for the bus voltages.

N.O.: Abbreviation for normally open.
Noise: An unwanted electrical signal with a less than 200 kHz superimposed on the power system 

voltage or current in phase conductors, or found on neutral conductors or signal lines. It 
is not a harmonic distortion or transient. It disturbs microcomputers and programmable 
controllers.

No-load current: The current demand of a transformer primary when no current demand is made 
on the secondary.

No-load loss: Energy losses in an electric facility when energized at rated voltage and frequency 
but not carrying load.

Nonlinear load: An electrical load that draws current discontinuously or whose impedances vary 
throughout the cycle of the input ac voltage waveform.

Normal rating: Capacity of installed equipment.
Normal weather: All weather not designated as adverse or major storm disaster.
Normally closed: Denotes the automatic closure of contacts in a relay when deenergized. 

Abbreviated N.C.
Normally open: Denotes the automatic opening of contacts in a relay when deenergized. 

Abbreviated N.O.
NSW: Abbreviation for nonswitched.
NX: Abbreviation for nonexpulsion (fuse).
Off-peak energy: Energy supplied during designated periods of relatively low system demands.
OH: Abbreviation for overhead.
On-peak energy: Energy supplied during designated periods of relatively high system demands.
One line open (OPO): A series fault having one of the phases open.
Open systems: A computer system that embodies supplier-independent standards so that software 

can be applied on many different platforms and can interoperate with other applications on 
local and remote systems.

Operating expenses: The labor and material costs for operating the plant involved.
Operational data: Also called SCADA data, and are instantaneous values of power system 

analog and status points (e.g., volts, amperes, MW, Mvar, circuit breaker status, switch 
positions).

Oscillatory transient: A sudden and nonpower frequency change in the steady-state condition of 
voltage or current that includes both positive and negative polarity values; usually some-
where between 20° and 25° at full load.

Outage: It describes the state of a component when it is not available to perform its intended func-
tion due to some event directly associated with that component. An outage may or may not 
cause an interruption of service to consumers depending on system configuration.

Outage duration: The period from the initiation of an outage until the affected component or its 
replacement once again becomes available to perform its intended function.

Outage rate: For a particular classification of outage and type of component, the mean number of 
outages per unit exposure time per component.

Overhead expenses: The costs that, in addition to direct labor and materials, are incurred by all 
utilities.

Overload: Loading in excess of the normal rating of equipment.
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Overload protection: Interruption or reduction of current under conditions of excessive demand, 
provided by a protective device.

Overshoot time: The time during which stored operating energy dissipated after the characteristic 
quantity has been suddenly restored from a specified value to the value it had at the initial 
position of the relay.

Overvoltage: A voltage that has a value at least 10% above the nominal voltage for a period greater 
than 1 min.

Passive filter: A combination of inductors, capacitors, and resistors designed to eliminate one 
or more harmonics. The most common variety is simply an inductor in series with a 
shunt capacitor, which short circuits the major distorting harmonic component from the 
system.

PE: An abbreviation used for polyethylene (cable insulation).
Peak current: The maximum value (crest value) of an alternating current.
Peak voltage: The maximum value (crest value) of an alternating voltage.
Peaking station: A generating station that is normally operated to provide power only during maxi-

mum load periods.
Peak-to-peak value: The value of an ac waveform from its positive peak to its negative peak. In the 

case of a sine wave, the peak-to-peak value is double the peak value.
Pedestal: A bottom support or base of a pillar, statue, etc.
Percent regulation: See Percent voltage drop.
Percent voltage drop: The ratio of voltage drop in a circuit to voltage delivered by the circuit, mul-

tiplied by 100 to convert to percent.
Permanent forced outage: An outage whose cause is not immediately self-clearing but must be 

corrected by eliminating the hazard or by repairing or replacing the component before it 
can be returned to service. An example of a permanent forced outage is a lightning flash-
over that shatters an insulator, thereby disabling the component until repair or replacement 
can be made.

Permanent forced outage duration: The period from the initiation of the outage until the compo-
nent is replaced or repaired.

Persistent forced outage: A component outage whose cause is not immediately self-clearing but 
must be corrected by eliminating the hazard or by repairing or replacing the affected com-
ponent before it can be returned to service. An example of a persistent forced outage is a 
lightning flashover that shatters an insulator, thereby disabling the component until repair 
or replacement can be made.

Phase: The time of occurrence of the peak value of an ac waveform with respect to the time of 
occurrence of the peak value of a reference waveform.

Phase angle: An angular expression of phase difference.
Phase-angle measuring relay: A relay that functions at a predetermined phase angle between volt-

age and current.
Phase shift: The displacement in time of one voltage waveform relative to other voltage waveform(s).
Pick up: A relay is said to pick up when it moves from the unenergized position to the energized 

position (by closing its contacts).
Pilot channel: A means of interconnection between relaying points for the purpose of protection.
Planning, conceptual: A long range of guidelines for decision.
Planning, preliminary: A state of project decisions.
Polarity: The relative polarity of the primary and secondary windings of a CT is indicated by 

polarity marks, associated with one end of each winding. When a current enters at the 
polarity end of the primary winding, a current in phase with it leaves the polarity end of 
the secondary winding.

Pole: A column of wood or steel, or some other material, supporting overhead conductors, usually 
by means of arms or brackets.
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Pole fixture: A structure installed in lieu of a single pole to increase the strength of a pole line or to 
provide better support for attachments than would be provided by a single pole. Examples 
are A fixtures, H fixtures.

Port: A communication pathway into or out of a computer, or networked device such as a server. 
Well-known applications have standard port numbers.

Power: The rate (in kilowatts) of generating, transferring, or using energy.
Power factor: The ratio of active power to apparent power.
Power flow (load flow): The solution for normal balanced three-phase steady-state operating condi-

tions of an electric power system. The data obtained from load flow studies are used for 
the studies of normal operating mode, contingency analysis, outage security assessment, 
and optimal dispatching and stability. They are performed for power system planning and 
operational planning, and in connection with system operation and control. Power flow 
techniques are based on the fact that in any power transmission network operating in the 
steady state, the coupling (i.e., interdependence) between P−θ (i.e., active powers and bus 
voltage angles) and Q−V (i.e., reactive powers and bus voltage magnitudes) is relatively 
weak, contrary to the strong coupling between P and θ, and Q and V. Hence, these methods 
solve the power flow problem by “decoupling” (i.e., solving separately) the P−θ and Q−V 
problems. A given power flow algorithm must provide a fast convergence.

Power line carrier (PLC): Systems operating on narrow channels between 30 and 50 kHz are 
frequently used for high-voltage line-protective relaying applications.

Power pool: A group of power systems operating as an interconnected system and pooling their 
resources.

Power system stability: The ability of an electric power system, for a given initial operating 
condition, to regain a state of operating equilibrium after being subjected to a physical 
disturbance.

Power transformer: A transformer that transfers electric energy in any part of the circuit between 
the generator and the distribution primary circuits.

Power, active: The product of the rms value of the voltage and the rms value of the in-phase com-
ponent of the current.

Power, apparent: The product of the rms value of the voltage and the rms value of the current.
Power, instantaneous: The product of the instantaneous voltage multiplied by the instantaneous 

current.
Power, reactive: The product of the rms value of the voltage and the rms value of the quadrature 

component of the current.
Primary disconnecting devices: Self-coupling separable contacts provided to connect and discon-

nect the main circuits between the removable element and the housing.
Primary distribution feeder: A feeder operating at primary voltage supplying a distribution circuit.
Primary distribution mains: The conductors that feed from the center of distribution to direct 

primary loads or to transformers that feed secondary circuits.
Primary distribution network: A network consisting of primary distribution mains.
Primary distribution system: A system of ac distribution for supplying the primaries of distribu-

tion transformers from the generating station or substation distribution buses.
Primary distribution trunk line: A line acting as a main source of supply to a distribution system.
Primary feeder: That portion of the primary conductors between the substation or point of supply 

and the center of distribution.
Primary lateral: That portion of a primary distribution feeder that is supplied by a main feeder or 

other laterals and extends through the load area with connections to distribution transform-
ers or primary loads.

Primary main feeder: The higher-capacity portion of a primary distribution feeder that acts as a 
main source of supply to primary laterals or directly connected distribution transformers 
and primary loads.
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Primary network: A network supplying the primaries of transformers whose secondaries may be 
independent or connected to a secondary network.

Primary open-loop service: A service that consists of a single distribution transformer with dual 
primary switching, supplied from a single primary circuit that is arranged in an open-loop 
configuration.

Primary selective service: A service that consists of a single distribution transformer with primary 
throw-over switching, supplied by two independent primary circuits.

Primary transmission feeder: A feeder connected to a primary transmission circuit.
Primary unit substation: A unit substation in which the low-voltage section is rated above 1000 V.
Protective gear: The apparatus, including protective relays, transformers, and auxiliary equipment, 

for use in a protective system.
Protective relay: An electrical device whose function is to detect defective lines or apparatus or 

other power system conditions of an abnormal or dangerous nature and to initiate isolation 
of a part of an electrical system, or to operate an alarm signal in the case of a fault or other 
abnormal condition.

Protective scheme: The coordinated arrangements for the protection of a power system.
Protective system: A combination of protective gears designed to secure, under predetermined 

conditions, usually abnormal, the disconnection of an element of a power system, or to give 
an alarm signal, or both.

Protective system usage: In protection systems, it is used to compare relevant quantities and to replace 
slower, more conventional devices, based on the high-speed measurement of system parameters.

PT: Abbreviation for potential transformers.
pu: Abbreviation for per unit.
Puller, reel: A device designed to pull a conductor during stringing operations.
Pulse number (p): The number of pulsations (i.e., cycles of ripple) of the direct voltage per cycle of 

alternating voltage (e.g., pulse numbers for three-phase one-way and three-phase two-way 
rectifier bridges are 3 and 6, respectively).

Radial distribution system: A distribution system that has a single simultaneous path of power 
flow to the load.

Radial service: A service that consists of a single distribution transformer supplied by a single 
primary circuit.

Radial system, complete: A radial system that consists of a radial subtransmission circuit, a single 
substation, and a radial primary feeder with several distribution transformers each supply-
ing radial secondaries; has the lowest degrees of service continuity.

Ratchet demand: The maximum past or present demands that are taken into account to establish 
billings for previous or subsequent periods.

Rate base: The net plant investment or valuation base specified by a regulatory authority upon 
which a utility is permitted to earn a specified rate of return.

Rated burden: The load that may be imposed on the transformer secondaries by associated meter 
coils, leads, and other connected devices without causing an error greater than the stated 
accuracy classification.

Rated continuous current: The maximum 60-Hz rms current that the breaker can carry continu-
ously while it is in the closed position without overheating.

Rated impulse withstand voltage: The maximum crest voltage of a voltage pulse with standard 
rise and delay times that the breaker insulation can withstand.

Rated insulation class: Denotes the nominal (line-to-line) voltage of a circuit on which it should 
be used.

Rated interrupting MVA: For a three-phase circuit breaker, it is 3  times the rated maximum 
voltage in kV times the rated short-circuit current in kA. It is more common to work with 
current and voltage ratings than with MVA rating.
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Rated interrupting time: The time in cycles on a 60-Hz basis from the instant the trip coil is ener-
gized to the instant the fault current is cleared.

Rated low-frequency withstanding voltage: The maximum 60-Hz rms line-to-line voltage that 
the circuit breaker can withstand without insulation damage.

Rated maximum voltage: Designated the maximum rms line-to-line operating voltage. The 
breaker should be used in systems with an operating voltage less than or equal to this 
rating.

Rated momentary current: The maximum rms asymmetrical current that the breaker can with-
stand while in the closed position without damage. Rated momentary current for standard 
breakers is 1.6 times the symmetrical interrupting capacity.

Rated short-circuit current: The maximum rms symmetrical current that the breaker can safely 
interrupt at rated maximum voltage.

Rated voltage range factor K: The range of voltage for which the symmetrical interrupting capa-
bility times the operating voltage is constant.

Ratio correction factor: The factor by which the marked ratio of a CT must be multiplied to obtain 
the true ratio.

Reach: A distance relay operates whenever the impedance seen by the relay is less than a prescribed 
value. This impedance or the corresponding distance is known as the reach of the relay.

Reactive power compensation: Shunt reactors, shunt capacitors, static var systems, and synchro-
nous condensers are used to control voltage. Series capacitors are used to reduce line 
impedance.

Reactor: An inductive reactor between the dc output of the converter and the load. It is used to 
smooth the ripple in the direct current adequately, to reduce harmonic voltages and cur-
rents in the dc line, and to limit the magnitude of fault current. It is also called a smooth-
ing reactor.

Recloser: A dual-timing device that can be set to operate quickly to prevent downline fuses from 
blowing.

Reclosing device: A control device that initiates the reclosing of a circuit after it has been opened 
by a protective relay.

Reclosing fuse: A combination of two or more fuse holders, fuse units, or fuse links mounted on a 
fuse support(s), mechanically or electrically interlocked, so that one fuse can be connected 
into the circuit at a time and the functioning of that fuse automatically connects the next 
fuse into the circuit, thereby permitting one or more service restorations without replace-
ment of fuse links, refill units, or fuse units.

Reclosing relay: A programming relay whose function is to initiate the automatic reclosing of a 
circuit breaker.

Reclosure: The automatic closing of a circuit-interrupting device following automatic tripping. 
Reclosing may be programmed for any combination of instantaneous, time-delay, single-
shot, multiple-shot, synchronism-check, dead line–live bus, or dead bus–live line operation.

Recovery voltage: The voltage that occurs across the terminals of a pole of a circuit-interrupting 
device upon interruption of the current.

Rectifier: A converter for changing alternating current to direct current.
Relays: A low-powered electrical device used to activate a high-powered electrical device. (In T & 

D systems, it is the job of relays to give the tripping commands to the right circuit breakers.)
Remote access: Access to a control system or IED by a user whose operations terminal is not 

directly connected to the control systems or IED.
Remote backup: Those relays that are located in a separate location and are completely indepen-

dent of the relays, transducers, batteries, and circuit breakers that they are backing up.
Remote terminal unit (RTU): A hardware that telemeters system-wide data from various field 

locations (i.e., substations, generating plants to a central location). It includes the entire 
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complement of devices, functional modules, and assemblies that are electrically intercon-
nected to affect the remote station supervisory functions.

Required reserve: The system planned reserve capability needed to ensure a specified standard of 
service.

Resetting value: The maximum value of the energizing quantity that is insufficient to hold the relay 
contacts closed after operating.

Resistance: The real part of impedance.
Return on capital: The requirement that is necessary to pay for the cost of investment funds used 

by the utility.
Ripple: The ac component from dc power supply arising from sources within the power supply. 

It is expressed in peak, peak-to-peak, rms volts, or as percent rms. Since high-voltage dc 
converters have large dc smoothing reactors, approximately 1 H, the resultant direct cur-
rent is constant (i.e., free from ripple). However, the direct voltage on the valve side of the 
smoothing reactor has ripple.

Ripple amplitude: The maximum value of the instantaneous difference between the average and 
instantaneous value of a pulsating unidirectional wave.

Risk: The probability that a particular threat will exploit a particular vulnerability of an equipment, 
plant, or system.

Risk management: Decisions to accept exposure or to reduce vulnerabilities by either mitigating 
the risks or applying cost-effective controls.

SA: Deployment of substation and feeder operating functions and applications ranging from super-
visory control and data acquisition (SCADA) and alarm processing to integrated volt/var 
control in order to optimize the management of capital assets and enhance operational and 
maintenance efficiencies with minimal human intervention.

Sag: The distance measured vertically from a conductor to the straight line joining its two points of 
support. Unless otherwise stated, the sag referred to is the sag at the midpoint of the span.

Sag: A decrease to between 0.1 and 0.9 pu in rms voltage and current at the power frequency for a 
duration of 0.5 cycles to 1 min.

SAG of a conductor (at any point in a span): The distance measured vertically from the particular 
point in the conductor to a straight line between its two points of support.

Sag, final unloaded: The sag of a conductor after it has been subjected for an appreciable period to 
the loading prescribed for the loading district in which it is situated, or equivalent loading, 
and the loading removed. Final unloaded sag includes the effect of inelastic deformation.

Sag, initial unloaded: The sag of a conductor before the application of any external load.
Sag section: The section of line between snub structures. More than one sag section may be required 

to properly sag the actual length of conductor that has been strung.
Sag span: A span selected within a sag section and used as a control to determine the proper sag 

of the conductor, thus establishing the proper conductor level and tension. A minimum 
of two, but normally three, sag spans are required within a sag section to sag properly. In 
mountainous terrain or where span lengths vary radically, more than three sag spans could 
be required within a sag section.

SCADA: Abbreviation for supervisory control and data acquisition.
SCADA communication line: The communication link between the utility’s control center and the 

RTU at the substation.
Scheduled interruption: An interruption caused by a scheduled outage.
Scheduled outage: An outage that results when a component is deliberately taken out of service 

at a selected time, usually for purposes of construction, preventive maintenance, or repair. 
The key test to determine if an outage should be classified as forced or scheduled is as 
follows. If it is possible to defer the outage when such deferment is desirable, the outage 
is a scheduled outage; otherwise, the outage is a forced outage. Deferring an outage may 
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be desirable, for example, to prevent overload of facilities or an interruption of service to 
consumers.

Scheduled outage duration: The period from the initiation of the outage until construction, pre-
ventive maintenance, or repair work is completed.

Scheduled maintenance (generation): Capability that has been scheduled to be out of service for 
maintenance.

SCV: Abbreviation for steam-cured (cable insulation).
Seasonal diversity: Load diversity between two (or more) electric systems that occurs when their 

peak loads are in different seasons of the year.
Secondary current rating: The secondary current existing when the transformer is delivering 

rated kilovolt-amperes at a rated secondary voltage.
Secondary disconnecting devices: Self-coupling separable contacts provided to connect and dis-

connect the auxiliary and control circuits between the removable element and the housing.
Secondary distributed network: A service consisting of a number of network transformer units 

at a number of locations in an urban load area connected to an extensive secondary cable 
grid system.

Secondary distribution feeder: A feeder operating at secondary voltage supplying a distribution 
circuit.

Secondary distribution mains: The conductors connected to the secondaries of distribution trans-
formers from which consumers’ services are supplied.

Secondary distribution network: A network consisting of secondary distribution mains.
Secondary fuse: A fuse used on the secondary-side circuits, restricted for use on a low-voltage 

secondary distribution system that connects the secondaries of distribution transformers 
to consumers’ services.

Secondary mains: Those that operate at utilization voltage and serve as the local distribution 
main. In radial systems, secondary mains that supply general lighting and small power are 
usually separate from mains that supply three-phase power because of the dip in voltage 
caused by starting motors. This dip in voltage, if sufficiently large, causes an objectionable 
lamp flicker.

Secondary network: It consists of two or more network transformer units connected to a common 
secondary system and operating continuously in parallel.

Secondary network service: A service that consists of two or more network transformer units con-
nected to a common secondary system and operating continuously in parallel.

Secondary system, banked: A system that consists of several transformers supplied from a single 
primary feeder, with the low-voltage terminals connected together through the secondary 
mains.

Secondary unit substation: A unit substation whose low-voltage section is rated 1000 V and below.
Secondary voltage regulation: A voltage drop caused by the secondary system; it includes the 

drop in the transformer and in the secondary and service cables.
Second-contingency outage: The outage of a secondary primary feeder in addition to the first one.
Sectionalizer: A device that resembles an oil circuit recloser but lacks the interrupting capability.
Security: The measure that a relay will not operate incorrectly for any faults.
Security (in protection): The measure that a relay will not operate incorrectly for any fault.
Security (in relays): The ability of a relay or relaying system never to operate falsely.
Selector: See Transfer switches.
Sequence filters: They are used in three-phase systems to measure (and therefore to indicate the 

presence of) symmetrical components of current and voltage.
Service area: Territory in which a utility system is required or has the right to supply or make avail-

able electric service to ultimate consumers.
Service availability index: See Index of reliability.
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Service drop: The overhead conductors, through which electric service is supplied, between the 
last utility company pole and the point of their connection to the service facilities located 
at the building or other support used for the purpose.

Service entrance: All components between the point of termination of the overhead service drop 
or underground service lateral and the building main disconnecting device, with the excep-
tion of the utility company’s metering equipment.

Service entrance conductors: The conductors between the point of termination of the overhead ser-
vice drop or underground service lateral and the main disconnecting device in the building.

Service entrance equipment: Equipment located at the service entrance of a given building that 
provides overcurrent protection to the feeder and service conductors, provides a means 
of disconnecting the feeders from energized service conductors, and provides a means of 
measuring the energy used by the use of metering equipment.

Service lateral: The underground conductors, through which electric service is supplied, between the 
utility company’s distribution facilities and the first point of their connection to the building or 
area service facilities located at the building or other support used for the purpose.

Setting: The actual value of the energizing or characteristic quantity of which the relay designed to 
operate under given conditions.

SF6: Formula for sulfur hexafluoride (gas).
Shielding, effective: A shielding that has zero unprotective width.
Short-circuit selective relay: A relay that functions instantaneously on an excessive value of 

current.
Shunt capacitor bank: A large number of capacitor units connected in series and parallel arrange-

ment to make up the required voltage and current ratings, and connected between line and 
neutral, or between line and line.

Skin effect: The phenomenon by which alternative current tends to flow in the outer layer of a 
conductor. It is a function of conductor size, frequency, and the relative resistance of the 
conductor material.

Simultaneous fault: The same fault point having two separate faults.
St: Abbreviation for steel.
Stability: The quality whereby a protective system remains in operation under all conditions other 

than those for which it is specifically designed to operate.
STATCOM: A static compensator. It provides variable lagging or leading reactive powers without 

using inductors or capacitors for var generation.
Static var system: A static var compensator that can also control mechanical switching of shunt 

capacitor banks or reactors.
Strand: One of the wires, or groups of wires, of any stranded conductor.
Stranded conductor: A conductor composed of a group of wires, or of any combination of groups 

of wires. Usually, the wires are twisted together.
Strike distance: The distance that is jumped by an approaching flash to make contact.
Stroke: The high-current components in a flash. A single flash may contain several strokes.
Submarine cable: A cable designed for service under water. It is usually a lead-covered cable with 

a steel armor applied between layers of jute.
Submersible transformer: A transformer so constructed as to be successfully operable when sub-

merged in water under predetermined conditions of pressure and time.
Substation: An assemblage of equipment for purposes other than generation or utilization, through 

which electric energy in bulk is passed for the purpose of switching or modifying its char-
acteristics. The term substation includes all stations classified as switching, collector bus, 
distribution, transmission, or bulk-power substations.

Substation grounding: A grounding system that is buried into the ground throughout the substa-
tion area. It is connected to every individual equipment, structure, and installation so that 
it can provide the means by which grounding currents are connected to remote areas, and 
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therefore a proper grounding is accomplished to provide safety. It is crucial for the substa-
tion ground to have a low ground resistance, adequate current-carrying capacity, and safety 
features for personnel. Thus, the substation ground resistance has to be kept very low so 
that the total rise of the grounding system potential will not reach values that are unsafe 
for human contact. Hence, the substation grounding system is normally made up of buried 
horizontal conductors and the ground rods driven into ground interconnected by clamping, 
welding, and brazing to form a continuous grid (also called mat) network.

Substation LAN: A communications network, typically high speed, within the substation and 
extending into the switchyard.

Substation local area network (LAN): A technology that is used in a substation environment and 
facilitate interfacing to process-level equipment (IEDs and PLCs) while providing immu-
nity and isolation to substation noise.

Substation voltage regulation: The regulation of the substation voltage by means of the voltage 
regulation equipment which can be LTC (load-tap-changing) mechanisms in the substation 
transformer, a separate regulator between the transformer and low-voltage bus, switched 
capacitors at the low-voltage bus, or separate regulators located in each individual feeder 
in the substation.

Subsynchronous: Electrical and mechanical quantities associated with frequencies below the syn-
chronous frequency of a power system.

Subsynchronous oscillation: The exchange of energy between the electric network and the 
mechanical spring-mass system of the turbine generator at subsynchronous frequencies.

Subsynchronous resonance: An electric power system condition where the electric power network 
exchanges energy with a turbine generator at one or more of the natural frequencies of the 
combined system below the synchronous frequency of the system.

Subtransmission: That part of the distribution system between bulk power source(s) (generating 
stations or power substations) and the distribution substation.

Supersynchronous: Electrical or mechanical quantities associated with frequencies above the syn-
chronous frequency of a power system.

Supervisory control and data acquisition (SCADA): A computer system that performs data 
acquisition and remote control of a power system.

Supply security: Provision must be made to ensure continuity of supply to consumers even with 
certain items of plant out of action. Usually two circuits in parallel are used and a system is 
said to be secure when continuity is assured. It is the prerequisite in design and operation.

Susceptance: The imaginary part of admittance.
Sustained interruption: The complete loss of voltage (<0.1 pu) on one or more phase conductors 

for a time greater than 1 min.
SVC: Static var compensator.
Swell: An increase to between 1.1 and 1.8 pu in rms voltage or current at the power frequency for 

durations from 0.5 cycle to 1 min.
Switch: A device for opening and closing or for changing connections in a circuit.
Switching: Connecting or disconnecting parts of the system from each other. It is accomplished 

using breakers and/or switches.
Switch, isolating: An auxiliary switch for isolating an electric circuit from its source of power; it is 

operated only after the circuit has been opened by other means.
Switchboard: A large single panel, frame, or assembly of panels on which switches, fuses, buses, 

and usually instruments are mounted (on the face, or back, or both).
Switched-capacitor bank: A capacitor bank with switchable capacitors.
Switchgear: A general term covering switching or interrupting devices and their combination with 

associated control, instrumentation, metering, protective, and regulating devices; also 
assemblies of these devices with associated interconnections, accessories, and supporting 
structures.
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Switching time: The period from the time a switching operation is required due to a forced outage 
until that switching operation is performed.

System: A group of components connected together in some fashion to provide flow of power from 
one point or points to another point or points.

System interruption duration index: The ratio of the sum of all customer interruption durations 
per year to the number of customers served. It gives the number of minutes out per cus-
tomer per year.

Systems: It is used to describe the complete electrical network, generators, loads, and prime movers.
TCR: Abbreviation for thyristor-controlled reactor.
TCSC: Abbreviation for thyristor-controlled series compensation. It provides fast control and vari-

ation of the impedance of the series capacitor bank. It is part of the flexible system (FACTS).
Three-phase fault: The fault that exists between three phases.
Thyristor (SCR): A thyristor (silicon-controlled rectifier) is a semiconductor device with an anode, 

a cathode terminal, and a gate for the control of the firing.
Tie lines: The transmission lines between the electrical power systems of separate utility companies.
Time delay: An intentional time delay is inserted between the relay decision time and the initiation 

of the trip action.
Time delay relay: A relay having an intentional delaying device.
Total demand distortion (TDD): The ratio of the root mean square of the harmonic current to the 

rms value of the rated or maximum demand fundamental current, expressed as a percent.
Total harmonic distortion (THD): The ratio of the root mean square of the harmonic content to 

the rms value of the fundamental quantity, expressed as a percent of the fundamental.
Transfer bus: A bus used for the purpose of transferring a load.
Transfer switches: The switches that permit feeders or equipment to be connected to a bus.
Transformer ratio (TR): The total ratio of current and voltage transformers. For 200:5 CT and 

480:120 VT, TR = 40 × 4 = 160.
Transient forced outage: A component outage whose cause is immediately self-clearing so that the 

affected component can be restored to service either automatically or as soon as a switch 
or a circuit breaker can be reclosed or a fuse replaced. An example of a transient forced 
outage is a lightning flashover that does not permanently disable the flashed component.

Transposition: When the conductors of a three-phase line are not equally spaced, the problem of 
computing capacitance (and/or its capacitive reactance) becomes more difficult. In a trans-
posed line, each conductor occupies the same position as every other phase conductor over 
equal distance along the transposition cycle. In an untransposed line, the average capaci-
tances of each phase to neutral of any phase to neutral are unequal. Thus, in a transposed 
line, the average capacitance to neutral of (and/or its capacitive reactance) any other phase, 
for a given complete transposition cycle, is the same for all the phases. A complete trans-
position is achieved by transposing the line three times at equal distances.

Traveler: A sheave complete with suspension arm or frame used separately or in groups and sus-
pended from structures to permit the stringing of conductors.

Triplen harmonics: A term frequently used to refer to the odd multiples of the third harmonic, 
which deserve special attention because of their natural tendency to be zero sequence.

Tripout: A flashover of a line that does not clear itself. It must be cleared by operation of a circuit 
breaker.

True power factor (TPF): The ratio of the active power of the fundamental wave, in watts, to the 
apparent power of the fundamental wave, in rms volt-amperes (including the harmonic 
components).

TSC: Abbreviation for thyristor switched capacitor.
Two-lines open (TLO) fault: A series fault having two phases open.
Ultra high-speed: A term that is not included in the relay standards but is commonly considered to 

be in operation in 4 ms or less.
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Underground distribution system: That portion of a primary or secondary distribution system 
that is constructed below the earth’s surface. Transformers and equipment enclosures for 
such a system may be located either above or below the surface as long as the served and 
serving conductors are located underground.

Undervoltage: A voltage that has a value at least 10% below the nominal voltage for a period 
greater than 1 min.

Undervoltage relay: A relay that functions on a given value of single-phase ac under voltage.
Unit:  A self-contained relay unit that, in conjunction with one or more other relay units, performs 

a complex relay function.
Unit substation: A substation consisting primarily of one or more transformers that are mechani-

cally and electrically connected to and coordinated in design with one or more switchgear 
or motor control assemblies or combinations thereof.

Unreach: The tendency of the relay to restrain at impedances larger than its setting. That is, it is due 
to error in relay measurement resulting in wrong operation.

URD: Abbreviation for underground residential distribution.
Utilization factor: The ratio of the maximum demand of a system to the rated capacity of the system.
VD: Abbreviation for voltage drop.
VDIP: Abbreviation for voltage dip.
Voltage collapse: The process by which voltage instability leads to a very low voltage profile in a 

significant part of the system.
Voltage dip: A voltage change resulting from a motor starting.
Voltage drop: The difference between the voltage at the transmitting and receiving ends of a feeder, 

main or service.
Voltage fluctuation: A series of voltage changes or a cyclical variation of the voltage envelope.
Voltage imbalance (or unbalance): The maximum deviation from the average of the three-phase 

voltages or currents, divided by the average of the three-phase voltages or currents, 
expressed in percent.

Voltage interruption: Disappearance of the supply voltage on one or more phases. It can be 
momentary, temporary, or sustained.

Voltage magnification: The magnification of capacitor switching oscillatory transient voltage on 
the primary side by capacitors on the secondary side of a transformer.

Voltage regulation: The percent voltage drop of a line with reference to the receiving-end voltage.

 % regulation = 
E E

E

s r

r

−
×100

 where Es  is the magnitude of the sending-end voltage and Er  is the magnitude of the 
receiving-end voltage.

Voltage regulator: An induction device having one or more windings in shunt with, and excited 
from, the primary circuit, and having one or more windings in series between the primary 
circuit and the regulated circuit, all suitably adapted and arranged for the control of the 
voltage, or of the phase angle, or of both, of the regulated circuit.

Voltage spread: The difference between the maximum and minimum voltages.
Voltage stability: The ability of a power system to maintain steady voltages at all buses in the sys-

tem after being subjected to a disturbance from a given initial operational condition. It can 
be either fast (short term, with voltage collapse in the order of fractions of a few seconds), 
or slow (long term, with voltage collapse in minutes or hours).

Voltage stability problems: It is manifested by low system voltage profiles, heavy reactive line 
flows, inadequate reactive support, and heavy-loaded power systems.

Voltage transformation: It is done by substation power transformers by raising or lowering the voltage.
Voltage transformer: The transformer that is connected across the points at which the voltage is 

to be measured.
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Voltage transformer burdens: The voltage transformer burdens are normally expressed as volt-
amperes at a designated power factor. It may be a W, X, M, Y, or Z where W is 12.5 VA at 
0.10 power factor, X is 25 VA at 0.70 power factor, M is 35 VA at 0.20 power factor, Y is 75 
VA at 0.85 power factor, and Z is 200 VA at 0.85 power factor. The complete expression for 
a current transformer accuracy classification might be 0.3 at B-0.1, B-0.2, and B-0.5 while 
the potential transformer might be 0.3 at W, X, M, and Y.

Voltage transformer ratio: Also called “VT ratio.” It is the ratio of primary to secondary voltage. 
For a voltage transformer rated 480:120, the ratio is 4:1 and for a voltage transformer rated 
7200:120, it is 60:1.

Voltage, base: A reference value that is a common denominator to the nominal voltage ratings of 
transmission and distribution lines, transmission and distribution equipment, and utiliza-
tion equipment.

Voltage, maximum: The greatest 5-min average or mean voltage.
Voltage, minimum: The least 5-min average or mean voltage.
Voltage, nominal: A nominal value assigned to a circuit or system of a given voltage class for the 

purpose of convenient designation.
Voltage, rated: The voltage at which operating and performance characteristics of equipment are 

referred.
Voltage, service: Voltage measured at the terminals of the service entrance equipment.
Voltage, utilization: Voltage measured at the terminals of the machine or device.
VRR: Abbreviation for voltage-regulating relay.
Waveform distortion: A steady-state deviation from an ideal sine wave of power frequency princi-

pally characterized by the special content of the deviation.
Weatherability: The ability to operate in all weather conditions. For example, transformers are 

rated as indoor or outdoor, depending on their construction (including hardware).
Withstand voltage: The BIL that can be repeatedly applied to an equipment without any flashover, 

disruptive charge, puncture, or other electrical failure, under specified test conditions.
XLPE: Abbreviation for cross-linked polyethylene (cable insulation).
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